
u� � �C�u� �2�3�6�2�
The elements of [C] will depend on three rotation angles ��1, �2, �3�.
Thus, R is a function of these three angles. Alternatively, the matrix
[C] could be used to express mirror symmetry, permitting searches
for noncrystallographic mirror or glide planes.

The basic concepts were first clearly stated by Rossmann & Blow
(1962), although intuitive uses of the rotation function had been
considered earlier. Hoppe (1957b) had also hinted at a convolution
of the type given by (2.3.6.1) to find the orientation of known
molecular fragments and these ideas were implemented by Huber
(1965).

Consider a structure of two identical units which are in different
orientations. The Patterson function of such a structure consists of
three parts. There will be the self-Patterson vectors of one unit,
being the set of interatomic vectors which can be formed within that
unit, with appropriate weights. The set of self-Patterson vectors of
the other unit will be identical, but they will be rotated away from
the first due to the different orientation. Finally, there will be the
cross-Patterson vectors, or set of interatomic vectors which can be
formed from one unit to another. The self-Patterson vectors of the
two units will all lie in a volume centred at the origin and limited by
the overall dimensions of the units. Some or all of the cross-
Patterson vectors will lie outside this volume. Suppose the Patterson
function is now superposed on a rotated version of itself. There will
be no particular agreement except when one set of self-Patterson
vectors of one unit has the same orientation as the self-Patterson
vectors from the other unit. In this position, we would expect a
maximum of agreement or ‘overlap’ between the two. Similarly, the
superposition of the molecular self-Patterson derived from different
crystal forms can provide the relative orientation of the two crystals
when the molecules are aligned.

While it would be possible to evaluate R by interpolating in P2
and forming the point-by-point product with P1 within the volume
U for every combination of �1, �2 and �3, such a process is tedious
and requires large computer storage for the Pattersons. Instead, the
process is usually performed in reciprocal space where the number
of independent structure amplitudes which form the Pattersons is
about one-thirtieth of the number of Patterson grid points. Thus, the
computation of a rotation function is carried out directly on the
structure amplitudes, while the overlap definition (2.3.6.1) simply
serves as a physical basis for the technique.

The derivation of the reciprocal-space expression depends on the
expansion of each Patterson either as a Fourier summation, the
conventional approach of Rossmann & Blow (1962), or as a sum of
spherical harmonics in Crowther’s (1972) analysis. The conven-
tional and mathematically easier treatment is discussed presently,
but the reader is referred also to Section 2.3.6.5 for Crowther’s
elegant approach. The latter leads to a rapid technique for

performing the computations, about one hundred times faster than
conventional methods.

Let, omitting constant coefficients,

P1�u� �
�

h
�Fh�2 exp �2�ih � u�

and

P2�u�� �
�

p
�Fp�2 exp �2�ip � u���

From (2.3.6.2) it follows that

P2�u�� �
�

p
�Fp�2 exp �2�ip�C� � u�,

and, hence, by substitution in (2.3.6.1)

R��1, �2, �3� �
�

U

�

h
�Fh�2 exp �2�ih � u�

� �

	 �

p
�Fp�2 exp �2�ip�C� � u�

� �

du

� U
�

h
�Fh�2

�

p
�Fp�2Ghp

� �

, �2�3�6�3�

where

UGhp �
	

U
exp 
2�i�h� p�C�� � u� du�

When the volume U is a sphere, Ghp has the analytical form

Ghp � 3�sin � � cos ��
�3

, �2�3�6�4�

where � � 2�HR and H � h� p�C�. G is a spherical interference
function whose form is shown in Fig. 2.3.6.1

The expression (2.3.6.3) represents the rotation function in
reciprocal space. If h� � �CT �p in the argument of Ghp, then h� can
be seen as the point in reciprocal space to which p is rotated by [C].
Only for those integral reciprocal-lattice points which are close to h�
will Ghp be of an appreciable size (Fig. 2.3.6.1). Thus, the number
of significant terms is greatly reduced in the summation over p for
every value of h, making the computation of the rotation function
manageable.

The radius of integration R should be approximately equal to or a
little smaller than the molecular diameter. If R were roughly equal
to the length of a lattice translation, then the separation of
reciprocal-lattice points would be about 1�R. Hence, when H is
equal to one reciprocal-lattice separation, HR � 1, and G is thus

Table 2.3.6.1. Different types of uses for the rotation function

Type of rotation function

Pattersons to be compared

P1 P2 Purpose

Self Unknown structure Unknown structure, same cell Finds orientation of noncrystallographic
axes

Cross Unknown structure Unknown structure in different cell Finds relative orientation of unknown
molecules

Cross Unknown structure Known structure in large cell to
avoid overlap of self-Patterson
vectors

Determines orientation of unknown
structure as preliminary to positioning
and subsequent phasing with known
molecule
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