
k�x�� � J1 � J2 �
�

J1�x�J2�x� x�� dx

� kI1I2 � kI1N2 � kI2N1 � kN1N2 � �2�5�5�26�
The value k�x�� is the measure of image similarity, the x�
coordinate of the maximum indicates the shift of the images
relative to each other. The first term of the resultant expression
(2.5.5.26) is the cross-correlation function of noise-corrected
images being compared, the second and third terms are
approximately equal to zero, since the noise does not correlate
with the signal; the last term is the autocorrelation function of
the noise (Cramér, 1954; Frank, 1975, 1980).

The calculation of a correlation function is performed by means
of Fourier transformation on the basis of the convolution theorem,
since the Fourier transformation of the product of the Fourier
transform of function J1 and the conjugated Fourier transform
function J2 gives the cross-correlation function of the initial
functions:

k � � �1�� J1 	 � �J2
� �2�5�5�27�
The probability density of samples for images has the form

p�J1J2 � � � Jn� � 1

�� ������
2�

� �n

� exp
�1
2�2

�n �
�Jk�x� xk� � J�x�
2 dx

� �

�

�2�5�5�28�
Here J is the tentative image (as such, a certain ‘best’ image can

first be selected, while at the repeated cycle an average image is
obtained), Jk�x� is the image investigated, � is the standard
deviation of the normal distribution of noises and xk the relative
shift of the image. This function is called a likelihood function; it
has maxima relative to the parameters J�x�, xk , �. The average
image and dispersion are

J�x� � �1�n��
n
�Jk�x� xk�
,

�2 � �1�n��
n
�Jk�x� xk� � J�x�
2� �2�5�5�29�

This method is called the maximum-likelihood method (Cramér,
1954; Kosykh et al., 1983).

It is convenient to carry out the image alignment, in turn, with
respect to translational and angular coordinates. If we start with an
angular alignment we first use autocorrelation functions or power
spectra, which have the maximum and the symmetry centre at the
origin of the coordinates. The angular correlation maximum

f ���� � �
fk��� ���fe��� d� �2�5�5�30�

gives the mutual angle of rotation of two images.
Then we carry out the translational alignment of rotationally

aligned images using the translational correlation function
(2.5.5.26) (Langer et al., 1970).

In the iteration alignment method, the images are first
translationally aligned and then an angular shift is determined in
image space in polar coordinates with the centre at the point of the
best translational alignment. After the angular alignment the whole
procedure may be repeated (Steinkilberg & Schramm, 1980).

The average image obtained may have false high-frequency
components. They can be excluded by multiplying its Fourier
components by some function and suppressing high-space
frequencies, for instance by an ‘artificial temperature factor’
exp�B�u�2�.

For a set of similar images the Fourier filtration method can also
be used (Ottensmeyer et al., 1977). To do this, one should prepare
from these images an artificial ‘two-dimensional crystal’, i.e. place

them in the same orientation at the points of the two-dimensional
lattice with periods a, b.

J � �n

k�1
Jk�x� tp�; t � p1a� p2b� �2�5�5�31�

The processing is then performed according to (2.5.5.18),
(2.5.5.19); as a result one obtains �I�xy�� with reduced background.
Some translational and angular errors in the arrangement of the
images at the artificial lattice points act as an artificial temperature
factor. The method can be realized by computing or by optical
diffraction.

2.5.6. Three-dimensional reconstruction*
(B. K. VAINSHTEIN)

2.5.6.1. The object and its projection

In electron microscopy we obtain a two-dimensional image
�2�x�� – a projection of a three-dimensional object �3�r� (Fig.
2.5.6.1):

�2�x�� �
�
�3�r� d� � � x� �2�5�6�1�

The projection direction is defined by a unit vector ���,�� and the
projection is formed on the plane x perpendicular to � � The set of
various projections �2�x�i� � �2i�xi� may be assigned by a discrete
or continuous set of points � i��i,�i� on a unit sphere �� � � 1 (Fig.
2.5.6.2). The function ��x�� reflects the structure of an object, but
gives information only on x� coordinates of points of its projected
density. However, a set of projections makes it possible to
reconstruct from them the three-dimensional (3D) distribution
�3�xyz� (Radon, 1917; DeRosier & Klug, 1968; Vainshtein et al.,
1968; Crowther, DeRosier & Klug, 1970; Gordon et al., 1970;
Vainshtein, 1971a; Ramachandran & Lakshminarayanan, 1971;
Vainshtein & Orlov, 1972, 1974; Gilbert, 1972a; Herman, 1980).
This is the task of the three-dimensional reconstruction of the
structure of an object:

set �2�xi� � �3�r�� �2�5�6�2�
Besides electron microscopy, the methods of reconstruction of a

structure from its projections are also widely used in various fields,
e.g. in X-ray and NMR tomography, in radioastronomy, and in
various other investigations of objects with the aid of penetrating,
back-scattered or their own radiations (Bracewell, 1956; Deans,
1983; Mersereau & Oppenheim, 1974).

In the general case, the function �3�r� (2.5.6.1) (the subscript
indicates dimension) means the distribution of a certain scattering
density in the object. The function �2�x� is the two-dimensional
projection density; one can also consider one-dimensional projec-
tions �1�x� of two- (or three-) dimensional distributions. In electron
microscopy, under certain experimental conditions, by functions
�3�r� and �2�x� we mean the potential and the projection of the
potential, respectively [the electron absorption function 	 (see
Section 2.5.4) may also be considered as ‘density’]. Owing to a very
large depth of focus and practical parallelism of the electron beam
passing through an object, in electron microscopy the vector � is the
same over the whole area of the irradiated specimen – this is the
case of parallel projection.

