
The integration of a general function over �m � �n may be
accomplished in two steps according to Fubini’s theorem. Given
F � L1��m � �n�, the functions

F1 � x ��� �

�n

F�x, y� dny

F2 � y ��� �

�m

F�x, y� dmx

exist for almost all x � �m and almost all y � �n, respectively, are
integrable, and

�

�m��n

F�x, y� dmx dny � �

�m

F1�x� dmx � �

�n

F2�y� dny�

Conversely, if any one of the integrals

�i� �

�m��n

	F�x, y�	 dmx dny

�ii� �

�m

�

�n
	F�x, y�	 dny

� �

dmx

�iii� �

�n

�

�m

	F�x, y�	 dmx

� �

dny

is finite, then so are the other two, and the identity above holds. It is
then (and only then) permissible to change the order of integrations.

Fubini’s theorem is of fundamental importance in the study of
tensor products and convolutions of distributions.

1.3.2.2.6. Topology in function spaces

Geometric intuition, which often makes ‘obvious’ the topologi-
cal properties of the real line and of ordinary space, cannot be relied
upon in the study of function spaces: the latter are infinite-
dimensional, and several inequivalent notions of convergence
may exist. A careful analysis of topological concepts and of their
interrelationship is thus a necessary prerequisite to the study of
these spaces. The reader may consult Dieudonné (1969, 1970),
Friedman (1970), Trèves (1967) and Yosida (1965) for detailed
expositions.

1.3.2.2.6.1. General topology
Most topological notions are first encountered in the setting of

metric spaces. A metric space E is a set equipped with a distance
function d from E � E to the non-negative reals which satisfies:

�i� d�x, y� � d�y, x� 
x, y � E (symmetry);

�ii� d�x, y� � 0 iff x � y (separation);

�iii� d�x, z� � d�x, y� � d�y, z� 
x, y, z � E (triangular

inequality).

By means of d, the following notions can be defined: open balls,
neighbourhoods; open and closed sets, interior and closure;
convergence of sequences, continuity of mappings; Cauchy
sequences and completeness; compactness; connectedness. They
suffice for the investigation of a great number of questions in
analysis and geometry (see e.g. Dieudonné, 1969).

Many of these notions turn out to depend only on the properties
of the collection ��E� of open subsets of E: two distance functions
leading to the same ��E� lead to identical topological properties.
An axiomatic reformulation of topological notions is thus possible:
a topology in E is a collection ��E� of subsets of E which satisfy
suitable axioms and are deemed open irrespective of the way they
are obtained. From the practical standpoint, however, a topology
which can be obtained from a distance function (called a metrizable
topology) has the very useful property that the notions of closure,

limit and continuity may be defined by means of sequences. For non-
metrizable topologies, these notions are much more difficult to
handle, requiring the use of ‘filters’ instead of sequences.

In some spaces E, a topology may be most naturally defined by a
family of pseudo-distances �d����A, where each d� satisfies (i) and
(iii) but not (ii). Such spaces are called uniformizable. If for every
pair �x, y� � E � E there exists � � A such that d��x, y� � 0, then
the separation property can be recovered. If furthermore a countable
subfamily of the d� suffices to define the topology of E, the latter
can be shown to be metrizable, so that limiting processes in E may
be studied by means of sequences.

1.3.2.2.6.2. Topological vector spaces
The function spaces E of interest in Fourier analysis have an

underlying vector space structure over the field � of complex
numbers. A topology on E is said to be compatible with a vector
space structure on E if vector addition [i.e. the map
�x, y� ��� x� y] and scalar multiplication [i.e. the map
��, x� ��� �x] are both continuous; E is then called a topological
vector space. Such a topology may be defined by specifying a
‘fundamental system S of neighbourhoods of 0’, which can then be
translated by vector addition to construct neighbourhoods of other
points x � 0.

A norm � on a vector space E is a non-negative real-valued
function on E � E such that

�i�� ���x� � 	�	��x� for all � � � and x � E;

�ii�� ��x� � 0 if and only if x � 0;

�iii�� ��x� y� � ��x� � ��y� for all x, y � E�

Subsets of E defined by conditions of the form ��x� � r with r � 0
form a fundamental system of neighbourhoods of 0. The
corresponding topology makes E a normed space. This topology
is metrizable, since it is equivalent to that derived from the
translation-invariant distance d�x, y� � ��x� y�. Normed spaces
which are complete, i.e. in which all Cauchy sequences converge,
are called Banach spaces; they constitute the natural setting for the
study of differential calculus.

A semi-norm � on a vector space E is a positive real-valued
function on E � E which satisfies (i�) and (iii�) but not (ii�). Given a
set � of semi-norms on E such that any pair (x, y) in E � E is
separated by at least one � � �, let B be the set of those subsets ��� r
of E defined by a condition of the form ��x� � r with � � � and
r � 0; and let S be the set of finite intersections of elements of B.
Then there exists a unique topology on E for which S is a
fundamental system of neighbourhoods of 0. This topology is
uniformizable since it is equivalent to that derived from the family
of translation-invariant pseudo-distances �x, y� ��� ��x� y�. It is
metrizable if and only if it can be constructed by the above
procedure with � a countable set of semi-norms. If furthermore E is
complete, E is called a Fréchet space.

