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1.2. THE STRUCTURE FACTOR

Table 1.2.7.3. ‘Kubic Harmonic’ functions (cont.)

Even [ Ny mp
8 1 0.56292 1 1/5940 L X !
’ 672 5940
10 1 0.36490 1 1/5460 ! X !
’ 4320 5460
10 2 0.0095165 1 1/43680 ! X !
. 456 " 43680
I j 2 4- 6— §—
3 1 0.066667 1
7 1 0.014612 1 1/1560
9 1 0.0059569 1 1/2520
9 2 0.00014800 1 —1/4080

(c) Density-normalized Kubic harmonics as linear combinations of density-normalized spherical harmonic functions. Coefficients in the expression
Kjj = Yk, dimp. Density-type normalization is defined as [ JoTIKy| sin6 d9 dp =2 — &
mp

Even / mp

l Jj 0+ 2+ 4+ 6+ 8+ 10+
0 1 1

4 1 0.78245 0.57939

6 1 0.37790 —0.91682

6 2 0.83848 —0.50000

l j 2— 4— 6— 8—

3 1 1

7 1 0.73145 0.63290

(d) Index rules for cubic symmetries (Kurki-Suonio, 1977; Kara & Kurki-Suonio, 1981).

23 m3 432 43m m3m
1 J T Ty (0] T Oy,
0 1 X X X X X
3 1 X X
4 1 X X X X
6 1 X X
6 2 X
7 1 X
8 1 X X X X
9 1 X X
9 2 X
10 1 X X X X
10 2 X
1.2.8. Fourier transform of orbital products by (Stewart, 1969a)
If the wavefunction is written as a sum over normalized Slater p(r) = S nxt = S Pueu(r)e,(r), (12.8.1)
determinants, each representing an antisymmetrized combination of i wov

occupied molecular orbitals y; expressed as linear combinations of
atomic orbitals ¢,, i.e. x; = Y Cipy, the electron density is given ~ with n; = 1 or 2. The coefficients P, are the populations of the
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1. GENERAL RELATIONSHIPS AND TECHNIQUES

orbital product density functions ¢,(r)p

;w Zn CiuCiv-

,(r) and are given by
(12.8.2)

For a multi-Slater determinant wavefunction the electron density
is expressed in terms of the occupied natural spin orbitals, leading
again to (1.2.8.2) but with non-integer values for the coefficients #;.

The summation (1.2.8.1) consists of one- and two-centre terms
for which ¢, and ¢, are centred on the same or on different nuclei,
respectively. The latter represent the overlap density, which is only
significant if ¢, (r) and ¢, (r) have an appreciable value in the same
region of space.

1.2.8.1. One-centre orbital products

If the atomic basis consists of hydrogenic type s, p, d, f; . . .
orbitals, the basis functions may be written as

@(r,0,0) = Ri(r)Yim(0, ¢) (1.2.8.3a)
or
o(r,0,0) = Ri(r)ymp(0, ), (1.2.8.3b)
which gives for corresponding values of the orbital products
@u(r)pu(r) = Ri(r)Ry (r)Yin(0, 0) Yy, (0,0)  (1.2.8.40a)
and
@u(r)pu (1) = Ri(r)Ry (r)yimp (0, 0)yry (0:0),  (1.2.8.4b)

respectively, where it has been assumed that the radial function
depends only on L

Because the spherical harmonic functions form a complete set,
their products can be expressed as a linear combination of spherical
harmonics. The coefficients in this expansion are the Clebsch—
Gordan coefficients (Condon & Shortley, 1957), defined by

Yin(0,0) Yy, (8,0) = ;ch;’"" Yo (6, ¢) (1.2.8.5q)

or the equivalent definition

27

CMmm _ fsm@ dgf dSOYIfM 9 )Ylm(e’ S@)Yl/mr (9, C,O) (1285b)

ur

The CM’”’" Vamsh unless L+ 1+ iseven, || —I| < L < [+1

and M =m+m.
The corresponding expression for y;, is

+ Mmm/
Yimp (0 @)Yy iy (6, 0) = ZZC L yuer(0, ), (1.2.8.5¢)
with M = |m+m|and |m m| for p=p,and M = —|m+m|
and —|m — m|f0rp——p and P = p><p

Values of C and C' for [ <2 are given in Tables 1.2.8.1 and
1.2.8.2. They are Vahd for the functlons Y, and yj,, with
normalization [|Y;,|* d =1 and [}, dQ = 1.

