
‘imprecise’ perpendicular to the axis (Rossmann et al., 1964). The
position, but not direction, of a rotation axis is arbitrary. However, a
convenient choice is one that leaves the translation perpendicular to
the axis at zero after rotation (Fig. 2.3.5.3).

Noncrystallographic symmetry has been used as a tool in
structural analysis primarily in the study of biological molecules.
This is due to the propensity of proteins to form aggregates with
closed point groups, as, for instance, viruses with 532 symmetry. At
best, only part of such a point group can be incorporated into the
crystal lattice. Since biological materials cannot contain inversion
elements, all studies of noncrystallographic symmetries have been
limited to rotational axes. Reflection planes and inversion centres

could also be considered in the application of molecular
replacement to non-biological materials.

In this chapter, the relationship

x� � �C�x� d

will be used to describe noncrystallographic symmetry, where x and
x� are position vectors, expressed as fractional coordinates, with
respect to the crystallographic origin, [C] is a rotation matrix, and d
is a translation vector. Crystallographic symmetry will be described
as

x� � �T �x� t,

where [T] and t are the crystallographic rotation matrix and
translation vector, respectively. The noncrystallographic asym-
metric unit will be defined as having n copies within the
crystallographic asymmetric unit, and the unit cell will be defined
as having m crystallographic asymmetric units. Hence, there are
L � nm noncrystallographic asymmetric units within the unit cell.
Clearly, the n noncrystallographic asymmetric units cannot
completely fill the volume of one crystallographic asymmetric
unit. The remaining space must be assumed to be empty or to be
occupied by solvent molecules which disobey the noncrystallo-
graphic symmetry.

2.3.5.2. Interpretation of Pattersons in the presence of
noncrystallographic symmetry

If noncrystallographic symmetry is present, an atom at a general
position within the relevant volume will imply the presence of
others within the same crystallographic asymmetric unit. If the
noncrystallographic symmetry is known, then the positions of
equivalent atoms may be generated from a single atomic position.
The additional vector interactions which arise from crystal-
lographically and noncrystallographically equivalent atoms in a
crystal may be predicted and exploited in an interpretation of the
Patterson function.

An object in real space which has a closed point group may
incorporate some of its symmetry in the crystallographic symmetry.
If there are l such objects in the cell, then there will be mn�l
equivalent positions within each object. The ‘self-vectors’ formed
between these positions within the object will be independent of the
position of the objects. This distinction is important in that the self-
vectors arising from atoms interacting with other atoms within a
single particle may be correctly predicted without the knowledge of
the particle centre position. In fact, this distinction may be exploited
in a two-stage procedure in which an atom may be first located
relative to the particle centre by use of the self-vectors and
subsequently the particle may be positioned relative to crystal-
lographic symmetry elements by use of the ‘cross-vectors’ (Table
2.3.5.1).

The interpretation of a heavy-atom difference Patterson for the
holo-enzyme of lobster glyceraldehyde-3-phosphate dehydrogenase
(GAPDH) provides an illustration of how the known noncrystallo-
graphic symmetry can aid the solution (Rossmann et al., 1972;
Buehner et al., 1974). The GAPDH enzyme crystallized in a
P212121 cell (a = 149.0, b = 139.1, c = 80.7 Å) containing one
tetramer per asymmetric unit. A rotation-function analysis had
indicated the presence of three mutually perpendicular molecular
twofold axes which suggested that the tetramer had 222 symmetry,
and a locked rotation function determined the precise orientation of
the tetramer relative to the crystal axes (see Table 2.3.5.2). Packing
considerations led to assignment of a tentative particle centre near
1
2 , 1

4 , Z.
An isomorphous difference Patterson was calculated for the

K2HgI4 derivative of GAPDH using data to a resolution of 6.8 Å.
From an analysis of the three Harker sections, a tentative first

Fig. 2.3.5.2. The objects A1B1 and A2B2 are related by an improper rotation
�, since it is necessary to consider the sense of rotation to achieve
superposition of the two objects. [Reprinted with permission from
Rossmann (1972, p. 9).]

Fig. 2.3.5.3. The position of the twofold rotation axis which relates the two
piglets is completely arbitrary. The diagram on the left shows the
situation when the translation is parallel to the rotation axis. The
diagram on the right has an additional component of translation
perpendicular to the rotation axis, but the component parallel to the
axis remains unchanged. [Reprinted from Rossmann et al. (1964).]
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