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Introduction

We strongly recommend that the reader prints this document and familiarizes them-
selves with individual points of the program by following this manual while using the
program. It is assumed that the reader has an elementary knowledge of group theory
but the basic concepts are defined and fundamental statements are given in the following
text, as a rule without proofs. The program is designed for crystallographers and mater-
ial physicists, with special emphasis on structural phase transitions and the analysis of
domains, domain pairs and domain twins.

The information is structured in the following manner:

1. Information relevant to geometric classes.

2. Information relevant to specific groups of these classes.

3. Information relevant to symmetry descents (group—subgroup relations).
4. Information relevant to domain pairs.

The program provides general information of a group-theoretical nature about the
crystallographic point groups and their representations such as class structure, class mul-
tiplication, character tables and Kronecker products of irreducible representations. An
explicit and standardized form of irreducible representations (ireps) is used throughout
as is appropriate for their use in the theory of phase transitions and related problems.
The application of ireps is facilitated by the use of so-called “typical variables”, which
represent variables of all possible transformation properties under the action of crystal-
lographic groups. The idea is simple and similar to the “symbolic method” of the old
invariant theory (Weitzenbock, 1923). Tables of Clebsch—Gordan products are presented
which enable the calculation of “tensorial” and “polynomial covariants”, where the word
“covariant” | used with this meaning for the first time by Weyl (1946), replaces the more
customary terms “symmetry-adapted bases” or “form-invariant bases”. Tables of tensorial
covariants and of the “extended integrity bases” are provided, which form a versatile basis
for calculation of tensor characteristics of domains as well as of various interactions.

The central part of the program contains extensive information about all possible
symmetry descents within the classical crystallographic point groups. This information
is given in a standardized form; the set of subgroups of each crystallographic group in
a standard orientation is displayed in the form of the “lattice” of its subgroups, which
serves as a menu for the choice of descents. For each symmetry descent the form of
tensors up to fourth rank for the parent group is given and each is followed by information
about onsetting components of these tensors in the first domain state. “Principal tensor
parameters” which transform like the “primary” ( “proper”, “full”) order parameter of an
equitranslational transition and “secondary” ( “improper”, “partial”) tensor parameters
are distinguished in this description. The principal parameters can be considered in a
certain sense as the “cause” of the symmetry descent while secondary parameters are its
“consequence”’. For each symmetry descent a list of polynomials in typical variables is
given which serves for constructing the correct form of the Landau potential, invariant
under the parent symmetry. The list contains four items:



(i) Integrity bases: Polynomials in components of the primary order parameter from which
the main part of the Landau potential is constructed as an invariant function in these
components.

(i) Faint interactions: Coupling of secondary order parameters with the primary param-
eter.

(iii) Electric switching interactions: Coupling of all onsetting parameters with an external
electric field.

(iv) Elastic switching interactions: Coupling of all onsetting parameters with an external
stress.

The tables of symmetry descents provide the background for a complete tensorial
analysis of nonmagnetic “ferroic” phase transitions including tensor distinction of domain
states. In the case of “completely transposable pairs”, the distinction of two domain states
is clearly seen directly from tables. More general consideration is possible with the use
of the method of so-called “Conversion equations’ which has been developed during the
preparation of this software (Kopsky, 2001b,¢,d; Kopsky & Litvin, 2001). For each sym-
metry descent information is also provided about the decomposition of the parent group
into left, right and double cosets of the ferroic group and about normalizers of this group
in the parent group.

This is equivalent to a complete analysis of tensor properties of domain states in
“equitranslational” phase transitions where only ferroic domains appear (“antiphase” or
“translational” domains are absent). The results are, however, also partially applicable to
non-equitranslational ferroic transitions.

To facilitate the consideration of equitranslational phase transitions, the program is
supplemented by an option which converts the lattices of subgroups of crystallographic
point groups into the lattices of equitranslational subgroups of the space groups.

This manual concludes with seven tabular appendices. Appendix A compares various
notations of point-group operations with the standard one used here. In Appendix B the
embellished Schonflies and Hermann—Mauguin symbols of oriented groups as used in the
software are specified. Isomorphisms which define ireps of groups are given in Appendix
C and certain symbols used to abbreviate polynomials are given in Appendix D. Appendix
E will be useful to those who wish to extend the results to a complete analysis of domain
states. It contains basic conversion equations from which all others can be obtained by
substitution of other symbols. A synoptic list of symmetry descents is given in Appendix
F. Finally, in Appendix G nonstandard lattice letters which prove to be useful in Hermann—
Mauguin symbols of equitranslational subgroups of the space groups are given.



A Software Guide

The following is a brief introductory guide to the software. It is followed by an explan-
ation of the basic concepts, a large fraction of which is either not yet available in group-
theoretical textbooks or is to be found under different names. The reader will hopefully
find that the unification and standardization of the nomenclature and symbolism is jus-
tified by its use. Tables are accompanied by help files which will remind the user of the
meaning of the information in each table. If in doubt, the user should return to the text
of this Manual.

Getting started! The 32 crystallographic geometric classes are the starting point of
the program. On opening the program, a panel appears with the names of the crystallo-
graphic systems under the heading “Geometric classes”. Clicking on a system displays the
geometric classes of the system in a tree form. Geometric classes are denoted by Schonflies,
Hermann-Mauguin and Shubnikov symbols. Each of the notations can be activated to
replace the current default. Shubnikov symbols are used only at this point for correlation
with older Russian literature. If you run across such a symbol in the literature, you may
start with it, change the notation and continue your search for further information.

The panel contains an originally empty right-hand part divided into an upper and
a lower section. Clicking on a geometric class produces in this part the symbols of all
specifically oriented point groups of the class which are used in the software; the upper
section contains the symbol of a group in its standard orientation. This is the orientation
of the parent point group in the tables of ferroic transitions which constitute the central
part of this program. For the majority of cases, one standard orientation is chosen; the
reasons why more than one choice is given for six geometric classes are discussed below.
Groups of the geometric class in nonstandard orientations are listed in the lower section;
these are the groups which appear as subgroups of standard parent groups.

Clicking the left button of the mouse activates the consideration of the group in its
standard orientation. A subsequent click of the right button reveals a pull-down menu
which offers various types of information. You should either hold down the right button
and release it on the desired menu item or release it while outside the menu and choose
the item with a click of the left button. The menu contains the following items:

Basic info: Displays a table with basic information about the geometric class the group
belongs to, including specification of the standard orientations.

Group elements: Displays the Group Calculator, which lists the group elements as symbols
of the keys either in standard or spectroscopic notation. The calculator performs the
calculation of products (strings) of up to ten group elements via left or right multiplication.

These two options are available for groups in standard and nonstandard orientations.
Further options are available only for groups in the standard orientation.

Correlation Stnd. /Spectro.: Displays tables which correlate the standard symbols of groups,
group elements, classes of ireps (irreducible representations) and conjugacy classes (for
non-Abelian groups) with spectroscopic symbols.

Class structure: Displays classes of conjugate elements and defines their symbols.
Class mult. table: Displays a class multiplication table.
Character table: Displays characters of irreducible representations.

Kronecker products: Displays Kronecker products of characters.



In the last four menu items it is possible to switch between standard and spectroscopic
notation. In the following menu items, the spectroscopic symbols appear only as auxiliary
reference symbols.

Ireps and standard variables:

brief: Displays the matrices of group generators for the matrix ireps of the group and
defines symbols of these ireps and the meaning of the standard variables. For groups
up to the orthorhombic system, for one-dimensional and for three-dimensional ireps, the
choice of matrix ireps and of standard variables is unique. For two-dimensional R-ireps
of groups of higher systems there are two options (cf. Standard transformations):

complex: Standard typical variables (£,,7,) are used for the complex form of two-
dimensional C-ireps which are reducible in uniaxial and tetrahedral groups.
real: Real standard typical variables (z,,y.) for equivalent R-ireps are used.

full: Displays the matrices of all group elements for the matrix ireps of the group and
defines symbols of these ireps and the meaning of the standard variables. The information
often extends over several pages. Continuation of the table here as well as in other files is
indicated by the symbols = == at the bottom of one page and (cont.N) at the top of
the next page; the last page contains (cont.N/end). One can move forward or backward
through these pages using the arrows in the upper bar of the window.

