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2hc� lðaþ bÞ: ð5:2:4:8Þ
In terms of Miller indices ðmn0Þ with reference to the first
auxiliary basis for a P-centred lattice, such a vector is a multiple
of

mc� nðaþ bÞ ð5:2:4:9Þ
and in terms of Miller indices ðmn0Þ with reference to the first
auxiliary basis for an I-centred lattice, it is a multiple of

ð2m� nÞc� nðaþ bÞ: ð5:2:4:10Þ
Therefore, for a P-centred lattice, the pair of numbers ðm; nÞ
must be proportional to the pair ð2h; lÞ. Since Miller indices must
be relatively prime, we get n ¼ l, m ¼ 2h if l is odd and n ¼ l=2,
m ¼ h if l is even.

For an I-centred lattice, the pair of numbers ð2m� n; nÞ must
be proportional to the pair ð2h; lÞ and hence the pair ð2m; nÞmust
be proportional to the pair ð2hþ l; lÞ. If l is odd, then 2hþ l is
also odd and we putm ¼ 2hþ l, so that n ¼ 2l. If l is even, we put
n ¼ l and m ¼ hþ l=2.

These relations are printed in the last rows across the tables of
orientation orbits within the block for orbit ðhhlÞ.

5.2.4.5. Hexagonal family

The family splits into the trigonal and the hexagonal system.
With the exception of seven group types with rhombohedral
lattices [R3, C4

3 (No. 146); R�33, C
2
3i (No. 148); R32, D

7
3 (No. 155);

R3m, C5
3v (No. 160); R3c, C

6
3v (No. 161); R�33m, D5

3d (No. 166); and
R�33c, D6

3d (No. 167)] all space groups of both systems have a
primitive hexagonal lattice. Scanning tables are given in the
hexagonal coordinate system for all groups with this lattice and
the bases of the scanning groups for individual orientations are
chosen identically. For the seven groups with rhombohedral
lattices, the description of scanning in the hexagonal coordinate
system differs from the description in the rhombohedral coor-
dinate system only in the specification of orientations by Bravais–
Miller and Miller indices, respectively. The column Orientation
orbit is split into two columns with the headings Hexag. axes and
Rhomb. axes.

5.2.4.5.1. Orthogonal scanning, standard tables

Orientation orbit ð0001Þ: The orientation (0001) is invariant
under all point groups of the family; it forms therefore an
orientation orbit with a single special orientation in all space
groups of the family and the scanning groups for this orientation
coincide with the scanned groups. We choose a0 ¼ a, b0 ¼ b,
d ¼ c in primitive as well as in rhombohedral cases; in the latter
case, the orientation is also specified in the second column as
(111). The Hermann–Mauguin symbols of the scanning groups
also coincide with the symbols of the scanned groups; to specify
both the scanned and the scanning groups with rhombohedral
lattices with reference to hexagonal bases we use an obverse
setting as in IT A.

All corresponding sectional layer groups have the same planar
hexagonal lattice with basis vectors a0 ¼ a and b0 ¼ b. The basis
ða; bÞ, denoted as usual by p, is the conventional basis for all
trigonal/hexagonal, hexagonal/hexagonal, monoclinic/oblique
and triclinic/oblique sectional layer groups. To describe the
monoclinic/rectangular and orthorhombic/rectangular sectional
layer groups, we choose three conventional rectangular
bases: bcc1 ¼ ða; aþ 2bÞ, bcc2 ¼ ðb;�ð2aþ bÞÞ and bcc3 ¼
ð�ðaþ bÞ; ða� bÞÞ, as shown in Fig. 5.2.4.2. The symbolsbcc1,bcc2,bcc3
then denote the same lattice, identical with the p-lattice with the
conventional basis (a, b).

In the cases of the trigonal space-group types P3112, D
3
3 (No.

151), P3121, D
4
3 (No. 152), P3212, D

5
3 (No. 153) and P3221, D

6
3

(No. 154), and in the cases of the hexagonal space-group types
P6122, D

2
6 (No. 178) and P6522, D

3
6 (No. 179), there exist two

linear orbits with fixed parameter for which the sectional layer

groups are monoclinic/rectangular with a c-centred lattice. The
orientations of the unique axes of the respective monoclinic/
rectangular groups are then defined by the choice of the
conventional basis to which the Hermann–Mauguin symbol
refers (i.e. by index in bcc1, bcc2 or bcc3) and by the position of the
twofold rotation in the symbol. In group types P6222, D

4
6 (No.

