
deconvoluted by superimposing two of these Pattersons after
translating these (without rotation) by, for instance, the vector
AB. A further improvement could be obtained by superimposing a
third Patterson translated by AC. This would have the additional
advantage in that ABC is a noncentrosymmetric arrangement and,
therefore, selects the enantiomorph corresponding to the hand of the
atomic arrangement ABC [cf. Buerger (1951, 1959)].

A basic problem is that knowledge of the vectors AB and AC also
implies some knowledge of the structure at a time when the
structure is not yet known. In practice ‘good-looking’ peaks,
estimated to be single peaks by assessing the absolute scale of the
structure amplitudes with Wilson statistics, can be assumed to be
the result of single interatomic vectors within a molecule.
Superposition can then proceed and the result can be inspected
for reasonable chemical sense. As many apparently single peaks can
be tried systematically using a computer, this technique is useful for
selecting and testing a series of reasonable Patterson interpretations
(Jacobson et al., 1961).

Three major methods have been used for the detection of
molecular images of superimposed Pattersons. These are the sum,
product and minimum ‘image seeking’ functions (Raman &
Lipscomb, 1961). The concept of the sum function is to add the
images where they superimpose, whereas elsewhere the summed
Pattersons will have a lower value owing to lack of image
superposition. Therefore, the sum function determines the average
Patterson density for superimposed images, and is represented
analytically as

S�x� ��N

i�1
P�x� ui�,

where S�x� is the sum function at x given by the superposition of the
ith Patterson translated by ui, or

S�x� ��

h
F2

h exp�2�ih � x� �N

i�1
exp�2�ih � ui�

� �� �

�

Setting

m exp�i�h� �
�N

i�1
exp�2�ih � ui�

(m and �h can be calculated from the translational vectors used for
the superposition),

S�x� ��

h
F2

hm exp�2�ih � x� �h��

Thus, the sum function is equivalent to a weighted ‘heavy atom’
method based on the known atoms assumed by the superposition
translation vectors.

The product function is somewhat more vigorous in that the
images are enhanced by the product. If an image is superimposed on
no image, then the product should be zero.

The product function can be expressed as

Pr�x� � �N

i�1
P�x� ui��

When N � 2 (h and p are sets of Miller indices),

Pr�x� ��

h

�

p
F2

hF2
p exp�2�i�h� p� � x�

� exp�2�i�h � ui � p � ui���
Successive superpositions using the product functions will quickly
be dominated by a few terms with very large coefficients.

Finally, the minimum function is a clever invention of Buerger
(Buerger, 1950b, 1951, 1953a,b,c; Taylor, 1953; Rogers, 1951). If a
superposition is correct then each Patterson must represent an image
of the structure. Whenever there are two or more images that
intersect in the Patterson, the Patterson density will be greater than a
single image. When two different images are superimposed, it is a
reasonable hope that at least one of these is a single image. Thus by
taking the value of that Patterson which is the minimum, it should
be possible to select a single image and eliminate noise from
interfering images as far as possible. Although the minimum
function is perhaps the most powerful algorithm for image selection
of well sharpened Pattersons, it is not readily amenable to Fourier
representation.

The minimum function was conceived on the basis of selecting
positive images on a near-zero background. If it were desired to
select negative images [e.g. the �F1 	 F2�2 correlation function
discussed in Section 2.3.3.4], then it would be necessary to use a
maximum function. In fact, normally, an image has finite volume
with varying density. Thus, some modification of the minimum
function is necessary in those cases where the image is large
compared to the volume of the unit cell, as in low-resolution protein
structures (Rossmann, 1961b). Nordman (1966) used the average of
the Patterson values of the lowest 10 to 20 per cent of the vectors in
comparing Pattersons with hypothetical point Pattersons. A similar
criterion was used by High & Kraut (1966).

Image-seeking methods using Patterson superposition have been
used extensively (Beevers & Robertson, 1950; Garrido, 1950b;
Robertson, 1951). For a review the reader is referred to Vector
Space (Buerger, 1959) and a paper by Fridrichsons & Mathieson
(1962). However, with the advent of computerized direct methods
(see Chapter 2.2), such techniques are no longer popular. Never-
theless, they provide the conceptual framework for the rotation and
translation functions (see Sections 2.3.6 and 2.3.7).

2.3.2.5. Systematic computerized Patterson vector-search
procedures. Looking for rigid bodies

The power of the modern digital computer has enabled rapid
access to the large number of Patterson density values which can
serve as a lookup table for systematic vector-search procedures. In
the late 1950s, investigators began to use systematic searches for the
placement of single atoms, of known chemical groups or fragments
and of entire known structures. Methods for locating single atoms
were developed and called variously: vector verification (Mighell &
Jacobson, 1963), symmetry minimum function (Kraut, 1961;
Simpson et al., 1965; Corfield & Rosenstein, 1966) and consistency
functions (Hamilton, 1965). Patterson superposition techniques
using stored function values were often used to image the structure

Fig. 2.3.2.3. Atoms ABCD, arranged as a quadrilateral, generate a Patterson
which is the sum of the images of the quadrilateral when each atom is
placed on the origin in turn.
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from the known portion. In such single-site search procedures,
single atoms are placed at all possible positions in a crystal, using a
search grid of the same fineness as for the stored Patterson function,
preferably about one-third of the resolution of the Patterson map.
Solutions are gauged to be acceptable if all expected vectors due to
symmetry-related atoms are observed above a specified threshold in
the Patterson.

