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8.7. ANALYSIS OF CHARGE AND SPIN DENSITIES

Oty = —Piy [ Oy [dyp R ] dr. (8.7.3.26)
__ Substitution with R, = {(«'2)""** /[n(l) + 211} exp(—¢r) and
O,y = Cpypr’ and subsequent integration over r gives

1 [n()+1+2) 1 /2 .
P sin @ dfde,
"oy ) +2 DM, ) T v
(8.7.3.27)

@lmp =

where the definitions

L, 1
dlmp = leclmp = (M] )ylmp and clmp = <M—lm> ylmp
(8.7.3.28)

have been used (ITB, 1992). Since the y,,, functions are
wavefunction normalized, we obtain

1 [()+1+2]! L,
leP N i 2! 2
&) [n+21' (M,
Application to dlpolar terms with n(l)=2, L, =1/7 and

Oy = — (8.7.3.29)

M, = = (3/4m)"* gives the x component of the atomic dipole
moment as
20
e =—[ Py dy Rixdr=— ,§P11+ (8.7.3.30)

For the atomic quadrupole moments in the spherical definition,
we obtain directly, using n(l) =2, I =2 in (8.7.3.29),

30 L 364/3
o= ———s 20 s Py = _—/\/;PZO, (8.7.3.31)
(K'5)" (M) 9}
and, for the other elements,
30 L, 61
Oy = -—— ;2 oy = —ﬁPZmp. (8.7.3.32)
(K'0)" (Ms,,) %)

As the traceless quadrupole moments are linear combinations
of the spherical quadrupole moments, the corresponding
expressions follow directly from (8.7.3.31), (8.7.3.32) and
(8.7.3.21). We obtain with n(2) =2

18«/5
Oy = ( o7 <\/_P20 + ”P22+)
9
xx: ’g—) (\/—on 7TP22+),
and
97
O, = _sz”’ (8.7.3.33)

and analogously for the other off-diagonal elements.

8.7.3.4.1.2. Molecular moments based on the deformation

density

The moments derived from the total density p(r) and from the
deformation density Ap(r) are not identical. To illustrate the
relation for the diagonal elements of the second-moment tensor,
we rewrite the xx element as

= [px*dr
= [ PpromolecuteX” dr + [ Apx*dr. (8.7.3.34)

The promolecule is the sum over spherical atom densities, or

Moxx (IO lotal)

2 _ 2
fppromoleculex dr = fz pspherical atom,ix dr
L

= z f pspherical atom,ix2 dr. (87335)

If R, = (X;, Y, Z) is the position vector for atom i, each single-
atom contribution can be rewritten as
= f Pi spherical atomX” dr
= f Pi,spherical atom (X —
+X; f Pi,spherical atom 2(X
+ X7 [ Pi.spherical atom 9T (8.7.3.36)

Since the last two integrals are proportional to the atomic dipole
moment and its net charge, respectively, they will be zero for
neutral spherical atoms. Substitution in (8.7.3.35) gives, with

(=%07) =3(7), and (7) = [ () d,

Mi,x;x.spherical atom
2

X)) dr

—X,)dr

S Ppromotcnte®® A =3 32 (1) prica tom (8.7.3.37)
and, by substitution in (8.7.3.34),
tee(Prn) = e A0) 41 5 () i iome (873.380)
with
1o Ap) = X2 ([ Apx® dr + 2X,1; + X7q;), (8.7.3.38b)

in which u; and ¢; are the atomic dipole moment and the charge
on atom i, respectively.

The last term in (8.7.3.38a) can be derived rapidly from
analytical expressions for the atomic wavefunctions. Results for
Hartree-Fock wavefunctions have been tabulated by Boyd
(1977). Since the off-diagonal elements of the second-moment
tensor vanish for the spherical atom, the second term in
(8.7.3.38a) disappears, and the off-diagonal elements are
identical for the total and deformation densities.

The relation between the second moments p,, and the
traceless moments ®,, of the deformation density can be
illustrated as follows. From (8.7.3.17), we may write

Ous(AD) =2 ptos(Ap) — 18,5 [ Apr2dr. (8.7.3.39)

Only the spherical density terms contribute to the integral on the
right. Assuming for the moment that the spherical deformation is
represented by the valence-shell distortion (i.e. neglect of the
second monopole in the aspherical atom expansion), we have,
with density functions p normalized to 1, for each atom
(Alo)sphericalz K3Pvzllencepvalence(Kr) - Pgalencelovalence(r) (87340)

and
prrz dl’ = fz [K?Pvalence,ilovalence,i(Kir)

_Pealence,ipvalence,i(r)] 7'2 dr
= Z:(Pvalence,i/’ct2 -
+R(P

0 2
Pvalence) <ri >spherical valence shell

—P° (8.7.3.41)

valence,i valence,i) )

which, on substitution in (8.7.3.39), gives the required relation.

8.7.3.4.1.3. The effect of an origin shift on the outer moments

In general, the multipole moments depend on the choice of
origin. This can be seen as follows. Substitution of r,, =r, — R,
in (8.7.3.16) corresponds to a shift of originby R, or X, Y, Z in
the original coordinate system. In three dimensions, we get, for
the first moment, the charge ¢,
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