Kernels of ireps are given in both cases (brief and full). Relations between R-ireps and
C-ireps are given at the bottom of tables in both cases for point groups of higher than
orthorhombic system.

Clebsch—Gordan products: Displays Clebsch—Gordan products of covariants in terms of
the standard typical variables. For groups up to the orthorhombic system, one table of
Clebsch—Gordan products is produced. For groups of higher systems, two options are
given:

complex: in terms of variables (&4, 1),

real: in terms of variables (x4, Yq)-

Tensorial covariants: Displays tensorial covariants for tensors up to rank four.

Subgroups: | The choice of this menu item displays an interactive panel which consists

of two parts. In the upper part are displayed boxes labelled in front by R-ireps of the
group G in spectroscopic notation. Real typical variables representing vectors of the
typical carrier spaces are given inside each box. If the R-irep is one-dimensional, the
symbol of the respective typical variable is given in the box. If the R-irep is two- or
three-dimensional, scrolling through the box reveals all vectors of special symmetry and
the general vector of the space belonging to the R-irep.

The lattice of subgroups F' of a parent point group G is displayed in the panel either
in Schonflies or in Hermann—Mauguin notation. Groups are framed and sets of conjugate
subgroups are listed in frames which are stacked like a pile of sheets of paper. Consecu-
tive clicks on the pile brings the next subgroup of the set to the top. This is useful when
considering equitranslational subgroups. The pull-down menu Graph provides options for
manipulating the lattice. Each subgroup can be selected by holding down the left mouse
button and moved to another place, the new arrangement can be recorded as the new
default or reset to the original default. The lattice and the boxes serve as a menu for
displaying further information.



Direct Landau problem: Clicking on a vector in the box reveals its stabilizer - epikernel of
the R-irep; the frame with the subgroup turns into an inverse display: white letters on a
black background. This is equivalent to the solution of the direct Landau problem. Click-
ing on a second vector while keeping the ctrl button depressed leads to the intersection
of both epikernels.

Integrity bases: This option is available either under the pull-down menu View or directly
at the box when the box of an irep is activated by previous choice of any of its vectors. It
displays the extended integrity bases of the respective irreducible matrix group in terms
of the components of a general vector of the space.

Domain: Clicking on a normal subgroup H or on any of the set of conjugate subgroups F;
activates further options. The option Domain, available either under the pull-down menu
View or directly at the subgroup in the case of normal subgroups, produces a table with
complete information about tensors of the first domain in a symmetry descent G |} H or
G | F; and about the relevant interactions (integrity basis, faint interactions, electric and
elastic switching interactions). In some cases, the information is shown on several pages as
described above.
The solution of the Inverse Landau problem follows from the table.

Twinning: This option is available in the pull-down menu View for the first group of
the set of conjugate subgroups and also directly at the frame in the case of a normal
subgroup. It displays a table which contains the following information: (i) the set of
consecutive normalizers of conjugate subgroups; (ii) left, right and double coset resolutions
with respect to the first group Fj of the set; and (iii) twinning group to each double coset.

Equitranslational subgroups of space groups: | The pull-down menu Groups contains
two options: Point and Space. The second option leads to a complete description of the
lattices of equitranslational subgroups of space groups, the first option returns to the lat-
tice of point groups. In this description we use the fact that lattices of equitranslational
subgroups are isomorphic to lattices of their respective point groups.

On choosing the option Space, a new panel appears on the screen. In the right-
hand part of this panel is a box with all the Hermann—Mauguin symbols of space groups
which correspond to the original point group. If one picks up one of these symbols,
the specification of space-group type by its sequential number, by its oriented Schonflies
symbol and by setting and/or cell choice where applicable appears in the left-hand part of
the panel. At the same time, the symbols of the point groups in the lattice, whether they
are in Schonflies or in Hermann—Mauguin symbols, are replaced by Schonflies symbols of
the respective oriented space-group types.

This is not yet a complete specification of the subgroups, although it is already more
informative than the original lattices given by Ascher (1968). The parent group is, how-
ever, completely specified by the chosen Hermann—Mauguin symbol. To get the complete
specification of an individual subgroup, it is sufficient to click on the frame containing its
Schonflies symbol. The information which completely specifies the subgroup appears in
the lower bar of the panel, reserved for this information. This consists of the Hermann—
Mauguin symbol followed by an origin shift. In cases where the original conventional basis
does not coincide with the conventional basis of the subgroup, the lattice letter in the
Hermann—-Mauguin symbol is embellished and its meaning is expressed on the same line.
The reader can consult the last section of this file to familiarize themselves with the logic
of this symbolism.




Part A: Groups and their representations

Terminology and physical models: With the exception of the information about sub-
groups, where lattices of equitranslational subgroups of space groups are given in parallel
with the lattices of the point groups with which they are isomorphic, all information is
given in terms of the crystallographic point groups and tensor components. The point
groups are considered as groups acting on the three-dimensional orthogonal space V' (3);
this action also defines the action of the point groups on tensorial and polynomial spaces.

Crystals and other materials are, however, objects in the three-dimensional Euclidean
space E(3). A detailed description of crystal symmetries and their changes in structural
phase transitions should therefore be based on space groups and relations between them.
Since the tensorial properties depend only on the point group of a crystal and their changes
are also associated only with the change of this point group, a description using the space
V(3) is permissible and can be connected with two physical models:

1. The model of infinitely small crystal: This is a model which corresponds to many
experimental arrangements. The crystal can be viewed as a point P in F(3) and its sym-
metry as the site point group Gp. In this model we disregard the internal structure of
the crystal (or other material) as well as its finite size.

2. The continuum model of the crystal: In this model we consider the crystal as an
infinite homogeneous anisotropic medium which has the same properties at each of its
points. Again we disregard here the internal, discrete structure of the crystal and its
finite size. The symmetry of such a medium is a subgroup of the Euclidean group £(3)
which contains all translations and has the same site symmetry at each of its points. Such
group is a “space group” with a continuous translation subgroup for which we coin the
name point-like space group (Kopsky, 1993a,b). There are 32 crystallographic space-group
types of such groups and we denote them by symbols VG in analogy with Hermann-—
Mauguin symbols for the discrete space groups — V' stands for the lattice which coincides
with the vector space V(3), G for the point group. Thus the symbol Vm3m means the
space symmetry of any crystal of the geometric class m3m in the continuum model.

In this case we can again use the point groups when considering tensor properties,
taking into account that each point of the crystal has the same site point symmetry and
that the tensorial properties are the same at each point. The information about tensors
and their changes at structural phase transitions can again be given in terms of the point
groups and tensor components.

Both interpretations can be used as long as we are interested in only one domain state.
The second interpretation is necessary when considering domain walls or twin boundaries
where tensor properties are homogeneous in planes parallel with the boundary but exhibit
a spatial change on a path across the boundary.

Orthogonal operators and isometries: The point groups are subgroups of the full
orthogonal group O(3) which acts on the vector space V' (3). The elements of this group
are orthogonal operators on V(3) and they are expressed by orthogonal matrices of the
matrix group O(3) in any orthonormal basis (e,,e,,e.) of V(3). The choice of a point
P in the corresponding Euclidean space F(3) and this orthonormal basis complete the
choice of a Cartesian coordinate system (P;e,, ey, e,) in E(3). To each operator g € O(3)
there corresponds an isometry {g|0}p of E(3) and all such isometries constitute a group
Op(3) — this is the group of all proper and improper rotations of the space E(3) which



leave the point P invariant. To any subgroup G C O(3) there corresponds a subgroup
Gp C Op(3) and vice versa. It is therefore admissible to use the usual language in which
orthogonal operators are called by the names of corresponding rotations and we shall
follow this custom including the name “group of rotations” for the group O(3).

Geometric classes: The set of groups that are conjugate subgroups of O(3) is called
the “geometric class” (of point groups). Groups of the same geometric class differ only in
their orientation in the space. Indeed, if the group F' is expressed by certain matrices in
the basis (e, ey, e,), then its conjugate group gF ¢! is expressed by the same matrices
in the basis (ge,, gey, ge.).

