
It can be shown that two locally integrable functions f and g
define the same distribution, i.e.

�Tf ,�� � �TK ,�� for all � � �,

if and only if they are equal almost everywhere. The classes of
locally integrable functions modulo this equivalence form a vector
space denoted L1

loc���; each element of L1
loc��� may therefore be

identified with the distribution Tf defined by any one of its
representatives f.

1.3.2.3.7. Support of a distribution

A distribution T � ����� is said to vanish on an open subset � of
� if it vanishes on all functions in ����, i.e. if �T ,�� � 0 whenever
� � ����.

The support of a distribution T, denoted Supp T, is then defined as
the complement of the set-theoretic union of those open subsets �
on which T vanishes; or equivalently as the smallest closed subset of
� outside which T vanishes.

When T � Tf for f � L1
loc���, then Supp T � Supp f , so that the

two notions coincide. Clearly, if Supp T and Supp � are disjoint
subsets of �, then �T ,�� � 0.

It can be shown that any distribution T � �� with compact
support may be extended from � to � while remaining continuous,
so that T � � �; and that conversely, if S � � �, then its restriction T to
� is a distribution with compact support. Thus, the topological dual
� � of � consists of those distributions in �� which have compact
support. This is intuitively clear since, if the condition of having
compact support is fulfilled by T, it needs no longer be required of
�, which may then roam through � rather than �.

1.3.2.3.8. Convergence of distributions

A sequence �Tj� of distributions will be said to converge in �� to
a distribution T as j �	 if, for any given � � �, the sequence of
complex numbers ��Tj,��� converges in � to the complex number
�T ,��.

A series
�	

j�0Tj of distributions will be said to converge in ��
and to have distribution S as its sum if the sequence of partial sums
Sk �

�k
j�0 converges to S.

These definitions of convergence in �� assume that the limits T
and S are known in advance, and are distributions. This raises the
question of the completeness of ��: if a sequence �Tj� in �� is such
that the sequence ��Tj,��� has a limit in � for all � � �, does the
map

� 
�� lim
j�	

�Tj,��

define a distribution T � ��? In other words, does the limiting
process preserve continuity with respect to �? It is a remarkable
theorem that, because of the strong topology on �, this is actually
the case. An analogous statement holds for series. This notion of
convergence does not coincide with any of the classical notions
used for ordinary functions: for example, the sequence ���� with
���x� � cos �x converges to 0 in �����, but fails to do so by any of
the standard criteria.

An example of convergent sequences of distributions is provided
by sequences which converge to �. If � f�� is a sequence of locally
summable functions on �n such that

(i)
�
�x�� b f��x� dnx � 1 as � �	 for all b � 0;

(ii)
�

a�x�1�a� f��x�� dnx � 0 as � �	 for all 0 � a � 1;
(iii) there exists d � 0 and M � 0 such that

�
�x�� d � f��x�� dnx �

M for all �;
then the sequence �Tf� � of distributions converges to � in ����n�.

1.3.2.3.9. Operations on distributions

As a general rule, the definitions are chosen so that the operations
coincide with those on functions whenever a distribution is
associated to a function.

Most definitions consist in transferring to a distribution T an
operation which is well defined on � � � by ‘transposing’ it in the
duality product �T ,��; this procedure will map T to a new
distribution provided the original operation maps � continuously
into itself.

1.3.2.3.9.1. Differentiation

(a) Definition and elementary properties
If T is a distribution on �n, its partial derivative �iT with respect

to xi is defined by

��iT ,�� � ��T , �i��
for all � � �. This does define a distribution, because the partial

differentiations � 
�� �i� are continuous for the topology of �.
Suppose that T � Tf with f a locally integrable function such that

�i f exists and is almost everywhere continuous. Then integration
by parts along the xi axis gives
�

�n

�i f �xl, � � � , xi, � � � , xn���xl, � � � , xi, � � � , xn� dxi

� � f ���xl, � � � , �	, � � � , xn� � � f ���xl, � � � , �	, � � � , xn�
� �

�n

f �xl, � � � , xi, � � � , xn��i��xl, � � � , xi, � � � , xn� dxi;

the integrated term vanishes, since � has compact support, showing
that �iTf � T�i f .

The test functions � � � are infinitely differentiable. Therefore,
transpositions like that used to define �iT may be repeated, so that
any distribution is infinitely differentiable. For instance,

��2
ijT ,�� � ���jT , �i�� � �T , �2

ij��,
�DpT ,�� � ��1��p��T , Dp��,

��T ,�� � �T ,���,
where � is the Laplacian operator. The derivatives of Dirac’s �
distribution are

�Dp�,�� � ��1��p���, Dp�� � ��1��p�Dp��0�	
It is remarkable that differentiation is a continuous operation for

the topology on ��: if a sequence �Tj� of distributions converges to
distribution T, then the sequence �DpTj� of derivatives converges to
DpT for any multi-index p, since as j �	
�DpTj,�� � ��1��p��Tj, Dp�� � ��1��p��T , Dp�� � �DpT ,��	

An analogous statement holds for series: any convergent series of
distributions may be differentiated termwise to all orders. This
illustrates how ‘robust’ the constructs of distribution theory are in
comparison with those of ordinary function theory, where similar
statements are notoriously untrue.

