
3. PHASE TRANSITIONS, TWINNING AND DOMAIN STRUCTURES

N ¼ ½G : F� ¼ ½G : F�½T : U�

¼ ðjGj : jFjÞðvF : vGÞ ¼ ðjGj : jFjÞðZF : ZGÞ

¼ ðjGj : jFjÞdetðmijÞ ¼ ndt: ð3:2:3:91Þ

Each suborbit, represented by a row in the array (3.2.3.84),
contains all basic (microscopic) domain states that are related by
pure translations. These domain states exhibit the same tensor
properties, i.e. they belong to the same ferroic domain state.

Example [sT] 3.2.3.33. Let us consider a phase transition with a
symmetry descent G � F1 with an orbit GS11 of domain states.
Let L1 be an intermediate group, F1 � L1 � G, and �ð1Þ the
principal order parameter associated with the symmetry descent
G � L1 [cf. (3.2.3.58)], IGð�

ð1ÞÞ ¼ L1. Since L1 is an intermediate
group, the quantity �ð1Þ represents a secondary order parameter
of the symmetry descent G � F1. The G orbit of �ð1Þ is

G�ð1Þ ¼ f�ð1Þ; �ð2Þ; . . . ; �ðmÞg; m ¼ ½G : L1�: ð3:2:3:92Þ

As in Example [oT] 3.2.3.28, there is a bijection between left
cosets of the decomposition of G into left cosets of L1 [see
(3.2.3.80)] and the G orbit of secondary order parameters
(3.2.3.92). One can, therefore, associate with the suborbit LjSj1

the value �ðjÞ of the secondary order parameter �,

LjSj1 $ �ðjÞ; j ¼ 1; 2; . . . ;m: ð3:2:3:93Þ

A suborbit LjSj1 is thus comprised of objects of the orbit GS11

with the same value of the secondary order parameter �ðjÞ.

Example [oS] 3.2.3.34. Let us choose for the intermediate
group L1 the normalizer NGðF1Þ. Then the suborbits equal

NGðFjÞSj1 ¼ fhjS11; hjp2S11; . . . ; hjpdS11g;

j ¼ 1; 2; . . . ;m ¼ ½G : NGðF1Þ�; ð3:2:3:94Þ

where p1 ¼ e; p2; . . . ; pd are representatives of left cosets pkF1 in
the decomposition of NGðF1Þ,

NGðF1Þ ¼ p1F1 [ p2F1 [ . . . [ pdF1; d ¼ ½NGðF1Þ : F1�;

ð3:2:3:95Þ

and hj are representatives of the decomposition (3.2.3.77). The
suborbit FjSj1 consists of all objects with the same stabilizer Fj,

IGðSj1Þ ¼ IGðSj2Þ ¼ . . . ¼ IGðSjdÞ ¼ Fj;

j ¼ 1; 2; . . . ;m ¼ ½G : NGðF1Þ�:

ð3:2:3:96Þ

Propositions 3.2.3.23 and 3.2.3.30 are examples of structures
that a group action induces from a group G on a G-set. Another
important example is a permutation representation of the group
G which associates operations of G with permutations of the
objects of the orbit GSi [see e.g. Kerber (1991, 1999); for appli-
cation of the permutation representation in domain-structure
analysis and domain engineering, see e.g. Fuksa & Janovec (1995,
2002)].

3.2.3.3.6. Orbits of ordered pairs and double cosets

An ordered pair ðSi; SkÞ is formed by two objects Si; Sk from
the orbit GS1. Let P denote the set of all ordered pairs that can be
formed from the objects of the orbit GS1. The group action ’ of
group G on the set P is defined by the following relation:

’ : gðSi; SkÞ ¼ ðgSi; gSkÞ ¼ ðSr; SsÞ;

g 2 G; ðSi; SkÞ; ðSr; SsÞ 2 P: ð3:2:3:97Þ

The requirements (3.2.3.47) to (3.2.3.49) are fulfilled, mapping
(3.2.3.97) defines an action of group G on the set P.

The group action (3.2.3.97) introduces the G-equivalence of
ordered pairs: Two ordered pairs ðSi; SkÞ and ðSr; SsÞ are
crystallographically equivalent (with respect to the group
G), ðSi; SkÞ �

G ðSr; SsÞ, if there exists an operation g 2 G that
transforms ðSi; SkÞ into ðSr; SsÞ,

g 2 G ðgSi; gSkÞ ¼ ðSr; SsÞ; ðSi; SkÞ; ðSr; SsÞ 2 P: ð3:2:3:98Þ

An orbit of ordered pairs GðSi; SkÞ comprises all ordered pairs
crystallographically equivalent with ðSi; SkÞ. One can choose as a
representative of the orbit GðSi; SkÞ an ordered pair ðS1; SjÞ with
the first member S1 since there is always an operation g1i 2 G
such that gi1Si ¼ S1. The orbit F1ðS1; SjÞ assembles all ordered
pairs with the first member S1. This orbit can be expressed as

F1ðS1; SjÞ ¼ ðF1S1;F1SjÞ ¼ ðS1;F1ðgjS1ÞÞ

¼ ðS1; ðF1gjÞðF1S1ÞÞ ¼ ðS1; ðF1gjF1ÞS1Þ;

ð3:2:3:99Þ

where the identity F1S1 ¼ S1 [see relation (3.2.3.70)] has been
used.

Thus the double coset F1gjF1 contains all operations from G
that produce all ordered pairs with the first member S1 that are
G-equivalent with ðS1; Sj ¼ gjS1Þ. If one chooses gr 2 G that is
not contained in the double coset F1gjF1, then the ordered pair
ðS1; Sr ¼ grS1Þ must belong to another orbit GðS1; SrÞ 6¼ GðS1; SjÞ.
Hence to distinct double cosets there correspond distinct classes
of ordered pairs with the first member S1, i.e. distinct orbits of
ordered pairs. Since the group G can be decomposed into disjoint
double cosets [see (3.2.3.36)], one gets

Proposition 3.2.3.35. Let G be a group and P a set of all
ordered pairs that can be formed from the objects of the orbit
GS1. There is a one-to-one correspondence between the G orbits
of ordered pairs of the set P and the double cosets of the
decomposition

G ¼ F1 [ F1g2F1 [ . . . [ F1gjF1 [ . . . [ F1gqF1;

j ¼ 1; 2; . . . q: ð3:2:3:100Þ

GðS1; SjÞ $ F1gjF1 where Sj ¼ gjS1: ð3:2:3:101Þ

This bijection allows one to express the partition of the set P of
all ordered pairs into G orbits,

P ¼ GðS1; S1Þ [ GðS1; g2S1Þ [ . . . [ ðS1; SjÞ [ . . . [ GðS1; gqS1Þ;

ð3:2:3:102Þ

where fg1 ¼ e; g2; . . . gj; . . . gqg is the set of representatives of
double cosets in the decomposition (3.2.3.100) (Janovec, 1972).

Proposition 3.2.3.35 applies directly to pairs of domain states
(domain pairs) and allows one to find transposition laws that can
appear in the low-symmetry phase (see Section 3.4.3).

For more details and other applications of group action see e.g.
Kopský (1983), Lang (1965), Michel (1980), Opechowski (1986),
Robinson (1982), and especially Kerber (1991, 1999).
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