Remark 1: The concept of geometric class extends to Euclidean groups; a Euclidean
group is said to belong to a certain geometric class if its point group belongs to it. Thus
we have geometric classes of space groups, layer groups, rod groups and of the site point
groups.

Group elements: To present all the information we want, it is sufficient to consider only
the subgroups of specifically oriented groups of the geometric classes Oy, and Dgj,. For the
group Oy, we choose the natural orientation where the fourfold axes are oriented along the
basis vectors (e, €, e,) of the Cartesian system. For the group Dgj,, we choose one of the
twofold axes along the vector e, and the hexagonal axis along the vector e,. Since there
is no possibility of misunderstanding, we shall use for these quite specific groups and for
some of their subgroups (see below) the same symbols as for the corresponding geometric
classes. Let us observe that the two groups in these orientations have in common exactly
the group D, for which we again use the same symbol as for the whole geometric class.

The elements of these two groups are denoted by symbols which shall be further re-
ferred to as the Standard notation. The principle of this notation is quite commonly used
in the literature and it also coincides with the principle on which the recent proposal of a
nomenclature in higher dimensions (Janssen et al., 1999) is based. Rotations about axes
of angles 7, 27/3, 7/2, /3 in a counterclockwise direction are denoted by numbers 2, 3, 4
and 6 with subscripts indicating a positive direction of the axis according to the following
correspondence:

Orientations in the cubic group

]

T Y z Ty xry Yz Y ZT 2T p q T S

[100] | [010] | [001] | [110] | [T10] | [011] | [0T1] | [101] | [10T] | [111] | [TT1] | [11T] | [T1T

Orientations in the hexagonal group

/ " / "

T T x Y Y Y z
[100] | jo10] | [T10] | [120] | 2T0] | [1T0] | [001]

The use of subscripts is also specified in Fig. 1. Mirrors are denoted by a common
symbol m with a subscript of the twofold axis orthogonal to them. An overbar on the
numbers 3, 4 and 6 means the rotoinversion, i.e. the combination of the rotation with
space inversion; the subscript again denotes the positive direction of the axis. The cor-
relation of this notation with other selected notations used in the literature is given in
Appendix A where the relation between powers of the elements is also given. Note that
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Figure 1a. Symbols for the symmetry axes of the cubic group

Figure 1b. Symbols for symmetry axes of the hexagonal group



we use the symbol e for the unit element and ¢ for the inversion (symbols 1 and 1 are not
acceptable in view of the clash with their meaning in Hermann—Mauguin symbols).

To facilitate correlation with spectroscopic literature we also use, up to a certain point
in this software, the Spectroscopic notation. The spectroscopic symbols for the elements
of the point groups are taken from the tables by Altmann & Herzig (1994) and Bradley
& Cracknell (1972). However, the spectroscopic notation is not internally compatible, so
symbols of the same operations differ in different specific groups and even the two books
do not have completely identical nomenclature. In addition, some of the symbols clash
with Schonflies symbols for the groups. The type of notation which we describe here as
the standard one is also used in the literature. From the comparative tables of notations
(Tables Al and A2 of Appendix A) one can really see the need for us introduce our own,
internally compatible standard notation. Correlation between the two notations used here
is also given in the files Correlation Stnd./Spectro.

Standard orientations: Material properties which are homogeneous but not isotropic
and experimental measurements of such properties are conveniently referred to a certain
Cartesian basis. Once such properties are specified with reference to one Cartesian basis,
it is possible to express them with reference to any other basis using appropriate linear
transformations. The symmetry group of a material implies certain “selection rules” —
some linear combinations of tensor components are forbidden or, in other words, must
identically vanish. Analogously, the form of interactions between various parameters
(“faint interactions” ) and of interactions between parameters and external fields ( “switching
interactions” ) is determined by the symmetry. The allowed form of a material tensor as well
as the expressions for tensorial and polynomial covariants (see below) depend, however,
not only on the symmetry of the material but also on the choice of the Cartesian system
and on the orientation of the symmetry group with reference to this system.

It is therefore necessary and sufficient to choose just one specifically oriented group
from each geometric class if we want to describe the allowed tensorial properties of a
material with the symmetry of any given geometric class, including the description of
symmetry descents and of relevant interactions. We introduce, however, three standard
orientations for the monoclinic geometric classes Csy,, Cy, C, three for the orthorhombic
geometric class (s, and two standard orientations for groups of geometric classes Dag,
D3, C3,, D34, and Dgp,. There are two reasons for extending the choice:

(i) Standard orientations of space groups of these geometric classes correspond to
several standard orientations of their point groups.

(ii) In systematic tensor calculus, it is suitable to consider equally all groups of the
same oriented Laue class (see below the tables of tensorial covariants).

Remark 2: To each Euclidean group there corresponds a point group of a certain ori-
entation. Hence we can classify the space, layer, rod and site point groups into oriented
geometric classes.

Nonstandard orientations: When considering structural phase transitions, which con-
stitute the main application of our information scheme, we are interested in the change of
the parent symmetry to a low phase symmetry and in the change of tensorial properties
at the transition. The parent symmetry can be always chosen as a group in the standard
orientation. The symmetry of the low phase is always a subgroup of the parent symmetry.
We must therefore also take into consideration the subgroups of chosen specific groups.
Groups in nonstandard orientations appear as subgroups of groups in standard orienta-



tions. The Schonflies and Hermann—Mauguin symbols of all specific groups which are used
in this program are given in Appendix B. The groups are divided into three rows which
correspond to subgroups of the groups Oy, Dgp, and to their common subgroups which
are all subgroups of the group Dy, = Oy, N Dgp,. The orientation of groups is indicated by
directional subscripts which are omitted in cases when misunderstanding is not expected.

Isomorphisms: Two groups G and G are said to be isomorphic if there exists a one-to-one
mapping (bijection) a : G — G sending an element g € G to an element g = a(g) € G,
called the image of g, and if this mapping sends the product of the elements into the
product of their images:

a(gh) = a(g)a(h) = gh.
From this it follows that the mapping also sends the unit element into a unit element and
a reciprocal element into the reciprocal element of its image:

ale) =& a(g”')=alg) =g"

The mapping a is called a group isomorphism.

Oriented Laue classes and isomorphisms: Among point groups we distinguish:

(i) Groups of proper rotations.
(ii) Noncentrosymmetric groups which contain improper rotations.
(iii) Centrosymmetric groups.

Groups which belong to the same geometric class are certainly isomorphic because
they are conjugate subgroups of the orthogonal group O(3). There exist 11 geometric
crystallographic classes of groups of proper rotations. In eight of these classes we choose
one group of proper rotations to be in a standard orientation and in the trigonal class Dj
we choose two groups as follows:

1. Triclinic system: C7 — 1.

Monoclinic system: C5, — 2.

Orthorhombic system: Dy —2,2,2..

Tetragonal system: Cy, — 4, and Dy, —4.2,2,,.

Trigonal system: C5 — 3, and two groups: Ds, — 3.2,, D3y — 3.2,.
Hexagonal system: Cs — 6, and Dg — 6,2,2,.

Cubic system: T — 23 and O — 432.

Each group G of proper rotations generates groups of an “oriented Laue class”. We
say that the group belongs to an oriented Laue class if it contains all proper rotations
of the group G either by themselves or in combination with the space inversion i. Apart
from the group of proper rotations G itself, the oriented Laue class always also contains
the centrosymmetric group G, = G ® I, where I ~ C; = {e,i} is the inversion group.
It is a crystallographic tradition to denote a “Laue class” of space groups by the symbol
of the centrosymmetric geometric class; accordingly we denote the oriented Laue class
(of point groups) by the symbol of the respective centrosymmetric point group Gj. By
Laue class of point groups we then understand the collection of all oriented Laue classes
characterized by centrosymmetric groups of geometric class G,.