If E is a topological vector space over �, its dual E� is the set of
all linear mappings from E to � (which are also called linear forms,
or linear functionals, over E). The subspace of E� consisting of all
linear forms which are continuous for the topology of E is called the
topological dual of E and is denoted E�. If the topology on E is
metrizable, then the continuity of a linear form T � E� at f � E can
be ascertained by means of sequences, i.e. by checking that the
sequence �T� fj�� of complex numbers converges to T� f � in �
whenever the sequence � fj� converges to f in E.

1.3.2.3. Elements of the theory of distributions

1.3.2.3.1. Origins

At the end of the 19th century, Heaviside proposed under the
name of ‘operational calculus’ a set of rules for solving a class of
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differential, partial differential and integral equations encountered
in electrical engineering (today’s ‘signal processing’). These rules
worked remarkably well but were devoid of mathematical
justification (see Whittaker, 1928). In 1926, Dirac introduced his
famous �-function [see Dirac (1958), pp. 58–61], which was found
to be related to Heaviside’s constructs. Other singular objects,
together with procedures to handle them, had already appeared in
several branches of analysis [Cauchy’s ‘principal values’; Hada-
mard’s ‘finite parts’ (Hadamard, 1932, 1952); Riesz’s regularization
methods for certain divergent integrals (Riesz, 1938, 1949)] as well
as in the theories of Fourier series and integrals (see e.g. Bochner,
1932, 1959). Their very definition often verged on violating the
rigorous rules governing limiting processes in analysis, so that
subsequent recourse to limiting processes could lead to erroneous
results; ad hoc precautions thus had to be observed to avoid
mistakes in handling these objects.

In 1945–1950, Laurent Schwartz proposed his theory of
distributions (see Schwartz, 1966), which provided a unified and
definitive treatment of all these questions, with a striking
combination of rigour and simplicity. Schwartz’s treatment of
Dirac’s �-function illustrates his approach in a most direct fashion.
Dirac’s original definition reads:

�i� ��x� � 0 for x � 0,

�ii� �
�n��x� dnx � 1�

These two conditions are irreconcilable with Lebesgue’s theory of
integration: by (i), � vanishes almost everywhere, so that its integral
in (ii) must be 0, not 1.

A better definition consists in specifying that

�iii� �
�n��x�	�x� dnx � 	�0�

for any function 	 sufficiently well behaved near x � 0. This is
related to the problem of finding a unit for convolution (Section
1.3.2.2.4). As will now be seen, this definition is still unsatisfactory.
Let the sequence � f�� in L1��n� be an approximate convolution
unit, e.g.

f��x� � �

2


� �1�2
exp��1

2�
2�x�2��

Then for any well behaved function 	 the integrals
�

�n
f��x�	�x� dnx

exist, and the sequence of their numerical values tends to 	�0�. It is
tempting to combine this with (iii) to conclude that � is the limit of
the sequence � f�� as � ��. However,

lim f��x� � 0 as � ��
almost everywhere in �n and the crux of the problem is that

	�0� � lim
���

�

�n
f��x�	�x� dnx

� �

�n

lim
��� fv�x�
� �

	�x� dnx � 0

because the sequence � f�� does not satisfy the hypotheses of
Lebesgue’s dominated convergence theorem.

Schwartz’s solution to this problem is deceptively simple: the
regular behaviour one is trying to capture is an attribute not of the
sequence of functions � f��, but of the sequence of continuous linear
functionals

T� � 	 ���
�

�n

f��x�	�x� dnx

which has as a limit the continuous functional

T � 	 ��� 	�0��
It is the latter functional which constitutes the proper definition of �.
The previous paradoxes arose because one insisted on writing down
the simple linear operation T in terms of an integral.

The essence of Schwartz’s theory of distributions is thus that,
rather than try to define and handle ‘generalized functions’ via
sequences such as � f�� [an approach adopted e.g. by Lighthill
(1958) and Erdélyi (1962)], one should instead look at them as
continuous linear functionals over spaces of well behaved
functions.

There are many books on distribution theory and its applications.
The reader may consult in particular Schwartz (1965, 1966),
Gel’fand & Shilov (1964), Bremermann (1965), Trèves (1967),
Challifour (1972), Friedlander (1982), and the relevant chapters of
Hörmander (1963) and Yosida (1965). Schwartz (1965) is
especially recommended as an introduction.

