
et al., 1968; Gordon et al., 1970; Vainshtein, 1971a; Ramachandran
& Lakshminarayanan, 1971; Vainshtein & Orlov, 1972, 1974;
Gilbert, 1972a).

On the other hand, three-dimensional reconstruction can be
carried out using the Fourier transformation, i.e. by transition to
reciprocal space. The Fourier reconstruction is based on the well
known theorem: the Fourier transformation of projection �2 of a
three-dimensional object �3 is the central (i.e. passing through the
origin of reciprocal space) two-dimensional plane cross section of a
three-dimensional transform perpendicular to the projection vector
(DeRosier & Klug, 1968; Crowther, DeRosier & Klug, 1970;
Bracewell, 1956). In Cartesian coordinates a three-dimensional
transform is

� 3��3�r�� � �3�uvw� � ���
�3�xyz�

� exp�2�i�ux � vy � wz�	 dx dy dz� �2�5�6�3�
The transform of projection �2�xy� along z is

� 2��2�xy�� � �3�uv0� � ���
�3�xyz�

� exp�2�i�ux � vy � 0z�	 dx dy dz

� ���
�3�xyz� dz exp�2�i�ux � vy�	 dx dy

� ��
�2�xy� exp�2�i�ux � vy�	 dx dy

� �2�uv�� �2�5�6�4�

In the general case (2.5.6.1) of projecting the plane x�xy�
u�uv� �
� along the vector �

� 2��2�x��� � �2�u� �� �2�5�6�5�
Reconstruction with Fourier transformation involves transition
from projections �2i at various � i to cross sections �2i, then to
construction of the three-dimensional transform �3�u� by means of
interpolation between �2i in reciprocal space, and transition by the
inverse Fourier transformation to the three-dimensional distribution
�3�r�:

set �2i�x� i� � set � 2��2�
 set �2i � �3 � � �1

3 ��3�  �3�r�� �2�5�6�6�
Transition (2.5.6.2) or (2.5.6.6) from two-dimensional electron-
microscope images (projections) to a three-dimensional structure
allows one to consider the complex of methods of 3D reconstruction
as three-dimensional electron microscopy. In this sense, electron
microscopy is an analogue of methods of structure analysis of
crystals and molecules providing their three-dimensional spatial
structure. But in structure analysis with the use of X-rays, electrons,
or neutrons the initial data are the data in reciprocal space ��2i� in
(2.5.6.6), while in electron microscopy this role is played by two-
dimensional images �2i�x� [(2.5.6.2), (2.5.6.6)] in real space.

In electron microscopy the 3D reconstruction methods are,
mainly, used for studying biological structures (symmetric or
asymmetric associations of biomacromolecules), the quaternary
structure of proteins, the structures of muscles, spherical and rod-
like viruses, bacteriophages, and ribosomes.

An exact reconstruction is possible if there is a continuous set of
projections �� corresponding to the motion of the vector ���,��
over any continuous line connecting the opposite points on the unit
sphere (Fig. 2.5.6.2). This is evidenced by the fact that, in this case,
the cross sections � 2 which are perpendicular to � in Fourier space
(2.5.6.4) continuously fill the whole of its volume, i.e. give � 3��3�
(2.5.6.3) and thereby determine �3�r� � � �1��3�.

In reality, we always have a discrete (but not continuous) set of
projections �2i. The set of �2i is, practically, obtained by the
rotation of the specimen under the beam through various angles
(Hoppe & Typke, 1979) or by imaging of the objects which are
randomly oriented on the substrate at different angles (Kam, 1980;
Van Heel, 1984). If the object has symmetry, one of its projections
is equivalent to a certain number of different projections.

The object �3�r� is finite in space. For function �3�r� and any of
its projections there holds the normalization condition

� � �
�3�r� dvr �

�
�2�x� dx � �

�1�x� dx, �2�5�6�7�
where � is the total ‘weight’ of the object described by the density
distribution �3. If one assumes that the density of an object is
constant and that inside the object � � constant � 1, and outside it
� � 0, then � is the volume of an object. The volume of an object,
say, of molecules, viruses and so on, is usually known from data on
the density or molecular mass.