Noas~wd

Remark 3. In theoretical relations we write I for the space inversion group instead of
C;. We also write Gy, for the centrosymmetric group to a group G of proper rotations,
although G}, = Cs; and D3y for G = C5 and Ds.
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The noncentrosymmetric groups which contain improper rotations exist if and only if
the group of proper rotations has halving subgroups H; actually each halving subgroup
defines exactly one such group in the following manner:

The group G can be expressed as G = HUgH. Replacing elements of the coset gH by
their combinations with the space inversion, we obtain the group HUigH. The inversion ¢
commutes with every proper rotation, so the group H UtgH is isomorphic with the group
of proper rotations G. We choose the isomorphisms in the most natural way: Elements
h € H are mapped onto themselves, elements igh € igH are mapped onto gh € G. The
isomorphisms used in this software are given in Appendix C.

As follows from the preceding reasoning, each Laue class of classical point groups
contains groups of two isomorphic types: those isomorphic to the group of proper rotations
and the centrosymmetric groups; there is just one centrosymmetric group in each oriented
Laue class. Apart from these isomorphisms there exist isomorphisms across Laue classes:
The group C; is isomorphic to Cs, and the group Cyy, is isomorphic to the group Ds.
These isomorphisms are of no importance in our scheme.

Remark 4. Again we can distinguish oriented Laue classes and Laue classes of space,
layer, rod and site point groups.

Order of the group: The simplest characteristic of a finite group G is the number of
its elements. This number is called the order of the group and usually denoted by |G|.
Despite its simplicity, the order of the group appears in important relations.

Classes of conjugate elements: We say that two elements g,¢g’ € G are conjugate
elements in G if an element f € G exists such that ¢ = fgf~'. Conjugation is an
operation which subdivides all elements of a group into classes because it has the three
properties required for a class:

1. Symmetry: Each element is conjugate with itself: g ~ g.

2. Reflexivity: If f is conjugate with g, then ¢ is conjugate with f and wvice versa:
g~fef~g

3. Transitivity: If f is conjugate with g and h is conjugate with f then h is conjugate
withgor: f~gandh~ f=h~yg.

If the group is Abelian, requesting the class structure results in the statement: Abelian
group: Each element constitutes its own class being displayed on the screen. In other
cases, the table describing the class structure of all groups belonging to the same oriented
Laue class is displayed. Noncentrosymmetric groups have the same class structure as the
group of proper rotations which is listed first. Classes are denoted by letters K; and the
subscript 1 is reserved for the class which contains the identity so that it is always the
case that K7 = {e}. The elements of other classes correspond to the elements of classes in
the group of proper rotations and contain the same proper rotations or their combination
with the inversion i.

The inversion ¢ commutes with all other point-group elements. Hence the number
of classes of the respective centrosymmetric group is twice the number of classes of the
group of proper rotations and a class contains either only proper rotations or only im-
proper rotations. We denote by K~ the class of those elements which are contained in
the class K; of the proper rotation group, by K the class of the same elements combined
with the inversion i. It is therefore always the case that Ki” = {e¢} and K| = {i}. It is
possible to switch between tables of class structures in terms of standard or spectroscopic
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notation of the elements and the correlation between the symbols of classes is again given
in Correlation Stnd./Spectro. files.

Class multiplication: We denote by lower-case k; the number of elements in the conju-
gacy class K;. If we take all products g;g; of group elements where g; € K; and g; € K},
we obtain a set of elements, the number of which is the product k;k; of the numbers of
elements in the two classes. An element may occur in this product set several times, in
which case all elements of the class to which it belongs appear in the set the same number
of times. This is expressed by the class multiplication formula:

| K|
Kin = Z Cij,lKla
!

where the coefficients ¢;;;, called the class multiplication coefficients, express the number
of times every element of a class K; occurs in the set K;K;. These numbers are related
to the order of the group by the evident relation

) |K| | K|
|G‘ = Z kzk’j = Zcij,lkl‘
2,5=1 ,7,1

Class multiplication is given in the form of tables analogous to the multiplication table
of the group and coincide with it in the case of Abelian groups. If the group is Abelian,
requesting class multiplication results in the statement: Abelian group: Class multiplication
table is identical with the multiplication table of elements. In the case of noncentrosymmet-
ric groups, the class multiplication table is displayed with the title Isomorphism type G,
with Schonflies and Hermann—Mauguin symbols for the group of proper rotations G. In
the case of a centrosymmetric group, the table is displayed with the title Centrosymmetric
group Gy, with Schonflies and Hermann—-Mauguin symbols for Gy,.

Subgroups

This section reviews the basic facts about subgroups needed in the theory of repre-
sentations. A more advanced consideration of lattices of subgroups and their connection
with representation spaces is given at the start of Part B.

Subgroups: A set H of elements h of G is called a subgroup of G if it is itself a group
under the same multiplication law. Each group G contains at least two subgroups:

(i) The group G itself.

(ii) The group C consisting only of the unit element e.

These subgroups are usually called the trivial subgroups. The cyclic groups of prime
order contain only these two subgroups.

Cosets and coset resolution: Let F = {e, fs,..., f,} be a subgroup of G, consisting of
p = |F| elements f;. We shall always list the unit element first, because it is contained in
any subgroup; the unit element therefore always corresponds to the suppressed subscript 1;
1.e. fi = e. Let us now choose an element g of G and construct two sets by multiplication
of the elements of F' by g either from the left or from the right: gF = {g,9f2,...,9f,}
and Fg = {g, f29,-.., fpg}. If g € F then gF = Fg = F. The elements in each such set
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are distinct and their number is therefore p = |F| = the order of the group F. The set
gF is called a left coset of F'in GG, the set Fg is called a right coset of F' in G.

We now compare two left cosets g;F' and g;F to show that they are either disjoint
or identical. If g;f = g; f, where f,f € F is an element which the two cosets have in
common, then g; = gjff_l belongs to g;F because ff~t = fi is an element of F. Hence
every element g;f.,, m = 1,2,...,p is also an element g;fif, of g;F because ff, is
certainly in F'. On the other hand, each element g, f,, of g;F" is an element g, f, Lt of
g;F because g; = g f;, L= gif f' and fo ' fm is certainly an element of F. Analogously,
we can prove that right cosets Fg; and Fg; are either disjoint or identical.

Corollary: (i) It is possible to express the group G as a union of left cosets of its
subgroup F":

G=FUgFU...UgF.

This expression is called the left coset resolution of G with respect to its subgroup F' or
the decomposition of the group G into the left cosets of its subgroup F.
(i) Tt is possible to express the group G as a union of right cosets of its subgroup F:

G=FUFgyU...UFg,

This expression is called the right coset resolution of G with respect to its subgroup F or
the decomposition of the group G into the right cosets of its subgroup F.

(iii) Lagrange theorem: The number ¢ of left cosets of a subgroup is equal to the number
of right cosets and it is a divisor of the order of the group G.

This number is denoted by ¢ = [G : F] and is called the index of the subgroup F' in the
group G. Since p = |F| is also the number of elements in each coset, the product pg = |G|
equals the order of the group G.

The elements g; or g; in a particular left or right coset resolution are called the coset
representatives. Any element of either the left or right coset can be chosen as its repre-
sentative. If a sequence of elements {e, fo, ..., f,} in the subgroup F' is chosen, then the
change of the choice of a representative of a coset changes the sequence of the elements
in the coset.

It is important to realize that the representatives of left cosets are generally different
from the representatives of right cosets. However, it is always possible to choose the right
coset representatives as the inverses g/ = g; ' of the left coset representatives. The set of
elements inverse to elements of a left coset g;F is identical with a right coset Fg; ' and
vice versa: the set of elements inverse to elements of a right coset Fg; is identical with
the left coset g; p.

Double cosets: The set of all distinct elements of the form figf;, where fi, f; € F and g
is an element of G, is called the double coset of F' in G and denoted by FgF'. The element
g, called the double coset representative, belongs to F'gF' and the double coset does not
change if g is replaced by another of its elements, so any element may be chosen as a
representative.

The set of elements (FgF)™! = Fg~'F contains all elements inverse to the elements
of a double coset FgF. It is itself a double coset with representative ¢g=! and it is called
the inverse double coset to FgF.

