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3.1. DISTANCES, ANGLES, AND THEIR STANDARD UNCERTAINTIES

3.1.5. Vector product

The scalar product defined in Section 3.1.2 is one multiplicative
operation of two vectors that may be defined; another is the vector
product, which is denoted as u A v (or u X v or [uv]). The vector
product of vectors u and v is defined as a vector of length uv sin ¢,
where ¢ is the angle between the vectors, and of direction
perpendicular to both u and v in the sense that u, v and u Av
form a right-handed system; u A v is generated by rotating u into v
and advancing in the direction of a right-handed screw. The
magnitude of u A v, given by

(3.1.5.1)

is equal to the area of the parallelogram defined by u and v.
It follows from the definition that

[wA V| =uvsing

UAV=-vVAuW (3.15.2)

3.1.6. Permutation tensors

Many relationships involving vector products may be expressed
compactly and conveniently in terms of the permutation tensors,
defined as

(3.1.6.1)
(3.1.6.2)

Eijk :a,»-aj/\ak

gk —al.a/pnak,
Since a;-a; Aa; represents the volume of the parallelepiped
defined by vectors a;, a;, a, it follows that €;; vanishes if any two

indices are equal to each other. The same argument applies, of
course, to ¢/*. That is,

e =0, é*=0, ifj=iork=iork=j.  (3.1.63)
If the indices are all different,
ej =PV, &% =pv* (3.1.6.4)
for even permutations of ijk (123, 231, or 312), and
ejp = —PV, &% =_py* (3.1.6.5)

for odd permutations (132, 213, or 321). Here, P = +1 for right-
handed axes, P = —1 for left-handed axes, V is the unit-cell
volume, and V* = 1/V is the volume of the reciprocal cell defined
by the reciprocal basis vectors a‘,a’, ak,

A discussion of the properties of the permutation tensors may be
found in Sands (1982a). In right-handed Cartesian systems, where
P =1, and V = V* = 1, the permutation tensors are equivalent to
the permutation symbols denoted by e;j.

3.1.7. Components of vector product

As is shown in Sands (1982a), the components of the vector product
u A v are given by

uAv=epuviat, (3.1.7.1)
where again a* is a reciprocal basis vector (some writers use
a*,b*,c¢* to represent the reciprocal axes). A special case of

(3.1.7.1) is
a; A a; = gal, (3.1.7.2)

which may be taken as a defining equation for the reciprocal basis
vectors. Similarly,
a Nal =Py, (3.1.7.3)

which completes the characterization of the dual vector system with
basis vectors a; and a’/ obeying

a -al =6/ (3.1.7.4)

In (3.1.7.4), 6{ is the Kronecker delta, which equals 1 if i =j, 0 if
i # j. The relationships between these quantities are explored at
some length in Sands (1982a).

3.1.8. Some vector relationships

The results developed above lead to several useful relationships
between vectors; for derivations, see Sands (1982a).

3.1.8.1. Triple vector product

uA(VAW)=(u-w)v— (u-v)w (3.1.8.1)
(WAV)AW=—(v-Wu+ (u-w)v. (3.1.8.2)

3.1.8.2. Scalar product of vector products
(wAv)-(wAz)=(u-w)(v-z)— (u-z)(v-w). (3.1.8.3)

A derivation of this result may be found also in Shmueli (1974).

3.1.8.3. Vector product of vector products

(WAV)A(WAZ)=(u-WAZ)V— (V- WAZ)u
(WAV)A(WAZ) =(u-VAZ)W— (- VAW)Z

(3.1.8.4)
(3.1.8.5)

3.1.9. Planes

Among several ways of characterizing a plane in a general
rectilinear coordinate system is a description in terms of the
coordinates of three non-collinear points that lie in the plane. If the
points are U, V and W, lying at the ends of vectors u, v and w, the
vectors u — v, v — w and w — u are in the plane. The vector

z=@UuU—-vV)A(Vv—w) (3.1.9.1)
is normal to the plane. Expansion of (3.1.9.1) yields
z=(UuAV)+(VAW)+ (WAu). (3.1.9.2)
Making use of (3.1.7.1),
z = e (uV +vivt +widal. (3.1.9.3)

If now x is any vector from the origin to the plane, x — u is in the
plane, and

(x—u)-z=0. (3.1.9.4)
From (3.1.9.2),

u-zZ=u-vAw. (3.1.9.5)

Rearrangement of (3.1.9.4) with x -z on the left and u -z on the
right, and using (3.1.9.3) for z on the left leads to

g (v +viwk + win) = gutvink, (3.1.9.6)
If, in particular, the points are on the coordinate axes, their

designations are [u!,0,0], [0,v% 0] and [0,0,w’], and (3.1.9.6)
becomes

RV W =1, (3.1.9.7)
which may be written
xh=1 (3.1.9.8)
or
x-h=1 (3.1.9.9)

in which the vector h has coordinates

349

Copyright © 2006 International Union of Crystallography

references


http://it.iucr.org/Ba/ch3o1v0001/references/
http://it.iucr.org/Ba/ch3o1v0001/sec3o1o8o3/


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier ()
  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [641.000 859.000]
>> setpagedevice