2.5.6.2. Orthoaxial projection

In practice, an important case is where all the projection
directions are orthogonal to a certain straight line: � � z (Fig.
2.5.6.3). Here the axis of rotation or the axis of symmetry of an
object is perpendicular to an electron beam. Then the three-
dimensional problem is reduced to the two-dimensional one, since
each cross section �2i�x, z � constant� is represented by its one-
dimensional projections. The direction of vector � is defined by the
rotational angle � of a specimen:

�1�x�i�  Li��i� �
�
�2�x� d��; xi � ��� �2�5�6�8�

Fig. 2.5.6.1. A three-dimensional object �3 and its two-dimensional
projection �2.

Fig. 2.5.6.2. The projection sphere and projection �2 of �3 along � onto the
plane x � � . The case � � z represents orthoaxial projection. Points
indicate a random distribution of �.
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In this case, the reconstruction is carried out separately for each
level zl:

set �1� zl�x��  set Li
zl
� �2i�xyzl� �2�5�6�9�

and the three-dimensional structure is obtained by superposition of
layers �2zl�xy��z (Vainshtein et al., 1968; Vainshtein, 1978).

2.5.6.3. Discretization

In direct methods of reconstruction as well as in Fourier methods
the space is represented as a discrete set of points ��xjk� on a two-
dimensional net or ��rjkl� on a three-dimensional lattice. It is
sometimes expedient to use cylindrical or spherical coordinates. In
two-dimensional reconstruction the one-dimensional projections
are represented as a set of discrete values Li, at a certain spacing in
x�. The reconstruction (2.5.6.9) is carried out over the discrete net
with m2 nodes �jk . The net side A should exceed the diameter of an
object D, A � D; the spacing a � A	m. Then (2.5.6.8) transforms
into the sum

Li ��

k
�jk � �2�5�6�10�

For oblique projections the above sum is taken over all the points
within the strips of width a along the axis ��i (Fig. 2.5.6.4).

The resolution 
 of the reconstructed function depends on the
number h of the available projections. At approximately uniform
angular distribution of projections, and diameter equal to D, the
resolution at reconstruction is estimated as


 � 2D	h� �2�5�6�11�
The reconstruction resolution 
 should be equal to or somewhat
better than the instrumental resolution d of electron micrographs
�
 � d�, the real resolution of the reconstructed structure being d.
If the number of projections h is not sufficient, i.e. 
 � d, then the
resolution of the reconstructed structure is 
 (Crowther, DeRosier &
Klug, 1970; Vainshtein, 1978).

In electron microscopy the typical instrumental resolution d of
biological macromolecules for stained specimens is about 20 Å; at
the object with diameter D � 200 Å the sufficient number h of
projections is about 20. If the projections are not uniformly

distributed in projection angles, the resolution decreases towards
x � � for such � in which the number of projections is small.

Properties of projections of symmetric objects. If the object has
an N-fold axis of rotation, its projection has the same symmetry. At
orthoaxial projection perpendicular to the N-fold axis the
projections which differ in angle at j�2�	N� are identical:

�2�x�� � �2�x��j�2�	N�� �j � 1, 2, � � � , N�� �2�5�6�12�

This means that one of its projections is equivalent to N projections.
If we have h independent projections of such a structure, the real
number of projections is hN (Vainshtein, 1978). For a structure with
cylindrical symmetry �N � �� one of its projections fully
determines the three-dimensional structure.

Many biological objects possess helical symmetry – they
transform into themselves by the screw displacement operation
sp	q, where p is the number of packing units in the helical structure
per q turns of the continuous helix. In addition, the helical structures
may also have the axis of symmetry N defining the pitch of the
helix. In this case, a single projection is equivalent to h � pN
projections (Cochran et al., 1952).

Individual protein molecules are described by point groups of
symmetry of type N or N	2. Spherical viruses have icosahedral
symmetry 532 with two-, three- and fivefold axes of symmetry. The
relationship between vectors � of projections is determined by the
transformation matrix of the corresponding point group (Crowther,
Amos et al., 1970).

2.5.6.4. Methods of direct reconstruction

Modelling. If several projections are available, and, especially, if
the object is symmetric, one can, on the basis of spatial imagination,
recreate approximately the three-dimensional model of the object
under investigation. Then one can compare the projections of such a
model with the observed projections, trying to draw them as near as
possible. In early works on electron microscopy of biomolecules the
tentative models of spatial structure were constructed in just this
way; these models provide, in the case of the quaternary structure of
protein molecules or the structure of viruses, schemes for the
arrangement of protein subunits. Useful subsidiary information in
this case can be obtained by the method of optical diffraction and
filtration.

Fig. 2.5.6.3. Orthoaxial projection.

Fig. 2.5.6.4. Discretization and oblique projection.
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