180) and P6422, D
5
6 (No. 181) there exist two linear orbits with

fixed parameters for which the sectional layer groups are
orthorhombic/rectangular with a c-centred lattice. The orienta-
tions of twofold axes of orthorhombic/rectangular groups in the
section plane are again defined by the conventional basesbcc1,bcc2 or
bcc3. There are no other non-trivial orientation orbits in groups of
the Laue class �33 (C3i) and no other orbits with fixed parameters in
groups of the Laue class 6=m (C6h).

Orientation orbits ð01�110Þ and ð�112�110Þ: These two orbits
appear in all biaxial groups of the trigonal and hexagonal system,
i.e. in groups of the Laue classes �33m (D3d) and 6=mmm (D6h). We
consider them together because corresponding scanning groups
for pairs of orientations, one from each of these orbits, are related
in the same way to their corresponding bases.

Hexagonal lattice. If the scanned group is trigonal with a
primitive hexagonal lattice, the scanning group is monoclinic; if

405

Fig. 5.2.4.2. Symbols for a hexagonal lattice with a rectangular point group.

Fig. 5.2.4.3. Another choice of orthogonal basis vectors for a hexagonal
lattice.
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the scanned group is hexagonal, the scanning group is ortho-
rhombic with lattice type C. Because of the choice of bases, the
lattice is denoted by the letter A in the Hermann–Mauguin
symbols of the scanning groups.

We choose the vector c of the hexagonal axis as the vector a0

for all orientations of these orbits. In addition we choose b0 ¼ a
and the scanning direction d ¼ aþ 2b for the orientation (01�110),
while for the orientation (2110), perpendicular to it, we choose
b0 ¼ �ðaþ 2bÞ, d ¼ a. Analogously, for the other pairs of
mutually perpendicular orientations we choose: b0 ¼ b and
d ¼ �ð2aþ bÞ for the orientation (�11010); b0 ¼ 2aþ b, d ¼ b for
the orientation (�112�110); b0 ¼ �ðaþ bÞ, d ¼ ða� bÞ for the
orientation (1�1100); and b0 ¼ ðb� aÞ, d ¼ �ðaþ bÞ for the
orientation ( �111120). Hence the scanning groups for the pairs of
orientations (01�110)/(2110), (�11010)/(�112�110) and (1�1100)/(1120) are
the same monoclinic or orthorhombic groups but the conven-
tional basis vectors b0, d of one of them are replaced by �d, b0,
respectively, for the second one. Again there are cases when the
locations of scanning groups are different for different pairs of
orientations, in which case the corresponding row splits into three
subrows. To compare the geometry of the bases, consult and
compare Figs. 5.2.4.2 and 5.2.4.3.

Rhombohedral lattice. The resulting scanning groups are
monoclinic of the I-centred type. The vectors of the rhombohe-
dral basis ar, br, cr are related to vectors a, b, c of the hexagonal
basis as follows:

ar ¼ ð2aþ bþ cÞ=3; br ¼ ð�aþ bþ cÞ=3;
cr ¼ ð�a� 2bþ cÞ=3; ð5:2:4:11Þ

as shown in Fig. 5.2.4.4, which corresponds to the obverse setting.
In Figs. 5.2.4.5 and 5.2.4.6, we show the diagrams of the scanning
groups in the plane of orientation (�112�110) for the groups R�33m,D5

3d

(No. 166) and R�33c, D6
3d (No. 167), projected orthogonally along

the direction of b. The vector ðar þ brÞ, whose projection is shown
in both figures, is identical with the vector ðar þ bþ cÞ=2 which is
the I-centring vector of the monoclinic cell with conventional
basis a0 ¼ c, b0 ¼ ar, d ¼ b. The vector b plays the role of the
scanning direction for orientation (�112�110) to which it is perpen-
dicular (this is the case of monoclinic/orthogonal scanning). For
the orientation (�11010), we choose the basis of the scanning group
as a ¼ c, b0 ¼ b and d ¼ �ar, and we get a monoclinic/inclined
scanning.

