
Gaussian distribution. With these simplifying assumptions, the
statistical procedure for phase determination could be derived in the
following manner.

Consider the vector diagram, shown in Fig. 2.4.4.2, for a
reflection from the ith derivative for an arbitrary value � for the
protein phase angle. Then,

DHi��� � �F2
N � F2

Hi � 2FN FHi cos��Hi � ���1�2� �2�4�4�19�
If � corresponds to the true protein phase angle �N , then DHi
coincides with FNHi. The amount by which DHi��� differs from
FNHi, namely,

�Hi��� � FNHi � DHi���, �2�4�4�20�
is a measure of the departure of � from �N . � is called the lack of
closure. The probability for � being the correct protein phase angle
could now be defined as

Pi��� � Ni exp���2
Hi����2E2

i �, �2�4�4�21�
where Ni is the normalization constant and Ei is the estimated r.m.s.
error. The methods for estimating Ei will be outlined later. When
several derivatives are used for phase determination, the total
probability of the phase angle � being the protein phase angle
would be

P��� ��
Pi��� � N exp ��

i
��2

Hi����2E2
i �

� �

, �2�4�4�22�

where the summation is over all the derivatives. A typical
distribution of P��� plotted around a circle of unit radius is
shown in Fig. 2.4.4.3. The phase angle corresponding to the highest
value of P��� would obviously be the most probable protein phase,
�M , of the given reflection. The most probable electron-density
distribution is obtained if each FN is associated with the
corresponding �M in a Fourier synthesis.

Blow and Crick suggested a different way of using the
probability distribution. In Fig. 2.4.4.3, the centroid of the
probability distribution is denoted by P. The polar coordinates of
P are m and �B, where m, a fractional positive number with a
maximum value of unity, and �B are referred to as the ‘figure of
merit’ and the ‘best phase’, respectively. One can then compute a
‘best Fourier’ with coefficients

mFN exp�i�B��
The best Fourier is expected to provide an electron-density
distribution with the lowest r.m.s. error. The figure of merit and
the best phase are usually calculated using the equations

m cos�B �
�

i
P��i� cos��i��

�

i
P��i�

m sin�B �
�

i
P��i� sin��i��

�

i
P��i�,

�2�4�4�23�

where P��i� are calculated, say, at 5� intervals (Dickerson et al.,
1961). The figure of merit is statistically interpreted as the cosine of
the expected error in the calculated phase angle and it is obviously a
measure of the precision of phase determination. In general, m is
high when �M and �B are close to each other and low when they are
far apart.

2.4.4.5. Use of anomalous scattering in phase evaluation

When anomalous-scattering data have been collected from
derivative crystals, FNH ��� and FNH��� can be formally treated
as arising from two independent derivatives. The corresponding
Harker diagram is shown in Fig. 2.4.4.4. Thus, in principle, protein
phase angles can be determined using a single derivative when
anomalous-scattering effects are also made use of. It is interesting to
note that the information obtained from isomorphous differences,
FNH � FN , and that obtained from anomalous differences,

Fig. 2.4.4.1. Distribution of intersections in the Harker construction under
non-ideal conditions.

Fig. 2.4.4.2. Vector diagram indicating the calculated structure factor,
DHi���, of the ith heavy-atom derivative for an arbitrary value � for the
phase angle of the structure factor of the native protein.

Fig. 2.4.4.3. The probability distribution of the protein phase angle. The
point P is the centroid of the distribution.
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FNH ��� � FNH ���, are complementary. The isomorphous differ-
ence for any given reflection is a maximum when FN and FH are
parallel or antiparallel. The anomalous difference is then zero, if all
the anomalous scatterers are of the same type, and �N is determined
uniquely on the basis of the isomorphous difference. The
isomorphous difference decreases and the anomalous difference
increases as the inclination between FN and FH increases. The
isomorphous difference tends to be small and the anomalous
difference tends to have the maximum possible value when FN and
FH are perpendicular to each other. The anomalous difference then
has the predominant influence in determining the phase angle.