A double coset FgF' is called ambivalent if it is identical with its own inverse. This
means that the coset contains with each element also its inverse. It is, however, suffi-
cient that the double coset contains an inverse to one of its elements in order that it be
ambivalent.
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If a double coset does not contain an inverse to one of its elements, then it cannot
contain an inverse to any of its elements. The intersection of the double coset with its

inverse is then empty:
FgF N (FgF)™' =0

and the double coset is called polar. Polar double cosets exist in pairs FigF and Fg 'F
which are called complementary double cosets.

A double coset FgF consists of whole left cosets as well as of whole right cosets.
Indeed, if we take f; = e, we get gF" C FgF', while if we take f; = e, we get Fg C FgF.

If a left coset gF' is identical with the right coset F'g, then it also coincides with the
double coset F'gF'. Such cosets will be distinguished as simple double cosets while double
cosets consisting of several left cosets and hence of the same number of right cosets will
be called multiple double cosets.

If elements of the subgroup F' are arranged in a certain sequence F' = {e, fo,..., fp},
then the choice of a representative element g determines the sequences of elements gF =
{9,9f2 .., 9f}, Fg =14, f2g,..., fpg} in the left as well as in the right coset. These
sequences are not necessarily identical even if gF' = F'g. However, the choice of the rep-
resentative g does not determine the sequence of elements in the multiple double coset
FgF. The number of products of the form f;gf; is p?, but not all of them are distinct.

Conjugate subgroups: Again we consider a subgroup F of G. We choose an element
g € G and construct the set of elements gFg™' = {e,gfog™", ..., 9f,97"}. This set is
also a subgroup of the group G, isomorphic to the group F'. Indeed, we define a mapping
0y F— gFg~': fi — ¢,(f;) = gfig~'. This mapping is an isomorphism, because

eo(fif)) =9fifig™" = afig " 9fi97" = @qs(fi)es(f;)-

1'is called a conjugate subgroup to the subgroup F.

The group gFg~

Normal subgroups: If a subgroup H of the group G has the property that gHg™' = H
for any element g € G, then the subgroup H is called a normal subgroup of G (an older
logical name is the self-conjugate subgroup).

A normal subgroup H of the group G has the property that the left and right coset
resolutions of G with respect to its subgroup H are identical. In other words, each left
coset gH contains the same elements as the right coset Hg. Indeed, for an element
gh € gH we find an element ghg~' = h € H and it is gh = hg. In the case of cosets of a
normal subgroup we do not need to distinguish the left and right cosets; we still have to
distinguish the left and right representatives; while the cosets ¢;H and Hg; contain the
same elements of GG, they generally appear in a different order.

Cosets of a normal subgroup have another important property: If we take an arbitrary
element g;h; € ¢;H and an arbitrary element g;jhs € g;H, then the product g;hig;hs
always belongs to the same coset gpH, where g, can be chosen as g, = gig;. In-
deed, if g;, g; and hence also g are fixed, then an arbitrary choice of the two elements
means that hi, hy € H are arbitrary. However, hig; = gﬁzl where h; € H and hence
gihigjhe = gingNzlhg = gkﬁth. Since lNlth € H, we have proved that the product of any
elements from two cosets g;H and g;H always lies in the coset gy H, where g;g; is one of
the possible representatives g.

Factor groups: From the preceding, it follows that the set of cosets v; = ¢;H = Hg; can
be itself considered as a group with the multiplication law defined as follows: ~;7v; = v if
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9i9; = gr Where g; € Vi, g; € 7V, g € k- The group of cosets with this multiplication law
is called the factor group of the group G with respect to its normal subgroup H and is
denoted by G/H. The subgroup H plays the role of the unit element ¢ = H in the factor

group.

Normalizers: Again, let G be a group and F' a subgroup of G. The set of all elements
g € G, for which gF¢g~! = F, constitutes a subgroup of G, called the first normalizer of I’

in G and denoted by N4’ (F). This normalizer is the largest subgroup of G in which F

is normal. Hence all double cosets of F' in the decomposition of Ng )(F ) are the simple
double cosets. Vice wversa, the collection of all simple double cosets of F' in the coset
resolution of G constitutes the first normalizer Ng)(F ).

If N (F) = G, then the subgroup F is normal in G. If N§'(F) = F, the subgroup
F is called a self-normalizer (in G). If F ¢ NY)(F) C G, so that F is neither normal

nor a self-normalizer, then we consider the normalizer of the group Ng)(F ) in G. The

resulting group is denoted by Ng)(F ) and is called the second normalizer of F'in G. It is
again either N (F) = G, so that N§(F) is normal in G, or N2 (F) = NS (F), so that
the first normalizer N5 (F) is a self normalizer, or F C NS (F) ¢ N (F) € G. In the
latter case we consider again the next normalizer.

Continuing the procedure, we get a set of consecutive normalizers, which are important
in considering the fine structure of domain states (Kopsky, 1982, 1983). If the subgroup
is of finite index, the chain of consecutive normalizers is finite. The following statements
hold for finite groups:

1. A maximal subgroup of the group G is always normal or it is a self-normalizer.
2. The set of consecutive normalizers terminates either with the group G itself or with
a self-normalizer.

In the case of subgroups of the crystallographic point groups only the following cases
oceur:

(i) F = H is a normal subgroup.

(ii) Ng)(F) = H is a normal subgroup of G. The group F' = F} belongs to the set of
conjugate subgroups F; of which H is a common normalizer.

(iii) F = Fy is a self-normalizer. The groups F; then constitute a set of conjugate
self-normalizers.

(iv) The first normalizer N((;l)(F ) is a self-normalizer.

(v) The second normalizer N5’ (F) is a self-normalizer.

Homomorphism: A mapping a : G — G of a group G into a group G which sends
the element g € G to an element § = a(g) € G, called the image of g, is called a group
homomorphism if this mapping sends the product of elements into the product of their
images: N

a(gh) = a(g)a(h) = gh.
An isomorphism is therefore a particular case of a homomorphism; a homomorphism is

an isomorphism if it is a one-to-one mapping. Note also that a homomorphism is defined
as a mapping into a group G.
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Kernels and images: Those elements of the group G that are mapped by the homo-
morphism a onto the unit element € of G form a subgroup H of the group G called the
kernel of the homomorphism a, written as H = Ker a. This subgroup is normal in G and
elements of each coset g;H are mapped by the homomorphism a onto the same element
% = a(g;H). The set of these elements forms a group H = {€,7s, ...,7,} called the image
of the homomorphism a and denoted by H = Im a. This group is isomorphic to the factor
group G/H.

Note that we distinguished the elements of the image and of the factor group only by
a tilde to emphasize the isomorphism of G/H and H. Technically, the factor group G/H
is the group of cosets of a normal subgroup while the image of a homomorphism may
have different meanings. It is also important to see that every homomorphism defines a
normal subgroup — its kernel — and hence a factor group. On the other hand, each normal
subgroup defines a certain homomorphism — the natural homomorphism onto the factor
group. Any other homomorphism is obtained as an isomorphism of a specific group with
this factor group.

Representations

Introduction. Quite generally, the term representation is used for various homomor-
phisms of the group G into some general groups of specific mathematical objects. The
most useful, in physical applications, are representations of groups by linear operators
where elements of the group act on linear spaces (or modules) and by permutations where
elements of the group act on a (finite) set. The choice of the basis of the linear space or
the choice of numerical labels of the elements of the set then leads to representations of
the group by matrices.

Representations by linear operators: There exist many types of linear spaces (or modules)
and, accordingly, many types of representations. If V' is such a space and GV the general
group of linear operators acting on this space, then a representation of the group G by
operators on V is a homomorphism U : G — GV which maps each element g € G onto
an operator U(g) € GV. This homomorphism has a certain kernel H = Ker U which is
defined as the group of all those elements of G for which U(g) = I — the unit element of GV'.
It has also a certain image H = Im U which consists of operators U; = U(g;H) = U(Hg;).
The kernel is a normal subgroup of G and the image is isomorphic to the factor group
G/H; a representation assigns the same operator to all elements of the coset g;H = Hg;.