The 3D reconstruction (2.5.6.2) can be made in the real space of
an object – the corresponding methods are called the methods of
direct three-dimensional reconstruction (Radon, 1917; Vainshtein

� Questions related to this section may be addressed to Professor J. M. Cowley (see
list of contributing authors). Professor Cowley kindly checked the proofs for this
section.
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et al., 1968; Gordon et al., 1970; Vainshtein, 1971a; Ramachandran
& Lakshminarayanan, 1971; Vainshtein & Orlov, 1972, 1974;
Gilbert, 1972a).

On the other hand, three-dimensional reconstruction can be
carried out using the Fourier transformation, i.e. by transition to
reciprocal space. The Fourier reconstruction is based on the well
known theorem: the Fourier transformation of projection �2 of a
three-dimensional object �3 is the central (i.e. passing through the
origin of reciprocal space) two-dimensional plane cross section of a
three-dimensional transform perpendicular to the projection vector
(DeRosier & Klug, 1968; Crowther, DeRosier & Klug, 1970;
Bracewell, 1956). In Cartesian coordinates a three-dimensional
transform is

� 3��3�r�
 � �3�uvw� � ���
�3�xyz�

� exp2�i�ux � vy � wz�� dx dy dz� �2�5�6�3�
The transform of projection �2�xy� along z is

� 2��2�xy�
 � �3�uv0� � ���
�3�xyz�

� exp2�i�ux � vy � 0z�� dx dy dz

� ���
�3�xyz� dz exp2�i�ux � vy�� dx dy

� ��
�2�xy� exp2�i�ux � vy�� dx dy

� �2�uv�� �2�5�6�4�

In the general case (2.5.6.1) of projecting the plane x�xy��u�uv� �
� along the vector �

� 2��2�x��
 � �2�u� �� �2�5�6�5�
Reconstruction with Fourier transformation involves transition
from projections �2i at various � i to cross sections �2i, then to
construction of the three-dimensional transform �3�u� by means of
interpolation between �2i in reciprocal space, and transition by the
inverse Fourier transformation to the three-dimensional distribution
�3�r�:

set �2i�x� i� � set � 2��2�
� set �2i � �3 � � �1

3 ��3� � �3�r�� �2�5�6�6�
Transition (2.5.6.2) or (2.5.6.6) from two-dimensional electron-
microscope images (projections) to a three-dimensional structure
allows one to consider the complex of methods of 3D reconstruction
as three-dimensional electron microscopy. In this sense, electron
microscopy is an analogue of methods of structure analysis of
crystals and molecules providing their three-dimensional spatial
structure. But in structure analysis with the use of X-rays, electrons,
or neutrons the initial data are the data in reciprocal space ��2i� in
(2.5.6.6), while in electron microscopy this role is played by two-
dimensional images �2i�x� [(2.5.6.2), (2.5.6.6)] in real space.

In electron microscopy the 3D reconstruction methods are,
mainly, used for studying biological structures (symmetric or
asymmetric associations of biomacromolecules), the quaternary
structure of proteins, the structures of muscles, spherical and rod-
like viruses, bacteriophages, and ribosomes.

An exact reconstruction is possible if there is a continuous set of
projections �� corresponding to the motion of the vector ���,��
over any continuous line connecting the opposite points on the unit
sphere (Fig. 2.5.6.2). This is evidenced by the fact that, in this case,
the cross sections � 2 which are perpendicular to � in Fourier space
(2.5.6.4) continuously fill the whole of its volume, i.e. give � 3��3�
(2.5.6.3) and thereby determine �3�r� � � �1��3�.

In reality, we always have a discrete (but not continuous) set of
projections �2i. The set of �2i is, practically, obtained by the
rotation of the specimen under the beam through various angles
(Hoppe & Typke, 1979) or by imaging of the objects which are
randomly oriented on the substrate at different angles (Kam, 1980;
Van Heel, 1984). If the object has symmetry, one of its projections
is equivalent to a certain number of different projections.

The object �3�r� is finite in space. For function �3�r� and any of
its projections there holds the normalization condition

� � �
�3�r� dvr �

�
�2�x� dx � �

�1�x� dx, �2�5�6�7�
where � is the total ‘weight’ of the object described by the density
distribution �3. If one assumes that the density of an object is
constant and that inside the object � � constant � 1, and outside it
� � 0, then � is the volume of an object. The volume of an object,
say, of molecules, viruses and so on, is usually known from data on
the density or molecular mass.

2.5.6.2. Orthoaxial projection

In practice, an important case is where all the projection
directions are orthogonal to a certain straight line: � � z (Fig.
2.5.6.3). Here the axis of rotation or the axis of symmetry of an
object is perpendicular to an electron beam. Then the three-
dimensional problem is reduced to the two-dimensional one, since
each cross section �2i�x, z � constant� is represented by its one-
dimensional projections. The direction of vector � is defined by the
rotational angle � of a specimen:

�1�x�i� � Li��i� �
�
�2�x� d��; xi � ��� �2�5�6�8�

Fig. 2.5.6.1. A three-dimensional object �3 and its two-dimensional
projection �2.

Fig. 2.5.6.2. The projection sphere and projection �2 of �3 along � onto the
plane x � � . The case � � z represents orthoaxial projection. Points
indicate a random distribution of �.
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