1.3.2.3.2. Rationale

The guiding principle which leads to requiring that the functions
	 above (traditionally called ‘test functions’) should be well
behaved is that correspondingly ‘wilder’ behaviour can then be
accommodated in the limiting behaviour of the f� while still keeping
the integrals

�
�n f�	 dnx under control. Thus

(i) to minimize restrictions on the limiting behaviour of the f� at
infinity, the 	’s will be chosen to have compact support;

(ii) to minimize restrictions on the local behaviour of the f� , the
	’s will be chosen infinitely differentiable.

To ensure further the continuity of functionals such as T� with
respect to the test function 	 as the f� go increasingly wild, very
strong control will have to be exercised in the way in which a
sequence �	j� of test functions will be said to converge towards a
limiting 	: conditions will have to be imposed not only on the
values of the functions 	j, but also on those of all their derivatives.
Hence, defining a strong enough topology on the space of test
functions 	 is an essential prerequisite to the development of a
satisfactory theory of distributions.

1.3.2.3.3. Test-function spaces

With this rationale in mind, the following function spaces will be
defined for any open subset � of �n (which may be the whole of
�n):

(a) ���� is the space of complex-valued functions over � which
are indefinitely differentiable;

(b) ���� is the subspace of ���� consisting of functions with
(unspecified) compact support contained in �n;

(c) �K��� is the subspace of ���� consisting of functions whose
(compact) support is contained within a fixed compact subset K of
�.

When � is unambiguously defined by the context, we will simply
write � ,�,�K .

It sometimes suffices to require the existence of continuous
derivatives only up to finite order m inclusive. The corresponding
spaces are then denoted ��m�,��m�,��m�

K with the convention that if
m � 0, only continuity is required.

The topologies on these spaces constitute the most important
ingredients of distribution theory, and will be outlined in some
detail.

1.3.2.3.3.1. Topology on ����
It is defined by the family of semi-norms

	 � ���� ��� �p� K�	� � sup
x�K

	Dp	�x�	,

where p is a multi-index and K a compact subset of �. A
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fundamental system S of neighbourhoods of the origin in ���� is
given by subsets of ���� of the form

V�m, �, K� � �	 � ����		p	 � m � �p, K�	�  ��
for all natural integers m, positive real �, and compact subset K of �.
Since a countable family of compact subsets K suffices to cover �,
and since restricted values of � of the form � � 1�N lead to the same
topology, S is equivalent to a countable system of neighbourhoods
and hence ���� is metrizable.

Convergence in � may thus be defined by means of sequences. A
sequence �	�� in � will be said to converge to 0 if for any given
V �m, �, K� there exists �0 such that 	� � V �m, �, K� whenever
� � �0; in other words, if the 	� and all their derivatives Dp	�

converge to 0 uniformly on any given compact K in �.

1.3.2.3.3.2. Topology on �k���
It is defined by the family of semi-norms

	 � �K��� ��� �p�	� � sup
x�K

	Dp	�x�	,

where K is now fixed. The fundamental system S of neighbourhoods
of the origin in �K is given by sets of the form

V �m, �� � �	 � �K���		p	 � m � �p�	�  ���
It is equivalent to the countable subsystem of the V �m, 1�N�, hence
�K��� is metrizable.

Convergence in �K may thus be defined by means of sequences.
A sequence �	�� in �K will be said to converge to 0 if for any given
V �m, �� there exists �0 such that 	� � V �m, �� whenever � � �0; in
other words, if the 	� and all their derivatives Dp	� converge to 0
uniformly in K.

1.3.2.3.3.3. Topology on ����
It is defined by the fundamental system of neighbourhoods of the

origin consisting of sets of the form

V ��m�, ����

� 	 � ����		p	 � m� � sup
�x���

	Dp	�x�	  �� for all �

� 	

,

where (m) is an increasing sequence �m�� of integers tending to��
and (�) is a decreasing sequence ���� of positive reals tending to 0,
as � ��.

This topology is not metrizable, because the sets of sequences
(m) and (�) are essentially uncountable. It can, however, be shown
to be the inductive limit of the topology of the subspaces �K , in the
following sense: V is a neighbourhood of the origin in � if and only
if its intersection with �K is a neighbourhood of the origin in �K for
any given compact K in �.

A sequence �	�� in � will thus be said to converge to 0 in � if all
the 	� belong to some �K (with K a compact subset of �
independent of �) and if �	�� converges to 0 in �K .

As a result, a complex-valued functional T on � will be said to be
continuous for the topology of � if and only if, for any given
compact K in �, its restriction to �K is continuous for the topology
of �K , i.e. maps convergent sequences in �K to convergent
sequences in �.

This property of �, i.e. having a non-metrizable topology which
is the inductive limit of metrizable topologies in its subspaces �K ,
conditions the whole structure of distribution theory and dictates
that of many of its proofs.

1.3.2.3.3.4. Topologies on � �m�,��m�
k ,��m�

These are defined similarly, but only involve conditions on
derivatives up to order m.

