
objects (especially �-functions, their derivatives, their tensor
products, their products with smooth functions, their translates
and lattices of these translates), distribution theory can deal with all
the major properties of the Fourier transformation as particular
instances of a single basic result (the exchange between multi-
plication and convolution), and can at the same time accommodate
the three previously distinct types of Fourier theories within a
unique framework. This brings great simplification to matters of
central importance in crystallography, such as the relations between

(a) periodization, and sampling or decimation;
(b) Shannon interpolation, and masking by an indicator function;
(c) section, and projection;
(d) differentiation, and multiplication by a monomial;
(e) translation, and phase shift.

All these properties become subsumed under the same theorem.
This striking synthesis comes at a slight price, which is the

relative complexity of the notion of distribution. It is first necessary
to establish the notion of topological vector space and to gain
sufficient control (or, at least, understanding) over convergence
behaviour in certain of these spaces. The key notion of metrizability
cannot be circumvented, as it underlies most of the constructs and
many of the proof techniques used in distribution theory. Most of
Section 1.3.2.2 builds up to the fundamental result at the end of
Section 1.3.2.2.6.2, which is basic to the definition of a distribution
in Section 1.3.2.3.4 and to all subsequent developments.

The reader mostly interested in applications will probably want
to reach this section by starting with his or her favourite topic in
Section 1.3.4, and following the backward references to the relevant
properties of the Fourier transformation, then to the proof of these
properties, and finally to the definitions of the objects involved.
Hopefully, he or she will then feel inclined to follow the forward
references and thus explore the subject from the abstract to the
practical. The books by Dieudonné (1969) and Lang (1965) are
particularly recommended as general references for all aspects of
analysis and algebra.

1.3.2.2. Preliminary notions and notation

Throughout this text, � will denote the set of real numbers, � the
set of rational (signed) integers and � the set of natural (unsigned)
integers. The symbol �n will denote the Cartesian product of n
copies of �:

�n � �� � � �� � �n times, n � 1�,
so that an element x of �n is an n-tuple of real numbers:

x � �x1, � � � , xn��
Similar meanings will be attached to �n and �n.

The symbol � will denote the set of complex numbers. If z � �,
its modulus will be denoted by �z�, its conjugate by �z (not z�), and its
real and imaginary parts by �� �z� and �� �z�:

�� �z� � 1
2�z	 �z�, �� �z� � 1

2i
�z
 �z��

If X is a finite set, then �X �will denote the number of its elements.
If mapping f sends an element x of set X to the element f �x� of set Y,
the notation

f � x �
� f �x�
will be used; the plain arrow� will be reserved for denoting limits,
as in

lim
�� 1	 x

p

� �p

� ex�

If X is any set and S is a subset of X, the indicator function �s of S
is the real-valued function on X defined by

�S�x� � 1 if x � S

� 0 if x �� S�

1.3.2.2.1. Metric and topological notions in �n

The set �n can be endowed with the structure of a vector space of
dimension n over �, and can be made into a Euclidean space by
treating its standard basis as an orthonormal basis and defining the
Euclidean norm:

�x� � �n
i�1

x2
i

� �1�2

�

By misuse of notation, x will sometimes also designate the
column vector of coordinates of x � �n; if these coordinates are
referred to an orthonormal basis of �n, then

�x� � �xT x�1�2,

where xT denotes the transpose of x.
The distance between two points x and y defined by d�x, y� �

�x
 y� allows the topological structure of � to be transferred to
�n, making it a metric space. The basic notions in a metric space are
those of neighbourhoods, of open and closed sets, of limit, of
continuity, and of convergence (see Section 1.3.2.2.6.1).

A subset S of �n is bounded if sup �x
 y� �  as x and y run
through S; it is closed if it contains the limits of all convergent
sequences with elements in S. A subset K of �n which is both
bounded and closed has the property of being compact, i.e. that
whenever K has been covered by a family of open sets, a finite
subfamily can be found which suffices to cover K. Compactness is a
very useful topological property for the purpose of proof, since it
allows one to reduce the task of examining infinitely many local
situations to that of examining only finitely many of them.

1.3.2.2.2. Functions over �n

Let � be a complex-valued function over �n. The support of �,
denoted Supp �, is the smallest closed subset of �n outside which �
vanishes identically. If Supp � is compact, � is said to have
compact support.

If t � �n, the translate of � by t, denoted �t�, is defined by

��t���x� � ��x
 t��
Its support is the geometric translate of that of �:

Supp �t� � �x	 t�x � Supp ���
If A is a non-singular linear transformation in �n, the image of �

by A, denoted A��, is defined by

�A����x� � ��A
1�x���
Its support is the geometric image of Supp � under A:

Supp A�� � �A�x��x � Supp ���
If S is a non-singular affine transformation in �n of the form

S�x� � A�x� 	 b

with A linear, the image of � by S is S�� � �b�A���, i.e.

�S����x� � ��A
1�x
 b���
Its support is the geometric image of Supp � under S:

Supp S�� � �S�x��x � Supp ���
It may be helpful to visualize the process of forming the image of

a function by a geometric operation as consisting of applying that
operation to the graph of that function, which is equivalent to
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