Systematic computerized Patterson search procedures for
orienting and positioning known molecular fragments were also
developed in the early 1960s. These hierarchical procedures rely on
first using the ‘self’-vectors which depend only on the orientation of
a molecular fragment. A search for the position of the fragment
relative to the crystal symmetry elements then uses the cross-
vectors between molecules (see Sections 2.3.6 and 2.3.7). Nordman
constructed a weighted point representation of the predicted vector
set for a fragment (Nordman & Nakatsu, 1963; Nordman, 1966) and
successfully solved the structure of a number of complex alkaloids.
Huber (1965) used the convolution molecule method of Hoppe
(1957a) in three dimensions to solve a number of natural-product
structures, including steroids. Various program systems have used
Patterson search methods operating in real space to solve complex
structures (Braun et al., 1969; Egert, 1983).

Others have used reciprocal-space procedures for locating known
fragments. Tollin & Cochran (1964) developed a procedure for
determining the orientation of planar groups by searching for
origin-containing planes of high density in the Patterson. General
procedures using reciprocal-space representations for determining
rotation and translation parameters have been developed and will be
described in Sections 2.3.6 and 2.3.7, respectively.

Although as many functions have been used to detect solutions in
these Patterson search procedures as there are programs, most rely
on some variation of the sum, product and minimum functions
(Section 2.3.2.4). The quality of the stored Patterson density
representation also varies widely, but it is now common to use 16
or more bits for single density values. Treatment of vector overlap is
handled differently by different investigators and the choice will
depend on the degree of overlapping (Nordman & Schilling, 1970;
Nordman, 1972). General Gaussian multiplicity corrections can be
employed to treat coincidental overlap of independent vectors in
general positions and overlap which occurs for symmetric peaks in
the vicinity of a special position or mirror plane in the Patterson (G.
Kamer, S. Ramakumar & P. Argos, unpublished results; Rossmann
et al., 1972).

2.3.3. Isomorphous replacement difference Pattersons

2.3.3.1. Introduction

One of the initial stages in the application of the isomorphous
replacement method is the determination of heavy-atom positions.
Indeed, this step of a structure determination can often be the most
challenging. Not only may the number of heavy-atom sites be
unknown, and have incomplete substitution, but the various
isomorphous compounds may also lack isomorphism. To com-
pound these problems, the error in the measurement of the
isomorphous difference in structure amplitudes is often comparable
to the differences themselves. Clearly, therefore, the ease with
which a particular problem can be solved is closely correlated with
the quality of the data-measuring procedure.

The isomorphous replacement method was used incidentally by
Bragg in the solution of NaCl and KCl. It was later formalized by
J. M. Robertson in the analysis of phthalocyanine where the
coordination centre could be Pt, Ni and other metals (Robertson,
1935, 1936; Robertson & Woodward, 1937). In this and similar
cases, there was no difficulty in finding the heavy-atom positions.
Not only were the heavy atoms frequently in special positions, but

they dominated the total scattering effect. It was not until Perutz and
his colleagues (Green et al., 1954; Bragg & Perutz, 1954) applied
the technique to the solution of haemoglobin, a protein of
68 000 Da, that it was necessary to consider methods for detecting
heavy atoms. The effect of a single heavy atom, even uranium, can
only have a very marginal effect on the structure amplitudes of a
crystalline macromolecule. Hence, techniques had to be developed
which were dependent on the difference of the isomorphous
structure amplitudes rather than on the solution of the Patterson
of the heavy-atom-derivative compound on its own.

2.3.3.2. Finding heavy atoms with centrosymmetric
projections

Phases in a centrosymmetric projection will be 0 or � if the origin
is chosen at the centre of symmetry. Hence, the native structure
factor, FN , and the heavy-atom-derivative structure factor, FNH ,
will be collinear. It follows that the structure amplitude, 
FH 
, of the
heavy atoms alone in the cell will be given by


FH 
 � 
�
FNH 
 � 
FN 
�
 � �,

where � is the error on the parenthetic sum or difference. Three
different cases may arise (Fig. 2.3.3.1). Since the situation shown in
Fig. 2.3.3.1(c) is rare, in general


FH 
2 � �
FNH 
 	 
FN 
�2� �2�3�3�1�
Thus, a Patterson computed with the square of the differences
between the native and derivative structure amplitudes of a
centrosymmetric projection will approximate to a Patterson of the
heavy atoms alone.

The approximation (2.3.3.1) is valid if the heavy-atom
substitution is small enough to make 
FH 
  
FNH 
 for most
reflections, but sufficiently large to make � �
FNH 
 	 
FN 
�2. It
is also assumed that the native and heavy-atom-derivative data have
been placed on the same relative scale. Hence, the relation (2.3.3.1)
should be re-written as


FH 
2 � �
FNH 
 	 k
FN 
�2,

where k is an experimentally determined scale factor (see Section
2.3.3.7). Uncertainty in the determination of k will contribute
further to �, albeit in a systematic manner.

Centrosymmetric projections were used extensively for the
determination of heavy-atom sites in early work on proteins such
as haemoglobin (Green et al., 1954), myoglobin (Bluhm et al.,

Fig. 2.3.3.1. Three different cases which can occur in the relation of the
native, FN , and heavy-atom derivative, FNH , structure factors for
centrosymmetric reflections. FN is assumed to have a phase of 0,
although analogous diagrams could be drawn when FN has a phase of �.
The crossover situation in (c) is clearly rare if the heavy-atom
substitution is small compared to the native molecule, and can in
general be neglected.
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