1.3.2.3.4. Definition of distributions

A distribution T on � is a linear form over ����, i.e. a map

T � 	 ��� �T ,	�
which associates linearly a complex number �T ,	� to any
	 � ����, and which is continuous for the topology of that
space. In the terminology of Section 1.3.2.2.6.2, T is an element of
�����, the topological dual of ����.

Continuity over � is equivalent to continuity over �K for all
compact K contained in �, and hence to the condition that for any
sequence �	�� in � such that

(i) Supp 	� is contained in some compact K independent of �,
(ii) the sequences �	Dp	� 	� converge uniformly to 0 on K for all

multi-indices p;
then the sequence of complex numbers �T ,	�� converges to 0 in �.

If the continuity of a distribution T requires (ii) for 	p	 � m only,
T may be defined over ��m� and thus T � ���m�; T is said to be a
distribution of finite order m. In particular, for m � 0,��0� is the
space of continuous functions with compact support, and a
distribution T � ���0� is a (Radon) measure as used in the theory
of integration. Thus measures are particular cases of distributions.

Generally speaking, the larger a space of test functions, the
smaller its topological dual:

m  n � ��m� � ��n� � ���n� � ���m��

This clearly results from the observation that if the 	’s are allowed
to be less regular, then less wildness can be accommodated in T if
the continuity of the map 	 ��� �T ,	� with respect to 	 is to be
preserved.

1.3.2.3.5. First examples of distributions

(i) The linear map 	 ��� ��,	� � 	�0� is a measure (i.e. a
zeroth-order distribution) called Dirac’s measure or (improperly)
Dirac’s ‘�-function’.

(ii) The linear map 	 ��� ���a�,	� � 	�a� is called Dirac’s
measure at point a � �n.

(iii) The linear map 	 ��� ��1�pDp	�a� is a distribution of
order m � 	p	 � 0, and hence is not a measure.

(iv) The linear map 	 ���

��0	

������ is a distribution of
infinite order on �: the order of differentiation is bounded for each
	 (because 	 has compact support) but is not as 	 varies.

(v) If �p�� is a sequence of multi-indices p� � �p1� , � � � , pn��
such that 	p� 	 � � as � ��, then the linear map
	 ���


��0�Dp�	��p�� is a distribution of infinite order on �n.

1.3.2.3.6. Distributions associated to locally integrable
functions

Let f be a complex-valued function over � such that�
K 	 f �x�	 dnx exists for any given compact K in �; f is then called

locally integrable.
The linear mapping from ���� to � defined by

	 ��� �

�

f �x�	�x� dnx

may then be shown to be continuous over ����. It thus defines a
distribution Tf � �����:

�Tf ,	� � �

�

f �x�	�x� dnx�

As the continuity of Tf only requires that 	 � ��0����, Tf is actually
a Radon measure.
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It can be shown that two locally integrable functions f and g
define the same distribution, i.e.

�Tf ,	� � �TK ,	� for all 	 � �,

if and only if they are equal almost everywhere. The classes of
locally integrable functions modulo this equivalence form a vector
space denoted L1

loc���; each element of L1
loc��� may therefore be

identified with the distribution Tf defined by any one of its
representatives f.

1.3.2.3.7. Support of a distribution

A distribution T � ����� is said to vanish on an open subset � of
� if it vanishes on all functions in ����, i.e. if �T ,	� � 0 whenever
	 � ����.

The support of a distribution T, denoted Supp T, is then defined as
the complement of the set-theoretic union of those open subsets �
on which T vanishes; or equivalently as the smallest closed subset of
� outside which T vanishes.

When T � Tf for f � L1
loc���, then Supp T � Supp f , so that the

two notions coincide. Clearly, if Supp T and Supp 	 are disjoint
subsets of �, then �T ,	� � 0.

It can be shown that any distribution T � �� with compact
support may be extended from � to � while remaining continuous,
so that T � � �; and that conversely, if S � � �, then its restriction T to
� is a distribution with compact support. Thus, the topological dual
� � of � consists of those distributions in �� which have compact
support. This is intuitively clear since, if the condition of having
compact support is fulfilled by T, it needs no longer be required of
	, which may then roam through � rather than �.

1.3.2.3.8. Convergence of distributions

A sequence �Tj� of distributions will be said to converge in �� to
a distribution T as j �� if, for any given 	 � �, the sequence of
complex numbers ��Tj,	�� converges in � to the complex number
�T ,	�.

A series

�

j�0Tj of distributions will be said to converge in ��
and to have distribution S as its sum if the sequence of partial sums
Sk �


k
j�0 converges to S.

These definitions of convergence in �� assume that the limits T
and S are known in advance, and are distributions. This raises the
question of the completeness of ��: if a sequence �Tj� in �� is such
that the sequence ��Tj,	�� has a limit in � for all 	 � �, does the
map

	 ��� lim
j��

�Tj,	�

define a distribution T � ��? In other words, does the limiting
process preserve continuity with respect to 	? It is a remarkable
theorem that, because of the strong topology on �, this is actually
the case. An analogous statement holds for series. This notion of
convergence does not coincide with any of the classical notions
used for ordinary functions: for example, the sequence �	�� with
	��x� � cos �x converges to 0 in �����, but fails to do so by any of
the standard criteria.