Matrix representations: These are defined as homomorphisms of the group G into certain
groups of matrices. Though independent consideration of matrix groups is possible, the
actual gist of applications of representation theory lies in the connection of operator with
matrix representations. Indeed, if we choose a basis of the space V', then each operator
of GV is defined by its matrix and all these matrices form a certain matrix group GV.
Specification of a basis of V' defines an isomorphism » : GV — GV. The operator
representation U of the group G then defines its matrix representation D) : G — GV
which assigns to each element g € G that matrix D(V)(g) which the isomorphism ¥ assigns
to the operator U(g). The matrix representation is therefore the result of consecutive
application of the homomorphism U followed by isomorphism ¥ and this isomorphism
depends on the choice of the basis of V.

This approach, suitable for a general study of representation theory, is used in some
textbooks, for example, in the textbook by Lyubarskii (1960). It can be simplified by the
introduction of the concept of group action.
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The group action: We say that the group G acts on a set S if to each element g € G
and to each element s € S there is assigned an element gs € S. This is the most
general formulation, which applies to representations by linear operators as well as by
permutations. We simply bypass the symbol U(g) for an operator which represents the
element g € (G, using the symbol g itself for the operator on the space V.

A representation of a group is called faithful if it is an isomorphism. From this view-
point, each point group is its own faithful representation by operators of O(3) which act
on the ordinary vector space V(3); this is the so-called vector representation. This repre-
sentation defines the action of the point group on spaces of tensors and of polynomials,
which are our main concern. The dimension of tensorial and polynomial spaces grows
quickly with the order and as a result it would be complicated to describe the transforma-
tion properties of tensors and of polynomials. The theory of irreducible representations
facilitates the description of these properties. We shall describe below a method of “typical
carrier spaces’, and “typical bases, variables and covariants”, developed more than twenty
years ago (Kopsky, 1975, 1976a) and tailored specifically for the consideration of tensorial
properties and their changes at structural phase transitions, and for the construction of
thermodynamic potential. All representations which we need in this program are real
orthogonal representations. However, the most important theorem of the representation
theory, known as Schur’s lemma, is valid only in the field of complex numbers. The
deviations from its consequences, which appear with reference to some irreducible repre-
sentations of crystallographic point groups, have a simple standard character explained
below (cf. Standard transformations).

The vector representation: The point groups are defined as groups of real orthogonal
operators g € O(3) acting on the three-dimensional vector space V(3) = V(e,, ey, e.).
We can say that each point group is its own faithful representation, which is called the
“vector representation”. Corresponding matrices of vector representations in the Cartesian
(orthonormal) basis {e,,e,,e.} will be denoted by D)(g). For the purposes of tensor
calculus and formulae with summations we also use alternative labelling of vectors and
their components by numbers as follows:

3
X = xe; + ye, + ze, = inei,
i=1

where
r=2=T1,Y ==T2, 2 =2T3 ex:el,ey:eg,ezzeg.

The action of the point group G C O(3) on the space V(3) is defined by:

3
ge; = Z Dﬁ/) (9)e;-

j=1

If x € V(3), then the operator ¢ € O(3) sends it to a vector gx = Y5, z,9e; =
) P g g i=1Lid

) ?:1 D](-;/)(g)xiej =33, z’e;, so that the coordinates of the new vector in the

old basis are 5
7} = (9x); = > D (9)a;.
j=1

This corresponds to the convention by which operators are expressed by square matrices,
vectors by column matrices and the action of an operator g on vector x resulting in vector
x" with coordinates z; = (gx); is expressed in matrix form by
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D%i(g) D%;(g) D%;(g) T 7
D%‘l/ (9) DQ‘%)(Q) DQé)(g) y =1V
D31)(9) Di(’>2 (9) D:(a:a (9) o o

The action of the point group G C O(3) on the space V(3) also defines the action of
this group on spaces of tensors and their components, on polynomials or, more generally,
functions of a vector x € V/(3) or even on polynomials or functions of tensors expressed
in their components.

Tensor representations: The vector representation defines tensor representations as
follows: We introduce a space V"™ (3), the basis vectors of which are formally written as:

eil,iQ,min = eileiQ A o7

nt

A general element of this space is therefore

u = E Wiy Jig,...in i1 ig,..in -

Such an element is called the tensor of rank n and the space V"(3) is called the tensor
space. The action of the group G and actually also of the whole orthogonal group O(3)
on this space is defined by the action of its elements on the basis according to
u v 1% 1%
9€iyin,.in = Dj(‘lg)‘g...jn,ilz‘g...z‘n (g)ej1,jz,...jn = Dj(‘lz‘)l (Q)Dg(‘gz‘l (9) - D](nz)n (Q)ejl,jg,...jm
so that the matrices of tensor representation are expressed through matrices of vector
representation as follows:

u 1% 1% 1%
DY i (9) =D () D) (g) ... DY (g).

Apart from this, we can define an operation of the symmetric group S,, on this space as
the group of permutations of indices 1, is,...,%,. On this basis we can construct tensors
of various symmetries with reference to permutation of indices — the so-called intrinsic
symmetries. According to a general theorem, tensors of a defined intrinsic symmetry
constitute a space which is invariant under the action of the group O(3) and hence under
the point groups G C O(3). We define below some tensor spaces of lower orders with
symmetrized indices which are used in physics.

The tensor space is just another linear (orthogonalized) space on which the group O(3)
and its subgroups act. Let us denote a tensor of a certain intrinsic symmetry by A, the
space of such tensors by V(4 and its basis by {eZ(A)}iGI( 4), where 7 runs through a certain
set of indices I(A). Each index set I(A) is therefore part of the definition of the basis of
the tensor space VW with reference to which we express the tensor components. There
exist standard choices of index sets for tensors of material physics which relate the tensor
to a Cartesian coordinate system (P;e,,e,,e,) of the Euclidean space £(3) and hence to
an orthonormal (Cartesian) basis (e,,e,,e,) of vector space V(3); corresponding bases

{eZ(A)}Z-G 1(4) will be referred to as Cartesian bases of tensor spaces V4. The general tensor
of the space V) is expressed as

A= Z Aiel(-A),
1€I(A)
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where A; are the Cartesian tensor components. The action of the group O(3) and of its
subgroups G on the space V(% is given by

gA = Z AzgeA) Z AD(A

i€l(A) 1,j€I(A)

so that the transformation properties of tensor components are given by

> DiP(g)A

i€I(A)

where DZ(JA) (g) are the matrices of tensor representation in the basis {GEA)}ieI(A). The
calculation of these matrices is in fact exactly the procedure we want to avoid.

Why? Well, they are n x n matrices, where n is the dimension of V) and the
dimensions are unpleasantly high; for example n = 6 for the permittivity or deformation
tensor, n = 18 for the piezoelectric tensor and n = 21 for the elastic stiffness tensor.

How? The answer is given by the theory of irreducible representations, which shows
how to find the bases in which the action of the group is expressed in the simplest manner.

Polynomial and functional representations: In the previous section we defined tensor
spaces related to the ordinary vector space V(3); this corresponds to tensors of material
physics which are our main concern. To find the invariant form of various interactions
under the action of point groups, it is useful to develop methods for the determination of
transformation properties of polynomials and ultimately of functions of tensors. Here we
begin with a tensor space V() (n), where n now means its dimension. We denote the basis
vectors by {ej,es,...,e,}; this can be achieved by relabelling the symmetrized indices
i1,49,...,1n, in other words by defining the index set I(u) as the mapping of numbers
from 1 to n onto the set of symmetrized indices. The general tensor of the space V® (n)
is then expressed as u = Y | u;e;. The action of the elements of G C O(3) on this basis
and transformation of tensor components are expressed in the standard manner:

Z D 9)e;, (gu);=> Dgf)(g)uj.

j=1

Although these relations have formally the same form as the action of the elements g €
O(3) on the basis or on vectors of V'(3), there is a principal difference: Each transformation
of the orthonormal basis of V(3) can be interpreted as a result of an action of a certain
orthogonal operator g € O(3). Each operation g on the tensor space may be interpreted
as a transformation of this space while not every transformation can be interpreted as an
operator g on the tensor space V™ (n).

