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1. INTRODUCTION TO SPACE-GROUP SYMMETRY

Table 1.3.4.3
Distribution of space-group types in the hexagonal crystal family

Example
A point group containing a threefold rotation

. Lattice system but no sixfold rotation or rotoinversion acts

Crystal Geometric .
system crystal class | Hexagonal Rhombohedral both on a he?(agonal lattice and on a rhom'
Hexagonal 6/mmm P6/mmm, P6/mcc, P6;/mcm, P6;/mmc bohedral latt.lc.e' On .the other .hand’ point
62m P6m2, P6c2, P62m, P62c groups containing a sixfold rotation only act
6mm Pémm, Péce, P6;cm, Poymce on a hexagonal but not on a rhombohedral

622 P622, P6,22, P6522, P6,22, P6,22, P6;22 lattice. The geometric crystal classes of point

6/m P6/m, P6;/m .. .

6 Pé groups containing a threefold rotation or

6 P6, P6,, P6s, P6,, P6,, P6, rotoinversion but not a sixfold rotation or

Trigonal 3m P31m. P3lc. P3ml. P3cl R3m. Ric rotoinversion form a crystal system which is
3m P3ml, P31m, P3cl, P31c R3m, R3¢ called the trigonal crystal system. The

32 P312, P321, P3,12, P3,21, P3,12, P3,21 | R32 geometric crystal classes of point groups

3 P3 R3 .. . . . .

3 P3, P3,. P3, i contalnn.lg a sixfold rotation or roFomversmn
form a different crystal system, which is called
the hexagonal crystal system.

Definition The classification of the point-group types

Two space groups G and G with point groups P and P/,
respectively, belong to the same crystal system if the sets of
Bravais types of lattices on which P and P’ act coincide. Since
point groups in the same geometric crystal class act on the
same types of lattices, crystal systems consist of full geometric
crystal classes and the point groups P and P’ are also said to
belong to the same crystal system.

Remark: In the literature there are many different notions of
crystal systems. In International Tables, only the one defined
above is used.

In many cases, crystal systems collect together geometric
crystal classes for point groups that are in a group—subgroup
relation and act on lattices with the same number of free para-
meters. However, this condition is not sufficient. If a point group
P is a subgroup of another point group P, it is clear that P acts
on each lattice on which P acts. But P may in addition act on
different types of lattices on which 7" does not act.

Note that it is sufficient to consider the action on lattices with
the maximal number of free parameters, since the action on these
lattices implies the action on lattices with a smaller number of
free parameters (corresponding to metric specializations).

Example

The holohedry of type 4/mmm acts on tetragonal and body-
centred tetragonal lattices. The crystal system containing this
holohedry thus consists of all the geometric crystal classes in
which the point groups act on tetragonal and body-centred
tetragonal lattices, but not on lattices with more than two free
parameters. This is the case for all geometric crystal classes
with point groups containing a fourfold rotation or roto-
inversion and that are subgroups of a point group of type
4/mmm. This means that the crystal system containing the
holohedry 4/mmm consists of the geometric classes of types 4,
4_1, 4/m, 422, 4dmm, 42m and 4/mmm.

This example is typical for the situation in three-dimensional
space, since in three-dimensional space usually all the arithmetic
crystal classes contained in a holohedry are Bravais arithmetic
crystal classes. In this case, the geometric crystal classes in the
crystal system of the holohedry are simply the classes of those
subgroups of a point group in the holohedry that do not act on
lattices with a larger number of free parameters.

The only exceptions from this situation are the Bravais arith-
metic crystal classes for the hexagonal and rhombohedral lattices.
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into crystal systems is summarized in Table 1.3.4.2.

Remark: Crystal systems can contain at most one holohedry
and in dimensions 2 and 3 it is true that every crystal system does
contain a holohedry. However, this is not true in higher dimen-
sions. The smallest counter-examples exist in dimension 5, where
two (out of 59) crystal systems do not contain any holohedry.

1.3.4.4.4. Crystal families

The classification into crystal systems has many important
applications, but it has the disadvantage that it is not compatible
with the classification into lattice systems. Space groups that
belong to the hexagonal lattice system are distributed over the
trigonal and the hexagonal crystal system. Conversely, space
groups in the trigonal crystal system belong to either the rhom-
bohedral or the hexagonal lattice system. It is therefore desirable
to define a further classification level in which the classes consist
of full crystal systems and of full lattice systems, or, equivalently,
of full geometric crystal classes and full Bravais classes. Since
crystal systems already contain only geometric crystal classes
with spaces of metric tensors of the same dimension, this can be
achieved by the following definition.

Definition

For a space group G with point group P the crystal family of G
is the union of all geometric crystal classes that contain a space
group G that has the same Bravais type of lattices as G.

The crystal family of G thus consists of those geometric crystal
classes that contain a point group P’ such that P and P’ are
contained in a common supergroup B (which is a Bravais
group) and such that P, P’ and B all act on lattices with the
same number of free parameters.

In two-dimensional space, the crystal families coincide with the
crystal systems and in three-dimensional space only the trigonal
and hexagonal crystal system are merged into a single crystal
family, whereas all other crystal systems again form a crystal
family on their own.

Example
The trigonal and hexagonal crystal systems belong to a single
crystal family, called the hexagonal crystal family, because for
both crystal systems the number of free parameters of the
corresponding lattices is 2 and a point group of type 3m in the
trigonal crystal system is a subgroup of a point group of type
6/mmm in the hexagonal crystal system.
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