An example of convergent sequences of distributions is provided
by sequences which converge to �. If � f�� is a sequence of locally
summable functions on �n such that

(i)
�
�x� b f��x� dnx � 1 as � �� for all b � 0;

(ii)
�

a��x��1�a	 f��x�	 dnx � 0 as � �� for all 0  a  1;
(iii) there exists d � 0 and M � 0 such that

�
�x� d 	 f��x�	 dnx 

M for all �;
then the sequence �Tf� � of distributions converges to � in ����n�.

1.3.2.3.9. Operations on distributions

As a general rule, the definitions are chosen so that the operations
coincide with those on functions whenever a distribution is
associated to a function.

Most definitions consist in transferring to a distribution T an
operation which is well defined on 	 � � by ‘transposing’ it in the
duality product �T ,	�; this procedure will map T to a new
distribution provided the original operation maps � continuously
into itself.

1.3.2.3.9.1. Differentiation

(a) Definition and elementary properties
If T is a distribution on �n, its partial derivative �iT with respect

to xi is defined by

��iT ,	� � ��T , �i	�
for all 	 � �. This does define a distribution, because the partial

differentiations 	 ��� �i	 are continuous for the topology of �.
Suppose that T � Tf with f a locally integrable function such that

�i f exists and is almost everywhere continuous. Then integration
by parts along the xi axis gives
�

�n

�i f �xl, � � � , xi, � � � , xn�	�xl, � � � , xi, � � � , xn� dxi

� � f 	��xl, � � � , ��, � � � , xn� � � f 	��xl, � � � , ��, � � � , xn�
� �

�n

f �xl, � � � , xi, � � � , xn��i	�xl, � � � , xi, � � � , xn� dxi;

the integrated term vanishes, since 	 has compact support, showing
that �iTf � T�i f .

The test functions 	 � � are infinitely differentiable. Therefore,
transpositions like that used to define �iT may be repeated, so that
any distribution is infinitely differentiable. For instance,

��2
ijT ,	� � ���jT , �i	� � �T , �2

ij	�,
�DpT ,	� � ��1�	p	�T , Dp	�,

��T ,	� � �T ,�	�,
where � is the Laplacian operator. The derivatives of Dirac’s �
distribution are

�Dp�,	� � ��1�	p	��, Dp	� � ��1�	p	Dp	�0��
It is remarkable that differentiation is a continuous operation for

the topology on ��: if a sequence �Tj� of distributions converges to
distribution T, then the sequence �DpTj� of derivatives converges to
DpT for any multi-index p, since as j ��
�DpTj,	� � ��1�	p	�Tj, Dp	� � ��1�	p	�T , Dp	� � �DpT ,	��

An analogous statement holds for series: any convergent series of
distributions may be differentiated termwise to all orders. This
illustrates how ‘robust’ the constructs of distribution theory are in
comparison with those of ordinary function theory, where similar
statements are notoriously untrue.

(b) Differentiation under the duality bracket
Limiting processes and differentiation may also be carried out

under the duality bracket �, � as under the integral sign with ordinary
functions. Let the function 	 � 	�x,�� depend on a parameter � �
� and a vector x � �n in such a way that all functions

	� � x ��� 	�x,��
be in ���n� for all � � �. Let T � ����n� be a distribution, let

I��� � �T ,	��
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and let �0 � � be given parameter value. Suppose that, as � runs
through a small enough neighbourhood of �0,

(i) all the 	� have their supports in a fixed compact subset K of
�n;

(ii) all the derivatives Dp	� have a partial derivative with
respect to � which is continuous with respect to x and �.

Under these hypotheses, I��� is differentiable (in the usual sense)
with respect to � near �0, and its derivative may be obtained by
‘differentiation under the �, � sign’:

dI
d�

� �T , ��	���

(c) Effect of discontinuities
When a function f or its derivatives are no longer continuous, the

derivatives DpTf of the associated distribution Tf may no longer
coincide with the distributions associated to the functions Dpf .

In dimension 1, the simplest example is Heaviside’s unit step
function Y �Y�x� � 0 for x  0, Y�x� � 1 for x � 0�:

��TY ��,	� � ���TY �,	�� � � ���

0
	��x� dx � 	�0� � ��,	��

Hence �TY �� � �, a result long used ‘heuristically’ by electrical
engineers [see also Dirac (1958)].

