
5. SCANNING OF SPACE GROUPS

symmetries of planar sections or of straight lines penetrating the
crystal. These relations, analogous to the relations between the
point group and symmetries of Wyckoff positions, will be
described elsewhere.

It should be noted finally that all the information about
scanning can be and is presented in a structure-independent way
in terms of the groups involved. The scanning tables therefore
extend the standard description of space groups.

5.2.2. The basic concepts of the scanning

If a crystal with a symmetry of the space group G is transected by
a crystallographic1 plane, called a section plane, then the
subgroup of all elements of the space group G which leave the
plane invariant is a layer group, which is called a sectional layer
group, of this section plane under the action of the group G.
Analogously, if the crystal is penetrated by a crystallographic1

straight line, called the penetration straight line, then the
subgroup of all elements of the space group G which leave the
straight line invariant is a rod group, which is called the pene-
tration rod group, of this penetration straight line under the
action of the group G.

Sectional layer groups are therefore symmetries of crystal-
lographic section planes and penetration rod groups are
symmetries of crystallographic penetration straight lines under
the action of space groups. In this sense they are analogous to site
symmetries of Wyckoff positions. In addition, analogous to
points, the section planes and penetration straight lines form
orbits under the action of the space group G. Planes or straight
lines belonging to the same orbit have, with reference to their
respective coordinate systems, the same sectional layer symmetry
or penetration rod symmetry and the crystal is described in the
same way with reference to any of these coordinate systems.

While every sectional layer group is, by definition, a subgroup
of the corresponding space group, not every subgroup of the
space group which is a layer group is necessarily a sectional layer
group. Analogously, a penetration rod group is a subgroup of the
corresponding space group but not every rod subgroup of a space
group is a penetration rod group. It can be shown that every
sectional layer group is either a maximal layer subgroup of the
space group or a halving subgroup of a maximal layer subgroup,
see Section 5.2.2.6.

We shall consider explicitly only the sectional layer groups,
although the penetration rod groups can also be deduced from
the scanning tables, see the example in Section 5.2.2.2.

5.2.2.1. The scanning for sectional layer groups

A plane in a three-dimensional space is associated with a two-
dimensional vector space Vða0; b0Þ which is called the orientation
of the plane. If the plane of this orientation also contains a point
Pþ r, we shall denote it by a symbol ðPþ r;Vða0; b0ÞÞ. A straight
line is associated with a one-dimensional vector space VðdÞ which
is called the direction of the straight line. If the straight line of this
direction also contains a point Pþ r, we shall denote it by a
symbol ðPþ r;VðdÞÞ. We assume in what follows that the vector d
is not a linear combination of vectors a0, b0.

Then the set of all parallel planes with a common orientation
Vða0; b0Þ contains planes ðPþ sd;Vða0; b0ÞÞ. Points Pþ sd along a
straight line ðP;VðdÞÞ specify the location of individual planes as
the points in which the planes intersect with the straight line
ðP;VðdÞÞ (Fig. 5.2.2.1 left). On the other hand, the set of all
straight lines with a common direction VðdÞ contains straight
lines ðPþ x0a0 þ y0b0;VðdÞÞ. The location of individual straight

lines of the set is defined by their intersection points
Pþ x0a0 þ y0b0 with the plane ðP;Vða0; b0ÞÞ (Fig. 5.2.2.1 right).

We consider now a space group G, with a point group G and
translation subgroup TG, described by a symmetry diagram or by
symmetry operations with reference to a crystallographic coor-
dinate system ðP; a; b; cÞ (as listed, for example, in IT A). We
want to solve the following two problems:

(1) Find the sectional layer groups LðPþ sd;Vða0; b0ÞÞ which
contain all those elements of G which leave the planes (Pþ sd;
Vða0; b0Þ) invariant.

(2) Find the orbit of planes, generated by the plane
(Pþ sd;Vða0; b0ÞÞ under the action of the space group G.

The general goal is to describe all possible cases, classify and
systemize them. Since the first part of the problem may be
described as a search for the change of the sectional layer
symmetry as a plane of a given orientation changes its position so
that one of its points moves along a straight line (P;VðdÞ), we
shall call this procedure the scanning of the space group G for
sectional layer groups of planes with the orientation Vða0; b0Þ along
the scanning line ðP;VðdÞÞ. We shall use also abbreviated
expressions in different contexts; for example the scanning of the
space group G (for layer groups) will mean the determination of
the sectional layer groups for the space group G and all possible
orientations.

An analogous procedure is the scanning of the space group G
for penetration rod groups RðPþ x0a0 þ y0b0;VðdÞÞ of straight
lines with the direction VðdÞ along the scanning plane
ðP;Vða0; b0ÞÞ.

Crystallographic orientations of planes are characterized by
Miller (or Bravais–Miller) indices ðhklÞ [or ðhkilÞ]. These indices
determine a two-dimensional vector space, the orientation, all
vectors of which leave the section planes with given Miller indices
invariant. Those vectors of the translation group TG (the lattice of
G) which lie in this space constitute a two-dimensional translation
subgroup TG1 ¼ Tða0; b0Þ with a certain basis ða0; b0Þ. This is the
group of all those translations from TG that leave the section
planes with given Miller indices invariant. This group is therefore
a common translation subgroup of all sectional layer groups of
section planes with these Miller indices. The vectors a0, b0 can be
taken as the basis vectors of the two-dimensional vector space
Vða0; b0Þ and hence Tða0; b0Þ ¼ TG \ Vða0; b0Þ.

The scanning line ðP;VðdÞÞ and the scanning direction VðdÞ are
defined by a vector d. This vector can be, quite generally, chosen
as any vector complementary to the orientation Vða0; b0Þ, i.e. as an
arbitrary vector, noncollinear with a0, b0, which needs not even
define a crystallographic direction. Since, for a given space group
G and orientation Vða0; b0Þ, the sectional layer group
LðPþ sd;Vða0; b0ÞÞ depends only on the distance of the plane
from the origin P, it might seem to be of advantage to choose the
direction d always perpendicular to Vða0; b0Þ, as in the example
below. This, however, is not always the most suitable choice. We
shall subordinate the choice of vector d to a strict convention, see
Section 5.2.2.3, and call it the scanning vector.

Example: Consider a crystal whose space-group symmetry is
Pbcm, D11

2h (No. 57). The sectional layer symmetries of planes
with an ð001Þ orientation depend on the location of the plane

394

Fig. 5.2.2.1. Sets of parallel planes (left) and sets of parallel straight lines
(right).

1 If the section plane is not crystallographic, its symmetry is not a layer group but
either a rod group or a site-symmetry group. If the penetration straight line is not
crystallographic, its symmetry is a site-symmetry group.
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