(b) Differentiation under the duality bracket
Limiting processes and differentiation may also be carried out

under the duality bracket �, � as under the integral sign with ordinary
functions. Let the function � � ��x,
� depend on a parameter 
 �
� and a vector x � �n in such a way that all functions

�
 � x 
�� ��x,
�
be in ���n� for all 
 � �. Let T � ����n� be a distribution, let

I�
� � �T ,�
�
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and let 
0 � � be given parameter value. Suppose that, as 
 runs
through a small enough neighbourhood of 
0,

(i) all the �
 have their supports in a fixed compact subset K of
�n;

(ii) all the derivatives Dp�
 have a partial derivative with
respect to 
 which is continuous with respect to x and 
.

Under these hypotheses, I�
� is differentiable (in the usual sense)
with respect to 
 near 
0, and its derivative may be obtained by
‘differentiation under the �, � sign’:

dI
d


� �T , �
�
�	

(c) Effect of discontinuities
When a function f or its derivatives are no longer continuous, the

derivatives DpTf of the associated distribution Tf may no longer
coincide with the distributions associated to the functions Dpf .

In dimension 1, the simplest example is Heaviside’s unit step
function Y �Y�x� � 0 for x � 0, Y�x� � 1 for x � 0�:

��TY ��,�� � ���TY �,��� � � ��	

0
���x� dx � ��0� � ��,��	

Hence �TY �� � �, a result long used ‘heuristically’ by electrical
engineers [see also Dirac (1958)].

Let f be infinitely differentiable for x � 0 and x � 0 but have
discontinuous derivatives f �m� at x � 0 [ f �0� being f itself] with
jumps �m � f �m��0�� � f �m��0��. Consider the functions:

g0 � f � �0Y

g1 � g�0 � �1Y

����������
gk � g�k�1 � �kY 	

The gk are continuous, their derivatives g�k are continuous almost
everywhere [which implies that �Tgk �� � Tg�k

and g�k � f �k�1� almost
everywhere]. This yields immediately:

�Tf �� � Tf � � �0�

�Tf ��� � Tf �� � �0�
� � �1�

������������������
�Tf ��m� � Tf �m� � �0�

�m�1� � � � �� �m�1�	

������������������
Thus the ‘distributional derivatives’ �Tf ��m� differ from the usual
functional derivatives Tf �m� by singular terms associated with
discontinuities.

In dimension n, let f be infinitely differentiable everywhere
except on a smooth hypersurface S, across which its partial
derivatives show discontinuities. Let �0 and �� denote the
discontinuities of f and its normal derivative ��� across S (both
�0 and �� are functions of position on S), and let ��S� and ����S� be
defined by

���S�,�� �
�

S
� dn�1S

�����S�,�� � ��
S
��� dn�1S	

Integration by parts shows that

�iTf � T�i f � �0 cos �i��S�,

where �i is the angle between the xi axis and the normal to S along
which the jump �0 occurs, and that the Laplacian of Tf is given by

��Tf � � T�f � ����S� � ����0��S��	
The latter result is a statement of Green’s theorem in terms of
distributions. It will be used in Section 1.3.4.4.3.5 to calculate the
Fourier transform of the indicator function of a molecular envelope.

1.3.2.3.9.2. Integration of distributions in dimension 1
The reverse operation from differentiation, namely calculating

the ‘indefinite integral’ of a distribution S, consists in finding a
distribution T such that T � � S.

For all  � � such that  � �� with � � �, we must have

�T ,� � ��S,��	
This condition defines T in a ‘hyperplane’ � of �, whose equation

�1,� � �1,��� � 0

reflects the fact that � has compact support.
To specify T in the whole of �, it suffices to specify the value of

�T ,�0� where �0 � � is such that �1,�0� � 1: then any � � � may
be written uniquely as

� � 
�0 � ��

with


 � �1,��,  � �� 
�0, ��x� � �x

0
�t� dt,

and T is defined by

�T ,�� � 
�T ,�0� � �S,��	
The freedom in the choice of �0 means that T is defined up to an
additive constant.

1.3.2.3.9.3. Multiplication of distributions by functions
The product �T of a distribution T on �n by a function � over �n

will be defined by transposition:

��T ,�� � �T ,��� for all � � �	

In order that �T be a distribution, the mapping � 
�� �� must send
���n� continuously into itself; hence the multipliers � must be
infinitely differentiable. The product of two general distributions
cannot be defined. The need for a careful treatment of multipliers of
distributions will become clear when it is later shown (Section
1.3.2.5.8) that the Fourier transformation turns convolutions into
multiplications and vice versa.

If T is a distribution of order m, then � needs only have
continuous derivatives up to order m. For instance, � is a distribution
of order zero, and �� � ��0�� is a distribution provided � is
continuous; this relation is of fundamental importance in the theory
of sampling and of the properties of the Fourier transformation
related to sampling (Sections 1.3.2.6.4, 1.3.2.6.6). More generally,
Dp� is a distribution of order �p�, and the following formula holds
for all � � ��m� with m � �p�:

��Dp�� �
�

qp

��1��p�q� p
q

� �

�Dp�q���0�Dq�	

The derivative of a product is easily shown to be

�i��T� � ��i��T � ���iT�
and generally for any multi-index p

Dp��T� �
�

qp

p
q

� �

�Dp�q���0�DqT 	
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