Let f be infinitely differentiable for x  0 and x � 0 but have
discontinuous derivatives f �m� at x � 0 [ f �0� being f itself] with
jumps �m � f �m��0�� � f �m��0��. Consider the functions:

g0 � f � �0Y

g1 � g�0 � �1Y

����������
gk � g�k�1 � �kY �

The gk are continuous, their derivatives g�k are continuous almost
everywhere [which implies that �Tgk �� � Tg�k

and g�k � f �k�1� almost
everywhere]. This yields immediately:

�Tf �� � Tf � � �0�

�Tf ��� � Tf �� � �0�
� � �1�

������������������
�Tf ��m� � Tf �m� � �0�

�m�1� � � � �� �m�1��

������������������
Thus the ‘distributional derivatives’ �Tf ��m� differ from the usual
functional derivatives Tf �m� by singular terms associated with
discontinuities.

In dimension n, let f be infinitely differentiable everywhere
except on a smooth hypersurface S, across which its partial
derivatives show discontinuities. Let �0 and �� denote the
discontinuities of f and its normal derivative ��	 across S (both
�0 and �� are functions of position on S), and let ��S� and ����S� be
defined by

���S�,	� �
�

S
	 dn�1S

�����S�,	� � ��
S
��	 dn�1S�

Integration by parts shows that

�iTf � T�i f � �0 cos �i��S�,

where �i is the angle between the xi axis and the normal to S along
which the jump �0 occurs, and that the Laplacian of Tf is given by

��Tf � � T�f � ����S� � ����0��S���
The latter result is a statement of Green’s theorem in terms of
distributions. It will be used in Section 1.3.4.4.3.5 to calculate the
Fourier transform of the indicator function of a molecular envelope.

1.3.2.3.9.2. Integration of distributions in dimension 1
The reverse operation from differentiation, namely calculating

the ‘indefinite integral’ of a distribution S, consists in finding a
distribution T such that T � � S.

For all � � � such that � � �� with � � �, we must have

�T ,�� � ��S,���
This condition defines T in a ‘hyperplane’ � of �, whose equation

�1,�� � �1,��� � 0

reflects the fact that � has compact support.
To specify T in the whole of �, it suffices to specify the value of

�T ,	0� where 	0 � � is such that �1,	0� � 1: then any 	 � � may
be written uniquely as

	 � �	0 � ��

with

� � �1,	�, � � 	� �	0, ��x� � �x

0
��t� dt,

and T is defined by

�T ,	� � ��T ,	0� � �S,���
The freedom in the choice of 	0 means that T is defined up to an
additive constant.

1.3.2.3.9.3. Multiplication of distributions by functions
The product �T of a distribution T on �n by a function � over �n

will be defined by transposition:

��T ,	� � �T ,�	� for all 	 � ��

In order that �T be a distribution, the mapping 	 ��� �	 must send
���n� continuously into itself; hence the multipliers � must be
infinitely differentiable. The product of two general distributions
cannot be defined. The need for a careful treatment of multipliers of
distributions will become clear when it is later shown (Section
1.3.2.5.8) that the Fourier transformation turns convolutions into
multiplications and vice versa.

If T is a distribution of order m, then � needs only have
continuous derivatives up to order m. For instance, � is a distribution
of order zero, and �� � ��0�� is a distribution provided � is
continuous; this relation is of fundamental importance in the theory
of sampling and of the properties of the Fourier transformation
related to sampling (Sections 1.3.2.6.4, 1.3.2.6.6). More generally,
Dp� is a distribution of order 	p	, and the following formula holds
for all � � ��m� with m � 	p	:

��Dp�� �
�

q�p

��1�	p�q	 p
q

� 

�Dp�q���0�Dq��

The derivative of a product is easily shown to be

�i��T� � ��i��T � ���iT�
and generally for any multi-index p

Dp��T� �
�

q�p

p
q

� 

�Dp�q���0�DqT �
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1.3.2.3.9.4. Division of distributions by functions
Given a distribution S on �n and an infinitely differentiable

multiplier function �, the division problem consists in finding a
distribution T such that �T � S.

If � never vanishes, T � S�� is the unique answer. If n � 1, and
if � has only isolated zeros of finite order, it can be reduced to a
collection of cases where the multiplier is xm, for which the general
solution can be shown to be of the form

T � U � 
m�1

i�0
ci�

�i�,

where U is a particular solution of the division problem xmU � S
and the ci are arbitrary constants.

In dimension n � 1, the problem is much more difficult, but is of
fundamental importance in the theory of linear partial differential
equations, since the Fourier transformation turns the problem of
solving these into a division problem for distributions [see
Hörmander (1963)].

1.3.2.3.9.5. Transformation of coordinates
Let � be a smooth non-singular change of variables in �n, i.e. an

infinitely differentiable mapping from an open subset � of �n to ��
in �n, whose Jacobian

J��� � det
���x�
�x

� �

vanishes nowhere in �. By the implicit function theorem, the
inverse mapping ��1 from �� to � is well defined.

