
This now causes the main band k1 � k2 � 0 to become
contaminated by the ghost bands �k1 �� 0� of the translates �k2 ��
0� of IN1��.

Aliasing errors may be minimized by increasing the sampling
rate in grid �1 well beyond the Shannon minimum, which rapidly
reduces the r.m.s. content of the ghost bands.

The sampling rate in grid �2 needs only exceed the Shannon
minimum to the extent required to accommodate the increase in
bandwidth due to convolution with �� ��U �, which is the reciprocal-
space counterpart of envelope truncation (or solvent flattening) in
real space.

1.3.4.4.3.5. Molecular-envelope transforms via Green’s
theorem

Green’s theorem stated in terms of distributions (Section
1.3.2.3.9.1) is particularly well suited to the calculation of the
Fourier transforms �� ��U � of indicator functions. Let f be the
indicator function �U and let S be the boundary of U (assumed to be
a smooth surface). The jump �0 in the value of f across S along the
outer normal vector is �0 � �1, the jump �� in the normal
derivative of f across S is �� � 0, and the Laplacian of f as a
function is (almost everywhere) 0 so that T�f � 0. Green’s theorem
then reads:

��Tf � � T�f � ����S� � ����0��S��
� ��� ���S���

The function eH�X� � exp�2�iH 	 X� satisfies the identity
�eH � �4�2
H
2eH. Therefore, in Cartesian coordinates:
�F��U ��H� � �T�U , eH�
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��eH d2S �Section 1�3�2�3�9�1�c��

� � 1
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2�iH 	 n exp�2�iH 	 X� d2S,

i.e.

�� ��U ��H� � 1

2�i
H
2

�

S

H 	 n exp�2�iH 	 X� d2S,

where n is the outer normal to S. This formula was used by von Laue
(1936) for a different purpose, namely to calculate the transforms of
crystal shapes (see also Ewald, 1940). If the surface S is given by a
triangulation, the surface integral becomes a sum over all faces,
since n is constant on each face. If U is a solid sphere with radius R,
an integration by parts gives immediately:

1
vol�U�

�� ��U ��H� � 3
X 3

�sin X � X cos X �

with X � 2�
H
R�

1.3.4.4.4. Structure factors from model atomic parameters

An atomic model of a crystal structure consists of a list of
symmetry-unique atoms described by their positions, their thermal

agitation and their chemical identity (which can be used as a pointer
to form-factor tables). Form factors are usually parameterized as
sums of Gaussians, and thermal agitation by a Gaussian temperature
factor or tensor. The formulae given in Section 1.3.4.2.2.6 for
Gaussian atoms are therefore adequate for most purposes. High-
resolution electron-density studies use more involved parameteriza-
tions.

Early calculations were carried out by means of Bragg–Lipson
charts (Bragg & Lipson, 1936) which gave a graphical representa-
tion of the symmetrized trigonometric sums � of Section
1.3.4.2.2.9. The approximation of form factors by Gaussians goes
back to the work of Vand et al. (1957) and Forsyth & Wells (1959).
Agarwal (1978) gave simplified expansions suitable for medium-
resolution modelling of macromolecular structures.

This method of calculating structure factors is expensive because
each atom sends contributions of essentially equal magnitude to all
structure factors in a resolution shell. The calculation is therefore of
size  N� for N atoms and � reflections. Since N and � are
roughly proportional at a given resolution, this method is very
costly for large structures.

Two distinct programming strategies are available (Rollett,
1965) according to whether the fast loop is on all atoms for each
reflection, or on all reflections for each atom. The former method
was favoured in the early times when computers were unreliable.
The latter was shown by Burnett & Nordman (1974) to be more
amenable to efficient programming, as no multiplication is required
in calculating the arguments of the sine/cosine terms: these can be
accumulated by integer addition, and used as subscripts in
referencing a trigonometric function table.

1.3.4.4.5. Structure factors via model electron-density
maps

Robertson (1936b) recognized the similarity between the
calculation of structure factors by Fourier summation and the
calculation of Fourier syntheses, the main difference being of
course that atomic coordinates do not usually lie exactly on a grid
obtained by integer subdivision of the crystal lattice. He proposed to
address this difficulty by the use of his sorting board, which could
extend the scale of subdivision and thus avoid phase errors. In this
way the calculation of structure factors became amenable to
Beevers–Lipson strip methods, with considerable gain of speed.

Later, Beevers & Lipson (1952) proposed that trigonometric
functions attached to atomic positions falling between the grid
points on which Beevers–Lipson strips were based should be
obtained by linear interpolation from the values found on the strips
for the closest grid points. This amounts (Section 1.3.4.4.3.4) to
using atoms in the shape of a trilinear wedge, whose form factor was
indicated in Section 1.3.4.4.3.4 and gives rise to aliasing effects (see
below) not considered by Beevers & Lipson.

The correct formulation of this idea came with the work of Sayre
(1951), who showed that structure factors could be calculated by
Fourier analysis of a sampled electron-density map previously
generated on a subdivision N�1� of the crystal lattice �. When
generating such a map, care must be taken to distribute onto the
sample grid not only the electron densities of all the atoms in the
asymmetric motif, but also those of their images under space-group
symmetries and lattice translations. Considerable savings in
computation occur, especially for large structures, because atoms
are localized: each atom sends contributions to only a few grid
points in real space, rather than to all reciprocal-lattice points. The
generation of the sampled electron-density map is still of complex-
ity  N� for N atoms and � reflections, but the proportionality
constant is smaller than that in Section 1.3.4.4.4 by orders of
magnitude; the extra cost of Fourier analysis, proportional to
� log� , is negligible.

86

1. GENERAL RELATIONSHIPS AND TECHNIQUES

references

International Tables for Crystallography (2006). Vol. B, Section 1.3.4.4.3.5, p. 86.

Copyright © 2006 International Union of Crystallography

http://it.iucr.org/Ba/ch1o3v0001/references/
http://it.iucr.org/Ba/ch1o3v0001/sec1o3o4o4o3o5/


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier ()
  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [641.000 859.000]
>> setpagedevice