Although isomorphous and anomalous differences have a
complementary role in phase determination, their magnitudes are
obviously unequal. Therefore, when FNH ��� and FNH��� are
treated as arising from two derivatives, the effect of anomalous
differences on phase determination would be only marginal as, for
any given reflection, FNH ��� � FNH��� is usually much smaller
than FNH � FN . However, the magnitude of the error in the
anomalous difference would normally be much smaller than that
in the corresponding isomorphous difference. Firstly, the former is
obviously free from the effects of imperfect isomorphism.
Secondly, FNH ��� and FNH��� are expected to have the same
systematic errors as they are measured from the same crystal. These
errors are eliminated in the difference between the two quantities.
Therefore, as pointed out by North (1965), the r.m.s. error used for
anomalous differences should be much smaller than that used for
isomorphous differences. Denoting the r.m.s. error in anomalous
differences by E	, the new expression for the probability distribution
of protein phase angle may be written as

Pi��� � Ni exp���2
Hi����2E2

i �

 exp����Hi ��Hical����2�2E

	2
i �, �2�4�4�24�

where

�Hi � FNHi��� � FNHi���
and

�Hical��� � 2F 		
Hi sin��Di � �Hi��

Here �Di is the phase angle of DHi��� [see (2.4.4.19) and Fig.
2.4.4.2]. �Hical��� is the anomalous difference calculated for the
assumed protein phase angle �. FNHi may be taken as the average of
FNHi��� and FNHi��� for calculating �2

Hi��� using (2.4.4.20).

2.4.4.6. Estimation of r.m.s. error

Perhaps the most important parameters that control the reliability
of phase evaluation using the Blow and Crick formulation are the
isomorphous r.m.s. error Ei and the anomalous r.m.s. error E	i. For a
given derivative, the sharpness of the peak in the phase probability
distribution obviously depends upon the value of E and that of E	
when anomalous-scattering data have also been used. When several
derivatives are used, an overall underestimation of r.m.s. errors
leads to artifically sharper peaks, the movement of �B towards �M ,
and deceptively high figures of merit. Opposite effects result when
E’s are overestimated. Underestimation or overestimation of the
r.m.s. error in the data from a particular derivative leads to
distortions in the relative contribution of that derivative to the
overall phase probability distributions. It is therefore important that
the r.m.s. error in each derivative is correctly estimated.

Centric reflections, when present, obviously provide the best
means for evaluating E using the expression

E2 ��

n
�FNH � FN  � FN �2�n� �2�4�4�25�

As suggested by Blow & Crick (1959), values of E thus estimated
can be used for acentric reflections as well. Once a set of
approximate protein phase angles is available, Ei can be calculated
as the r.m.s. lack of closure corresponding to �B [i.e. � � �B in
(2.4.4.20)] (Kartha, 1976). E	i can be similarly evaluated as the
r.m.s. difference between the observed anomalous difference and
the anomalous difference calculated for �B [see (2.4.4.24)].
Normally, the value of E	i is about a third of that of Ei (North, 1965).

A different method, outlined below, can also be used to evaluate
E and E	 when anomalous scattering is present (Vijayan, 1981;
Adams, 1968). From Fig. 2.4.2.2, we have

cos� � �F2
NH � F2

H � F2
N ��2FNH FH �2�4�4�26�

and

F2
N � F2

NH � F2
H � 2FNH FH cos�, �2�4�4�27�

where � � �NH � �H . Using arguments similar to those used in
deriving (2.4.3.5), we obtain

sin� � �F2
NH ��� � F2

NH �����4FNH F 		
H � �2�4�4�28�

If FNH is considered to be equal to �FNH ��� � FNH �����2, we
obtain from (2.4.4.28)

FNH ��� � FNH��� � 2F 		
H sin�� �2�4�4�29�

We obtain what may be called �iso if the magnitude of � is
determined from (2.4.4.26) and the quadrant from (2.4.4.28).
Similarly, we obtain �ano if the magnitude of � is determined
from (2.4.4.28) and the quadrant from (2.4.4.26). Ideally, �iso and
�ano should have the same value and the difference between them is
a measure of the errors in the data. FN obtained from (2.4.4.27)
using �ano may be considered as its calculated value �FNcal�. Then,
assuming all errors to lie in FN , we may write

E2 ��

n
�FN � FNcal�2�n� �2�4�4�30�

Similarly, the calculated anomalous difference ��Hcal� may be
evaluated from (2.4.4.29) using �iso. Then

E	2 ��

n
�FNH ��� � FNH ��� ��Hcal�2�n� �2�4�4�31�

If all errors are assumed to reside in FH , E can be evaluated in yet
another way using the expression

Fig. 2.4.4.4. Harker construction using anomalous-scattering data from a
single derivative.

273

2.4. ISOMORPHOUS REPLACEMENT AND ANOMALOUS SCATTERING

references

http://it.iucr.org/Ba/ch2o4v0001/references/


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier ()
  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [641.000 859.000]
>> setpagedevice