One standard scanning table is given for each of the seven
group types with a rhombohedral lattice because neither the
bases of scanning groups nor their symbols change with the
change from hexagonal to rhombohedral basis. None of the
entries in the scanning tables needs to be changed with the
exception of Bravais–Miller indices ðhkilÞ, which are replaced by
corresponding Miller indices ðhklÞ as follows: ð0001Þ is replaced

by ð111Þ, the set ð01�110Þ, ð�11010Þ, ð1�1100Þ by ð11�11Þ, ð�1111Þ, ð1�111Þ and
the set ð�112�110Þ, ð1120Þ, ð2110Þ by ð01�11Þ, ð�1101Þ, ð1�110Þ. The indices are
given in parallel in the two columns for the designation of
orientation orbits. To abbreviate expressions for vectors of the
conventional bases ða0; b0; dÞ of scanning groups, we express these
vectors in terms of vectors of hexagonal basis ða; b; cÞ and of
vectors of rhombohedral basis ðar; br; crÞ. To obtain the bases
ða0; b0; dÞ in terms of vectors of the hexagonal basis, we substitute
for vectors of the rhombohedral bases the combinations
(5.2.4.11), to obtain them in terms of vectors of rhombohedral
bases, we substitute for vectors of hexagonal bases the combi-
nations
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Fig. 5.2.4.6. The diagram of the scanning group R�33c in the plane of
orientation ð�112�110Þ projected orthogonally along b.

Fig. 5.2.4.5. The diagram of the scanning group R�33m in the plane of
orientation ð�112�110Þ projected orthogonally along b.

Fig. 5.2.4.4. The relationship between hexagonal and rhombohedral bases in
the obverse setting.
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a ¼ ar � br; b ¼ br � cr; c ¼ ar þ br þ cr; ð5:2:4:12Þ
reciprocal to (5.2.4.11).

5.2.4.5.2. Inclined scanning, auxiliary tables

There are no orientation orbits with variable parameter and
hence no auxiliary tables to the Laue class �33 (C3i).

Orientation orbit ðmnmþ n 0Þ: This orbit appears in groups of
the Laue class 6=m (C6h), where it contains the three orientations
(mnmþ n 0), (mþ nmn0) and (nmþ nm0); further, it appears
in groups of the Laue class 6=mmm (D6h), where it contains six
orientations – to the three orientations we add their images
generated by auxiliary axes or planes, which are the orientations
(nmmþ n 0), (mþ n nm0) and (mmþ n n0). The choice of
basis vectors for the scanning group of the first orientation
(mnmþ n 0) is: a0 ¼ c, b0 ¼ na�mb and d ¼ paþ qb; as always
in monoclinic/inclined scanning, the bases for other orientations
are obtained by rotations around the principal axis [Laue class
6=m (C6h)] and by reflections in auxiliary planes [Laue class
6=mmm (D6h)], so that the scanning groups and the scanning are
expressed by identical symbols in their respective bases.

For the particular values m ¼ 0, n ¼ 1 or m ¼ �1, n ¼ 2, the
orientation orbit turns into a special orbit ð01�110Þ or ð�112�110Þ with
fixed parameters, respectively, for which the scanning group and
hence the scanning is orthorhombic.

Orientation orbits ð0h �hhlÞ and ð �hh2h �hhlÞ: These two orbits include
those orientations which contain the secondary or tertiary
directions of the hexagonal system. Both orbits exist in the Laue
classes �33m (D3d) and 6=mmm (D6h); the orbit (0h �hhl) appears in
the arithmetic classes 321P, 3m1P, �33m1P and 32R, 3mR, �33mR,
where it contains further the two orientations ( �hh0hl) and (h �hh0l);
the orbit ( �hh2h �hhl) appears in the arithmetic classes 312P, 31mP
and �331mP, where it contains the two other orientations (hh2hl),
ð2hhhl): both orbits appear in all groups of the Laue class
6=mmm (D6h) where they contain additional triplets of
orientations: ð0hhlÞ, ð �hh0h�llÞ and ðh �hh0�llÞ in the first case and ð �hh2hhlÞ,
(hh2h�ll) and ð2hhhlÞ in the second case.