If f(u) is a function of the tensor u, we define the transformed function gf(u) = f,(u)
as that function which has the same values for a transformed tensor gu as the original
function has for the tensor u. From this we get the relation fy(gu) = f(u) or, finally,
fo(u) = f(g ).

Let us now assume that the functions we have in mind are the components of the

tensor, so that f;(u) = wu;. Then the transformed functions are f,;(u) = fi(¢g~'u).
But it is g~'u = X7, Dij(g~")uje; of which the ith component is 37, D% (g~ " )u; =

- D;i(g)u;, where Dji(g) = [D]7(9) = [D;;']'(9) denotes the matrix which is recip-
rocal and transposed to the original matrix D;;(g) — the so-called adjoint matrix.

We come therefore to a conclusion that the tensor coordinates, considered as functions

of the tensor (they are the linear functions of a tensor), transform by matrices of an adjoint
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representation to that by which the basis vectors of the tensor space transform. If the
original matrices are real orthogonal, then D*(g) = D~!(g) and hence D(g) = D(g); from
the fact that the inverse matrix to an orthogonal is equal to its transpose, it follows that
the adjoint matrix to an orthogonal is identical with it. In general physical applications
the unitary representations are used for which the inverse matrix is equal to its complex
conjugate. We shall use below complex variables only for the purposes of completeness,
because a skilled reader can also use our results for quantum-mechanical problems. For
our main purposes we can state that the transformation properties of tensor coordinates
and of tensor bases are identical.

Linear functions of a tensor u are a particular case of polynomials in components
of u. The space of all polynomials in components of u splits into subspaces Pj(u) of
homogeneous polynomials of the same order k in these components and each of these
subspaces is invariant under the action of point groups G C O(3). Finally, the linear
envelope P(u) = @, Pr(u) of all these spaces contains various spaces F(u) of functions;
of interest is the space of smooth functions of tensor u, i.e. those functions which have
all derivatives. The use of the extended integrity bases, described below, enables us to
classify even such functions as these by their transformation properties. However, in
practice we use, as a rule, only the polynomial expansion.

Explicit work with tensor and polynomial representations in their general form is very
complicated because the dimension of the matrices involved grows quickly with rank or
order. The matrices inform us about the transformation properties of tensor components
and of their functions. The theory of irreducible representations facilitates procedures
with such components and functions. It shows how to choose more suitable bases in
which the matrices have the simplest possible form. In addition, the classification of
bases by irreducible representations selects physical states belonging to the same energies.

Irreducible representations

Reducibility/lrreducibility/Decomposa bility: Now we consider the action of a group
G on a general linear space V' (n) which may be one of the tensor or polynomial spaces. We
say that the space V'(n) is reducible under the action of the group G if the space contains
a proper G-invariant subspace V' (m;), otherwise we say that the space is irreducible. We
say that the space V(n) is decomposable under the action of the group G if it splits into a
direct sum V(n) = V(my) @ V(my) of G-invariant subspaces V' (m1) and V' (my), so that
each vector x € V(n) is uniquely expressible as a sum x = x; + Xy of vectors x; € V' (my),
x5 € V(mg) and each element g € G sends a vector x; € V(mq) to a vector gx; € V(my)
and a vector xo € V(mg) to a vector gxa € V(my). If we now choose a basis of the space

V(n) in such a manner that my of its vectors {e(ll), ...,e(V} constitute a basis of V (my),
my of its vectors {e(12), ...,e} constitute a basis of V/(ms), then the matrix form of the

action of all elements g € G will be quasidiagonal:

v D)
D! )(9) = < 0 (9) D(VS)(g) )

Decomposability is a stronger property than reducibility. However, if the groups are
finite, as all crystallographic groups are, and if the subject on which the group acts is
a linear space, then reducibility implies decomposability. This is why in textbooks we
usually only find the concept of reducibility, which is handled as if it is decomposability.
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The spaces V(my), V(mz) can be themselves again reducible and we can continue the
procedure of reducing them further. Eventually we arrive at a direct sum @,V (m;)
of k G-invariant irreducible subspaces Vi = V(my), Vo = V(ma),..., Vix = V(my) of
dimensions m;, i = 1,2, ...,k with bases {egl), ce e%i}, {e?), ce e%}, {e(lk), ce egjl)c}
in which the matrices of all elements g € G will have the quasidiagonal form:

DM)(g) 0 0
(V2)
pWg=| O P 0
0 0 D) (g)

Classes of representations and characters: If a group G acts on the space V(n),
then the matrices D(V) (g) which represent the action of individual elements g € G depend
on the choice of the basis {ej,...,e,}. A transformation e = 3_% Sj;e; to another basis
{e},...,e } leads to new matrices DV)'(g) = S7'DV)(g)S. Two matrix representations
related by this similarity transformation are called “equivalent”. Matrix representations
of a group G constitute therefore “classes of equivalent representations”. To each class of
equivalent representations we assign a function on the group G by x(g) = Tr DV)(g),
where Tr means the trace of the matrix, i.e. the sum of its diagonal elements (another
symbol in use is Sp from German word Spur). This function is called the “character” of
the representation D(V)(g) and has the following properties:

1. It does not depend on the choice of the basis of V(n) and hence on the particular
matrix form of the representation because Tr D(g) = Tr S~'D(g)S.

2. Characters are functions of conjugacy classes, i.e. the elements of the same class
K; have the same character because Tr D(fgf~') = Tr D(f)D(g)D(f)~' = Tr D(g).

3. The character of the unit element e equals the dimension of the representation:
x(e) = dim V(n) = n. Indeed, the matrix D(e) contains n times number 1 on the
diagonal, so that Tr D(e) = n.

4. If the representation is reducible, then the trace of each matrix D(")(g) is the
sum of traces of the matrices which appear as blocks in the quasidiagonal form, so that

x(9) = X8 1 xi(g), where x;(g) = Tr DV,

Characters of irreducible representations: If the group G is finite, then the num-
ber of equivalence classes of irreducible representations (ireps) is finite and equals the
number of conjugacy classes in G, i.e. the number we denoted by |K|. This means that
the number of different character functions for irreducible representations is also finite.
We give them certain numerical labels o = 1,2,...,|K| and denote them by x,(g). The
label 1 is always reserved for the character x;(g) = 1 of the identity irep. Irreducible
characters have certain marvellous properties:

1. They are mutually orthogonal with respect to averaging over the group G, which

means that 1

|G

where 0,4 is the Kronecker delta, which equals 1 if o = 3, 0 if « # 3 and the asterisk
denotes complex conjugate.

> Xal9)x5(9) = bag, (2)

geG
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2. Any representation of G with a character x(g) is a direct sum of irreducible repre-
sentations. The character x(g) is the sum

K|

x(9) = Z:l naXa(9), (3)

in which n,, is the “multiplicity” (or frequency) with which an irep of the class y, appears
in the representation of the class x(g). Using formula (2) we find that the multiplicity
equals
1 *
Mo = 1o > x(9)xal9)- (4)
geG
3. Hence the irreducible subspaces V' (m;) can be classified by ireps of the group G.
We give them accordingly labels o which specify the class of irep by which the subspace
transforms and labels a = 1,2, ..., n, which label individual subspaces belonging to the
same class of ireps. The whole space is then a direct sum

K| na | K]
Vi(n) = 6_91 6_91 Voa(da) = 6_91 Va(nada), (5)

where

Va(nada) - @ Va,a(da)
a=1

is the linear envelope of all spaces which transform by the irep of the class x,. The
subspaces V,(n.d,) are mutually orthogonal, while the subspaces V,,(d,) can be chosen
as orthogonal subspaces but also as non-orthogonal subspaces. The numbers d, = x.(€)
are the dimensions of irreducible subspaces V,,(d,,).

