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where
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a�1 sin�4��5� a�2 sin�8��5� a�3 sin�2��5� a�4 sin�6��5�
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The 2D Penrose tiling can also be embedded canonically in the
5D space. Canonically means that the 5D lattice is hypercubic and
that the projection of one unit cell upon the 3D perpendicular space
V�, giving a rhomb-icosahedron, defines the atomic surface.
However, the parallel-space image a�i , i � 1, � � � , 4, with
a�0 � ��a�1 � a�2 � a�3 � a�4�, of the 5D basis d�i , i � 1, � � � , 4 is not
linearly independent. Consequently, the atomic surface consists of
only a subset of the points contained in the rhomb-icosahedron: five
equidistant pentagons (one with diameter zero) resulting as sections
of the rhomb-icosahedron with five equidistant parallel planes (Fig.
4.6.3.15). The linear dependence of the 5D basis allows the
embedding in the 4D space. The resulting hyper-rhombohedral
hyperlattice is spanned by the basis di, i � 1, � � � , 4, discussed
above. The atomic surfaces occupy the positions p�5�1111�,
p � 1, � � � , 4, on the body diagonal of the 4D unit cell.
Neighbouring pentagons are in an anti position to each other (Fig.
4.6.3.16). Thus the 4D unit cell is decorated centrosymmetrically.
The edge length ar of a Penrose rhomb is related to the length of
physical-space basis vectors a�i by ar � �S, with the smallest
distance S � �2��5a�i �, i � 1, � � � , 4. The point density (number of
vertices per unit area) of a Penrose tiling with Penrose rhombs of
edge length ar can be calculated from the ratio of the relative
number of unit tiles in the tiling to their area:

� � 1� �

a2
r 	sin���5� � � sin�2��5�
 � �5�2�a�2

i �2� ��2 tan�2��5��

This is equivalent to the calculation from the 4D description,

� �
	4

i�1�
i
AS

�UC
�
	4

i�1�5�2��2 sin�2��5�
4�	5�5�1�2�a�i �4


� �5�2�a�2
i �2� ��2 tan�2��5�,

where �AS and �UC are the area of the atomic surface and the
volume of the 4D unit cell, respectively. The pentagon radii are
�1� 4 � 2�2� ���5a� and �2� 3 � 2�� � 1��5a� for the atomic
surfaces in �p�5��1111� with p � 1, 4 and p � 2, 3. A detailed
discussion of the properties of Penrose tiling is given in the papers
of Penrose (1974, 1979), Jaric (1986) and Pavlovitch & Kleman
(1987).

4.6.3.3.2.1. Indexing
The indexing of the submodule M�

1 of the diffraction pattern of a
decagonal phase is not unique. Since M�

1 corresponds to a � module
of rank 4 with decagonal point symmetry, it is invariant under
scaling by �n, n � �: SnM� � �nM�. Nevertheless, an optimum
basis (low indices are assigned to strong reflections) can be derived:
not the metrics, as for regular periodic crystals, but the intensity
distribution characterizes the best choice of indexing.

A correct set of reciprocal-basis vectors can be identified
experimentally in the following way:

(1) Find directions of systematic absences or pseudo-absences
determining the possible orientations of the reciprocal-basis vectors
(see Rabson et al., 1991).

(2) Find pairs of strong reflections whose physical-space
diffraction vectors are related to each other by the factor � .

(3) Index these reflections by assigning an appropriate value to
a�. This value should be derived from the shortest interatomic
distance S and the edge length of the unit tiles expected in the
structure.

(4) The reciprocal basis is correct if all observable Bragg
reflections can be indexed with integer numbers.

4.6.3.3.2.2. Diffraction symmetry
The diffraction symmetry of decagonal phases can be described

by the Laue groups 10�mmm or 10�m. The set of all vectors H
forms a Fourier module M� � H� �	5

i�1hia�i �hi � �� of rank 5
in physical space which can be decomposed into two submodules

Fig. 4.6.3.15. Atomic surface of the Penrose tiling in the 5D hypercubic
description. The projection of the 5D hypercubic unit cell upon V�
gives a rhomb-icosahedron (above). The Penrose tiling is generated by
four equidistant pentagons (shaded) inscribed in the rhomb-icosahe-
dron. Below is a perpendicular-space projection of the same pentagons,
which are located on the 	1111
D diagonal of the 4D hyper-
rhombohedral unit cell in the 4D description.

Fig. 4.6.3.16. Projection of the 4D hyper-rhombohedral unit cell of the
Penrose tiling in the 4D description upon the perpendicular space. In the
upper drawing all edges between the 16 corners are shown. In the lower
drawing the corners are indexed and the four pentagonal atomic surfaces
of the Penrose tiling are shaded.
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