If f is a locally summable function on �, then the function ��f
defined by

���f ��x� � f ���1�x��
is a locally summable function on ��, and for any 	 � ����� we
may write:
�

��
���f ��x�	�x� dnx � �

��
f ���1�x��	�x� dnx

� �

��
f �y�	���y��	J���	 dny by x � ��y��

In terms of the associated distributions

�T��f ,	� � �Tf , 	J���	���1��	��
This operation can be extended to an arbitrary distribution T by

defining its image ��T under coordinate transformation � through

���T ,	� � �T , 	J���	���1��	�,
which is well defined provided that � is proper, i.e. that ��1�K� is
compact whenever K is compact.

For instance, if � � x ��� x� a is a translation by a vector a in
�n, then 	J���	 � 1; �� is denoted by �a, and the translate �aT of a
distribution T is defined by

��aT ,	� � �T , ��a	��
Let A � x ��� Ax be a linear transformation defined by a non-

singular matrix A. Then J�A� � det A, and

�A�T ,	� � 	det A	�T , �A�1��	��
This formula will be shown later (Sections 1.3.2.6.5, 1.3.4.2.1.1) to
be the basis for the definition of the reciprocal lattice.

In particular, if A � �I, where I is the identity matrix, A is an
inversion through a centre of symmetry at the origin, and denoting
A�	 by 		 we have:

�	T ,	� � �T , 		��

T is called an even distribution if 	T � T , an odd distribution if
	T � �T .

If A � �I with � � 0, A is called a dilation and

�A�T ,	� � �n�T , �A�1��	��
Writing symbolically � as ��x� and A�� as ��x���, we have:

��x��� � �n��x��
If n � 1 and f is a function with isolated simple zeros xj, then in the
same symbolic notation

�� f �x�� �
�

j

1
	 f ��xj�	 ��xj�,

where each �j � 1�	 f ��xj�	 is analogous to a ‘Lorentz factor’ at zero
xj.

1.3.2.3.9.6. Tensor product of distributions
The purpose of this construction is to extend Fubini’s theorem to

distributions. Following Section 1.3.2.2.5, we may define the tensor
product L1

loc��m� � L1
loc��n� as the vector space of finite linear

combinations of functions of the form

f � g � �x, y� ��� f �x�g�y�,
where x � �m, y � �n, f � L1

loc��m� and g � L1
loc��n�.

Let Sx and Ty denote the distributions associated to f and g,
respectively, the subscripts x and y acting as mnemonics for �m and
�n. It follows from Fubini’s theorem (Section 1.3.2.2.5) that
f � g � L1

loc��m � �n�, and hence defines a distribution over
�m � �n; the rearrangement of integral signs gives

�Sx � Ty,	x� y� � �Sx, �Ty,	x� y�� � �Ty, �Sx,	x� y��
for all 	x� y � ���m � �n�. In particular, if 	�x, y� � u�x�v�y�with
u � ���m�, v � ���n�, then

�S � T , u� v� � �S, u��T , v��
This construction can be extended to general distributions S �

����m� and T � ����n�. Given any test function 	 � ���m � �n�,
let 	x denote the map y ��� 	�x, y�; let 	y denote the map
x ��� 	�x, y�; and define the two functions ��x� � �T ,	x� and
��y� � �S,	y�. Then, by the lemma on differentiation under the �, �
sign of Section 1.3.2.3.9.1, � � ���m�,� � ���n�, and there exists
a unique distribution S � T such that

�S � T ,	� � �S, �� � �T ,���
S � T is called the tensor product of S and T.

With the mnemonic introduced above, this definition reads
identically to that given above for distributions associated to locally
integrable functions:

�Sx � Ty,	x� y� � �Sx, �Ty,	x� y�� � �Ty, �Sx,	x� y���
The tensor product of distributions is associative:

�R � S� � T � R � �S � T��
Derivatives may be calculated by

Dp
xDq

y�Sx � Ty� � �Dp
xSx� � �Dq

yTy��
The support of a tensor product is the Cartesian product of the
supports of the two factors.

1.3.2.3.9.7. Convolution of distributions
The convolution f � g of two functions f and g on �n is defined by

� f � g��x� � �

�n

f �y�g�x� y� dny � �

�n

f �x� y�g�y� dny
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whenever the integral exists. This is the case when f and g are both
in L1��n�; then f � g is also in L1��n�. Let S, T and W denote the
distributions associated to f, g and f � g, respectively: a change of
variable immediately shows that for any 	 � ���n�,

�W ,	� � �

�n��n

f �x�g�y�	�x� y� dnx dny�

Introducing the map � from �n � �n to �n defined by
��x, y� � x� y, the latter expression may be written:

�Sx � Ty,	 � ��
(where � denotes the composition of mappings) or by a slight abuse
of notation:

�W ,	� � �Sx � Ty,	�x� y���
A difficulty arises in extending this definition to general

distributions S and T because the mapping � is not proper: if K is
compact in �n, then ��1�K� is a cylinder with base K and generator
the ‘second bisector’ x� y � 0 in �n � �n. However, �S � T ,	 �
�� is defined whenever the intersection between Supp �S � T� �
�Supp S� � �Supp T� and ��1�Supp 	� is compact.

