
�d, these expressions are equivalent to the ones (equations 7–9)
given by WMC, who, however, do not appear to have been aware of
the distinction between � and � and the possible consequences
thereof.

If, finally, w�1 for each atom is taken equal to its �2
j � �2, all j,

there is still further simplification.

�2�mi� � �2
i �

�w�s2
3 � s2

i ��
	�w�s2

3 � s2
i ��
2 , i � 1, 2

�2�dc� � �2
3 � �w���w�2 � 1��w�

cov�m1, m2� � �1�2 � �ws1s2�
	�w�s2

3 � s2
1��
	�w�s2

3 � s2
2��


cov�mi, dc� � �i�3 � �wsi�
	�w�s2

3 � s2
i ��
�w�

, i � 1, 2�

For the earlier, more general expressions for the components of
��T it is still necessary to find �ki�lj and �ki�l3 in terms of �ki�lj, with
�ki � �ski � ��rki � �rki�� � �ki � ��i� �

�
lwl��ki � �li���w�.

�ki�pj �
�

l� q
wlwq��ki � �li���pj � �qj���w�2

� ��ki � ��i����pj � ��j��
�ki�p3 �

�

l
wl��ki � �li��p3��w� � �ki�p3 � ��i��p3�

In the isotropic, ‘no-correlation’ case, for example, these reduce
to

�ki�pi � �wk�2
ki��w� � wp�2

pi��w�
� �w2�2

i ���w�2, k � p� i � 1, 2

�2
ki � �1� 2wk��w���2

ki � �w2�2
i ���w�2, i � 1, 2

�k3�p3 � �wp�2
p3��w�,

and

�2
k3 � �2

k3 � wk�2
k3��w� � �2

k3�1� wk��w���
Here the difference between the correct covariance values and the
values obtained on ignoring the variation in �r� may be important if
the number of defining atoms is small, say, 5 or 4 or, in the extreme,
3.

3.2.2.2. The standard uncertainty of the distance from an
atom to the plane

There are two cases, as has been pointed out, e.g., by Ito (1982).
(1) The atom (atom K) was not included in the specification of the

plane.

dK ��T��K � ���� � rk3 � �r3�
�dK � �K3 � sK1�1 � sK2�2 � �3

�2
dK
� �2

K3 � s2
K1�

2
1 � s2

K2�
2
2 � �2

3

� 2sK1sK2�1�2 � 2sK1�1�3 � 2sK2�2�3

� 2sK1�K3�1 � 2sK2�K3�2 � 2�K3�3�

In the isotropic, ‘no-correlation’ case the last three terms, i.e. the
terms in �i�K3, are all negligible or zero.

In either case the value for �2
K3 and the appropriate �i�j values

from the least-squares-plane calculation need to be inserted.
(2) Atom K was included in the specification of the plane. The

expression for �2
dK

remains the same, but the averages in it may be
importantly different.

For example, consider a plane defined by only three atoms, one of
overwhelmingly great w at (0, 0, 0), one at (1, 0, 0) and one at (0, 1,
0). The centroid is at (0, 0, 0) and we take K � 2, i.e. �d2 is the item
of interest. Of course, it is obvious without calculation that the
standard uncertainties vanish for the distances of the three atoms
from the plane they alone define; the purpose here is only to show,
in one case for one of the atoms, that the calculation gives the same
result, partly, it will be seen, because the change in orientation of
the plane is taken into account. If the only variation in the atom
positions is described by �2

23 � �2, one has s21 � 1, �3 � �2 � 0,
�1 � ��23, and �K3�1 � �2. The non-vanishing terms in the desired
variance are then

�2
d2
� �2

23 � s2
21�

2
1 � 2s21�23�1

� �1� 1� 2��2 � 0�

If, however, the problem concerns the same plane and a fourth atom
at position �1, 0, r43�, not included in the specification of the plane
and uncertain only in respect to r43 (which is arbitrary) with �2

43 �
�2 (the same mean-square variation in direction 3 as for atom 2) and
�43�23 � 0, the calculation for �2

d4
runs the same as before, except

for the third term:

�2
d4
� �1� 1� 0��2 � 2�2�

Extreme examples of this kind show clearly enough that variation
in the direction of the plane normal or in the normal component of
the centroid position will sometimes be important, the remarks to
the contrary by Shmueli (1981) and, for the centroid, the omission
by WMC notwithstanding. If only a few atoms are used to define the
plane (e.g., three or, as is often the case, a very few more), both the
covariance with the centroid position and uncertainty in the
direction of the normal are likely to be important. The uncertainty
in the normal may still be important, even if a goodly number of
atoms are used to define the plane, whenever the test atom lies near
or beyond the edge of the lateral domain defined by the other atoms.

3.2.3. The proper least-squares plane, with Gaussian
weights

If it is desired to weight the points to be fitted by a plane in the sense
of Gaussian least squares, then two items different from what we
have seen in the crystallographic literature have to be brought into
view: (1) the weights may be anisotropic and include interatomic
correlations, because the error matrix of the atom coordinates may
in general be anisotropic and include interatomic correlations; and
(2) it has to be considered that the atoms truly lie on a plane and that
their observed positions are to be adjusted to lie precisely on that
plane, whatever its precise position may turn out to be and no matter
what the direction, in response to the anisotropic weighting, of their
approach to the plane.

An important consequence of (1), the non-diagonal character of
the weight matrix, even with Cartesian coordinates, is that the
problem is no longer an ordinary eigenvalue problem as treated by
SWMB (1959),* not even if there is no interatomic correlation and

� A simple two-dimensional problem illustrates the point. A regular polygon of n
atoms is to define a ‘best’ line (always a central line). If the error matrix (the same
for each atom) is isotropic, the weighted sum of squares of deviations from the line
is independent of its orientation for n 	 2, i.e. the problem is a degenerate
eigenvalue problem, with two equal eigenvalues. However, if the error ellipsoids are
not isotropic and are all oriented radially or all tangentially (these are merely the two
orientations tried), the sum has n/2 equal minima for even n and 2 equal minima for
odd n, in the one-
 range of possible orientations of the line.

Possibly similar peculiarities might be imagined if the anisotropic weights were
more complicated (e.g., ‘star’ shaped) than can be described by a non-singular
matrix, or by any matrix. Such are of course excluded here.
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