By using (1.2.8.5a) or (1.2.8.5¢), the one-centre orbital products
are expressed as a sum of spherical harmonic functions. It follows
that the one-centre orbital product density basis set is formally
equivalent to the multipole description, both in real and in
reciprocal space. To obtain the relation between orbital products
and the charge-density functions, the right-hand side of (1.2.8.5¢)
has to be multiplied by the ratio of the normalization constants, as
the wavefunctions y,, and charge-density functions dj,, are
normalized in a different way as described by (1.2.7.3a) and
(1.2.7.3b). Thus

+ Mmm'!

Y > RimpC Lll’ dimp(0, ),
T M

ylmp(ea (P)yl’m’p’ (9 ) (1286)

where Ry yp = Mpyp (wavefunction)/Lyyp (density function). The
normalization constants My, and L, are given in Table 1.2.7.1,
while the coefficients in the expressions (1.2.8.6) are listed in Table
1.2.8.3.

1.2.8.2. Two-centre orbital products

Fourier transform of the electron density as described by (1.2.8.1)
requires explicit expressions for the two-centre orbital product
scattering. Such expressions are described in the literature for both
Gaussian (Stewart, 1969b) and Slater-type (Bentley & Stewart,
1973; Avery & @rmen, 1979) atomic orbitals. The expressions can
also be used for Hartree—-Fock atomic functions, as expansions in
terms of Gaussian- (Stewart, 19695, 1970; Stewart & Hehre, 1970;
Hehre et al., 1970) and Slater-type (Clementi & Roetti, 1974)
functions are available for many atoms.

1.2.9. The atomic temperature factor

Since the crystal is subject to vibrational oscillations, the observed
elastic scattering intensity is an average over all normal modes of
the crystal. Within the Born—Oppenheimer approximation, the
theoretical electron density should be calculated for each set of
nuclear coordinates. An average can be obtained by taking into
account the statistical weight of each nuclear configuration, which
may be expressed by the probability distribution function
P(uy, ..., uy) for a set of displacement coordinates uy, ..., uy.

In general, if p(r,uy, ..., uy) is the electron density correspond-
ing to the geometry defined by uj, ...,uy, the time-averaged
electron density is given by

(p(r)) = [p(r,uy, ..., uy)P(uy, ... (1.2.9.1)

When the crystal can be considered as consisting of perfectly
following rigid entities, which may be molecules or atoms,
expression (1 2.9.1) simplifies:

f Pre., qtanc(

,llN) dll] . ..dllN.

u)P(ll) du = Pr.g., static * P(u)'
(12.92)

In the approximation that the atomic electrons perfectly follow
the nuclear motion, one obtains

<Patom (l‘)> = Patom, static (l‘) * P(ll).

The Fourier transform of this convolution is the product of the
Fourier transforms of the individual functions:

(f(H)) = f(H)T(H). (1.2.9.4)

Thus T(H), the atomic temperature factor, is the Fourier transform
of the probability distribution P(u).

(Prlgld group

(12.9.3)

1.2.10. The vibrational probability distribution and its
Fourier transform in the harmonic approximation

For a harmonic oscillator, the probability distribution averaged over
all populated energy levels is a Gaussian, centred at the equilibrium
position. For the three-dimensional isotropic harmonic oscillator,
the distribution is

P(u) = (2r()) " exp{~|uf /2(u%)}, (1.2.10.1)

where (1?) is the mean-square displacement in any direction.
The corresponding trivariate normal distribution to be used for
anisotropic harmonic motion is, in tensor notation,
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