We may therefore define the convolution S � T of two
distributions S and T on �n by

�S � T ,	� � �S � T ,	 � �� � �Sx � Ty,	�x� y��
whenever the following support condition is fulfilled:

‘the set ��x, y�	x � A, y � B, x� y � K� is compact in �n � �n for all K
compact in �n’.

The latter condition is met, in particular, if S or T has compact
support. The support of S � T is easily seen to be contained in the
closure of the vector sum

A � B � �x� y	x � A, y � B��
Convolution by a fixed distribution S is a continuous operation

for the topology on ��: it maps convergent sequences �Tj� to
convergent sequences �S � Tj�. Convolution is commutative:
S � T � T � S.

The convolution of p distributions T1, � � � , Tp with supports
A1, � � � , Ap can be defined by

�T1 � � � � � Tp,	� � ��T1�x1
� � � �� �Tp�xp

,	�x1 � � � �� xp��
whenever the following generalized support condition:

‘the set ��x1, � � � , xp�	x1 � A1, � � � , xp � Ap, x1 � � � �� xp � K� is com-
pact in ��n�p for all K compact in �n’

is satisfied. It is then associative. Interesting examples of
associativity failure, which can be traced back to violations of the
support condition, may be found in Bracewell (1986, pp. 436–437).

It follows from previous definitions that, for all distributions
T � ��, the following identities hold:

(i) � � T � T : � is the unit convolution;
(ii) ��a� � T � �aT : translation is a convolution with the

corresponding translate of �;
(iii) �Dp�� � T � DpT : differentiation is a convolution with the

corresponding derivative of �;
(iv) translates or derivatives of a convolution may be obtained

by translating or differentiating any one of the factors: convolution
‘commutes’ with translation and differentiation, a property used in
Section 1.3.4.4.7.7 to speed up least-squares model refinement for
macromolecules.

The latter property is frequently used for the purpose of
regularization: if T is a distribution, � an infinitely differentiable
function, and at least one of the two has compact support, then T � �
is an infinitely differentiable ordinary function. Since sequences

���� of such functions � can be constructed which have compact
support and converge to �, it follows that any distribution T can be
obtained as the limit of infinitely differentiable functions T � �� . In
topological jargon: ���n� is ‘everywhere dense’ in ����n�. A
standard function in � which is often used for such proofs is defined
as follows: put

��x� � 1
A

exp � 1
1� x2

� 

for 	x	 � 1,

� 0 for 	x	 � 1,

with

A �
��1

�1

exp � 1
1� x2

� 

dx

(so that � is in � and is normalized), and put

���x� � 1
�
�

x
�

� �
in dimension 1,

���x� �
�n

j�1

���xj� in dimension n�

Another related result, also proved by convolution, is the
structure theorem: the restriction of a distribution T � ����n� to
a bounded open set � in �n is a derivative of finite order of a
continuous function.

Properties (i) to (iv) are the basis of the symbolic or operational
calculus (see Carslaw & Jaeger, 1948; Van der Pol & Bremmer,
1955; Churchill, 1958; Erdélyi, 1962; Moore, 1971) for solving
integro-differential equations with constant coefficients by turning
them into convolution equations, then using factorization methods
for convolution algebras (Schwartz, 1965).

1.3.2.4. Fourier transforms of functions

1.3.2.4.1. Introduction

Given a complex-valued function f on �n subject to suitable
regularity conditions, its Fourier transform � � f � and Fourier
cotransform 
� � f � are defined as follows:

� � f ���� � �

�n
f �x� exp��2
i� � x� dnx


� � f ���� � �

�n

f �x� exp��2
i� � x� dnx,

where � � x �
n
i�1�ixi is the ordinary scalar product. The

terminology and sign conventions given above are the standard
ones in mathematics; those used in crystallography are slightly
different (see Section 1.3.4.2.1.1). These transforms enjoy a number
of remarkable properties, whose natural settings entail different
regularity assumptions on f : for instance, properties relating to
convolution are best treated in L1��n�, while Parseval’s theorem
requires the Hilbert space structure of L2��n�. After a brief review
of these classical properties, the Fourier transformation will be
examined in a space � ��n� particularly well suited to accommodat-
ing the full range of its properties, which will later serve as a space
of test functions to extend the Fourier transformation to
distributions.

There exists an abundant literature on the ‘Fourier integral’. The
books by Carslaw (1930), Wiener (1933), Titchmarsh (1948),
Katznelson (1968), Sneddon (1951, 1972), and Dym & McKean
(1972) are particularly recommended.

34

1. GENERAL RELATIONSHIPS AND TECHNIQUES

references

http://it.iucr.org/Ba/ch1o3v0001/references/


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier ()
  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [641.000 859.000]
>> setpagedevice