Transformation of Bravais–Miller indices: hexagonal axes. The
orientations ð0h �hhlÞ are specified by Bravais–Miller indices with
reference to the hexagonal basis (a, b, c) through integers h, l. To
find their Miller indices ðmn0Þ with reference to auxiliary bases
ðbaa;bbb;bccÞ, we consider a vector w ¼ uþ v � ½lðaþ 2bÞ � 2hc� as
shown in Fig. 5.2.4.7. This vector is proportional to a vector b0,
which is used as a vector of the conventional basis ða0; b0; dÞ of the
scanning group in both centring types P and R. Vector b0 is
defined as b0 ¼ nbaa�mbbb, wherebaa ¼ aþ 2b for both the centring
types P and R, whilebbb ¼ c for the centring type P andbbb ¼ cr for
the centring type R.

The proportionality relations therefore read for the centring
type P

lðaþ 2bÞ � 2hc � nðaþ 2bÞ �mc; ð5:2:4:13Þ
from which we express n, m through h, l as follows:

l odd ) n ¼ l;m ¼ 2h; l even ) n ¼ l=2;m ¼ h:

In the case of the centring type R, we have

b0 ¼ nðaþ 2bÞ �mð�a� 2bþ cÞ=3
¼ ðnþm=3Þðaþ 2bÞ �mc=3;

so that the proportionality relation reads

lðaþ 2bÞ � 2hc � ðnþm=3Þðaþ 2bÞ � ðm=3Þc: ð5:2:4:14Þ
Comparing the coefficients, we obtain that the pair ðn;mÞmust be
proportional to the pair ðl � 2h; 6hÞ, from which we express n, m
through h, l as follows:

l odd ) n ¼ l � 2h;m ¼ 6h; l even ) n ¼ l=2� h;m ¼ 3h:

For the orientation orbit ð �hh2h �hhlÞ, we obtain the proportionality
relation by comparing the proportional vectors b0 ¼ nbaa�mbbb ¼
nb�mc and lb� 2hc, which leads again to the relations

l odd ) n ¼ l;m ¼ 2h; l even ) n ¼ l=2;m ¼ h:

The relations between indices h, l and m, n are, as usual,
recorded under each orbit in a row across the table.

The orientation orbits ð0h �hhlÞ and ð �hh2h �hhlÞ turn into the special
orbits ð01�110Þ and ð�112�110Þ with fixed parameter for the special
values h ¼ 1, l ¼ 0, and their symmetry increases to ortho-
rhombic for groups of the Laue class 6=mmm (D6h). In groups of
the Laue class �33m (D3d), the symmetry of these orbits remains
monoclinic but the scanning changes from monoclinic/inclined to
monoclinic/orthogonal.

Rhombohedral axes. Auxiliary tables for the five group types
with a rhombohedral lattice are given in a compact manner for all
three arithmetic classes. Neither auxiliary nor conventional (in
the sense of the convention for scanning groups, see Section
5.2.2.3) bases of scanning groups change. The orientations of the
orbit are expressed by Bravais–Miller indices in the hexagonal
basis and these are transformed to Miller indices ðmn0Þ with
reference to the auxiliary basis as shown above. In the rhombo-
hedral basis, we describe orientations of the orbit by Miller
indices ðhhlÞ. The integers h, l here are considered independently
of the same letters in Bravais–Miller indices. To transform them
into Miller indices with reference to the auxiliary basis, we take
into account that the vector w from Fig. 5.2.4.7 is proportional to
lðar þ brÞ � 2hcr as well as to nðar þ br þ crÞ �mcr ¼
nðar þ brÞ þ ðn�mÞcr. Comparing coefficients at ðar þ brÞ and cr
we obtain

l odd ) n ¼ l;m ¼ 2hþ l; l even ) n ¼ l=2;m ¼ hþ l=2:

The reference table is given as a common table for consid-
eration in hexagonal or rhombohedral axes. It is also common for
all five group types with rhombohedral lattice for which this type
of orientation orbit occurs.

5.2.4.6. Cubic system

The character of scanning is again different for groups of the
geometric classes 23 (T) and m�33 (Th) with no fourfold axes and
for groups of the geometric classes 432 (O), �443m (Td) and m�33m
(Oh) which contain fourfold axes.

The threefold axis along the direction [111] passes through the
origin in all cubic groups, including the cases when two origin
choices are used. Rotations around this axis therefore transform

407

Fig. 5.2.4.7. Illustration of the transformation of Bravais–Miller indices in a
hexagonal basis to Bravais indices in an auxiliary basis.
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