The fundamental theorem on representations

To each class x,(G) of ireps of a specific group G we can choose one certain matrix
irep D : g — D®(g). Let us consider any space V' (n) on which the group G acts as
a group of linear operators. If this space splits into G-irreducible subspaces according to
relation (5), it is possible to choose the bases {€aa.1, - - -, €aa.d, } Of subspaces V,, in such a
manner that their vectors transform simultaneously by the same matrix irep D(®), so that

da
9€aai = Z D](?) (g)eaa,j : (A)
j=1

If there is only one space V,(d,) which transforms by an irep of the class y,, then the
space is uniquely defined and the choice of the basis {ea1, ..., €44, } Which transforms
by matrices of D® is unique up to a common factor. In other words, all bases which
transform by this irep have the form b{e,1,...,€44,} = {b€41,...,beq0a,}, Where b is a
constant factor; if bases are to be unitary orthonormal, it must be |b| = 1, i.e. b = e';
to keep the basis real orthogonal, we have only the choice b = £1. If the number of inde-
pendent subspaces V,,(d,) is a = 1,2,...,n, > 1 and their bases are {€aa.1, - - -, €aa.dy
then there exist alternative choices of subspaces Vo (d,), b = 1,2,...,n, with bases
{€ab 1., €apd,}, related to bases of subspaces Voo (dy) by

Na
€abj = Z Babeaa,j' (1)
a=1
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The counterpart of equations (A) and (i) for components x,,; of a vector x € V(n) in
the basis {€aq.1, - - -, €aad, | reads:

da
(gx)aa,i = Z Dgf)(g)xaa,j. (B>
j=1
Tab,j = Z Obal‘aa,ja (11)
a=1

where OB = BC =1 or C~! = B, B! = (. The matrices B and C have to be unitary
or orthogonal if we want to keep the bases normalized.

Equations (A), (B) and transformations (i), (ii) constitute the basic relations of the
theory of irreducible representations. The bases {€su1,--.,€a0d,} are further called
the D@ (G)-bases and the sets of variables X\ = (Zaa1, - - - Taad,) are called D (G)-
covariants. The name covariant is of classical origin (Weyl, 1946) and we use it instead
of terms like symmetry-adapted basis or form-invariant basis which can be found in the
literature. If the irep is one-dimensional, the matrices D™ (g), g € G are identical with
characters x,(¢). In this case, a x,(G)-covariant takes the form of one variable z,,; such
covariants are also called relative invariants and if x4 (G) is the identity irep they are called
invariants. Covariants are compact mathematical entities; we can define linear combina-
tions of D(®(G)-covariants and hence also the linear independence of D™ (G)-covariants.
The advantage of D@ (G)-bases and of D(®(G)-covariants is rather obvious. Instead of
handling n x n matrices which express the action of G' on the space V'(n) we have to work
with minimal possible dimensions of irreducible subspaces which are transformed inde-
pendently. Of course, if we want to use these advantages, we must develop methods for
the calculation of D®(G)-bases and/or of D™ (G)-covariants. This will be done below
in the section Tensorial covariants for tensor spaces and in the section on the Extended
integrity bases for polynomial spaces.

The content of this section is a consequence of Schur’s lemma and it is valid only if
we consider representations in the field of complex numbers C'; we shall use the abbre-
viation C-irep or just irep. When considering tensor properties we use representations of
real spaces and accordingly we also use the decomposition of these representations into
representations which are irreducible over the real field R; sometimes they are called the
“physically irreducible representations” or abbreviated as “pireps; we shall use the abbrevi-
ation R-irep. Some R-ireps do not reduce when the field is extended to C'; to those ireps
we can apply all results of the next section; some two-dimensional R-ireps reduce into
pairs of complex conjugate C-ireps when the field is extended. The necessary amendment
of the consequences is simple and we shall handle it in one standard manner later under
the heading The standard transformations.

Remark: In spectroscopy, the consequence of the distinction between R-reducibility
and C-reducibility is known as the “Kramers degeneracy”. In its general form, the
relationship between R-ireps and C-ireps may be quite complicated. In our cases we
are handling the simplest possible situation.

Explicit irreducible representations and typical variables: For the purposes of
tabulation it is suitable to introduce rather abstract carrier spaces, bases and variables.
The idea is very old and stems from the theory of invariants where an analogous approach
is known as the symbolic method (Weitzenbock, 1923). For a given group G we introduce
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the typical carrier space V, = @Lfi'lva which contains exactly once a carrier space V,, for

each class x,(G) of ireps. In each class x,(G) we choose a certain standard matrix irep
D@(@G) of the group G. To this irep there corresponds a basis {€,.1, . . -, €a.q, } called the
typical D(®-basis and a set of variables x(*) = (24,1, ..., %a.4,), called the typical variables.
The whole set x(® is called the typical D®-covariant. The concept has been revived
together with the term covariant by the author (Kopsky, 1976a) for the purposes of suit-
able recording and handling of transformation properties of tensors and of polynomials.
The typical variables are now standardized in comparison with their original labelling; in
tables they appear as standard typical variables.

The spectroscopic and standard nomenclature of ireps:

Spectroscopic notation: Again, there does not exist a unique and generally accepted
symbolism of classes of ireps of the point groups. The most commonly used spectroscopic
notation for classes of ireps uses letters A and B for one-dimensional ireps, E for two-
dimensional ireps, and T for three-dimensional ireps [letters F', H, and I are used for the
four-, five-, and six-dimensional ireps which appear either as ireps of the icosahedral group
or as double-valued ireps of the cubic and icosahedral group; cf. Altmann & Herzig (1994)
or Bradley & Cracknell (1972)]. The letters, if used more than once, are distinguished
either by numerical subscripts or by primes and double primes.

The number of ireps of a centrosymmetric group G, = G ® I is twice the number of
ireps of the group of proper rotations G and they are distinguished by parity. To each irep
Xa(G) of G there correspond two ireps of Gj: x(Gj) of even parity and x, (G,) of odd
parity. Matrices (and accordingly also characters) of a proper rotation g and respective
improper rotation ig = gi in the group G are identical with the matrix (and character)
of g in the group G for the even-parity irep x;; for the odd-parity irep x, the matrix
(and character) of ig has the opposite sign. In spectroscopic notation, these classes of
ireps are distinguished by subscripts “g” (German “gerade” = “even”) and “u” (German
“ungerade” = “odd”).

Uniaxial groups and groups T (23) and T}, (m3) have two-dimensional real ireps which
split in the field of complex numbers into two conjugate complex one-dimensional ireps.
These one-dimensional ireps are denoted by 'E and ?E with numerical subscripts when
more than one class of such ireps exists (in the case of crystallographic groups the sub-
scripts are maximally 1 and 2) and with subscripts “g” and “u” if parity is to be distin-
guished. The respective real two-dimensional irep is then denoted by 'E @2 E.

Standard notation and standard typical variables: The spectroscopic notation is insuffi-
cient for our purposes because it specifies the classes of ireps, while we shall work with
the explicit matrix form of ireps and with their respective bases. We developed a special
notation for our purposes which is called here the standard notation. One of the advantages
of this notation is the transparency of subduction relations which correlate the typical
variables (and consequently all variables) for a group with variables for its subgroups.
The scheme actually includes all finite groups and is extremely convenient for considering
the transformation properties of tensors. First we shall describe the choice of the standard
typical variables for groups of proper rotations.

Groups of proper rotations: The standard typical variables for real one-dimensional
ireps are denoted by sans-serif letters x; with numerical subscripts ¢ = 1,2,3,4. The
index 1 is reserved for that variable which transforms by the identity irep y; so that x;
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is the typical invariant. Other variables x; are called the typical relative invariants because
the actual variables transforming in the same way are usually called relative invariants.

The proper rotation groups Dy (2,2,2,), D4, (4,2,2,,) and Ds (6,2,2,) have four one-
dimensional ireps and the labels are chosen so that the subscript 2 corresponds to an irep
with kernel Cy, (2,), Cy. (4.) and Cs (6,), respectively, while subscript 3 corresponds to
ireps with kernels Cy, (2;), Da (2,2,2,) and Ds, (3,2,), subscript 4 to ireps with kernels
Cyy (2y), D, (24424522) and Dsy (3.2,). In other words, index 2 indicates that the variable
Xy does not change sign under rotations about the principal axis, index 3 indicates that
the variable x3 does not change sign under the twofold rotations about axes conjugate
with 2, and index 4 indicates that the variable x4 does not change sign under the action
of the other set of conjugate axes. This rule is extended to noncrystallographic proper
rotation groups D,, (n,2,,2,,) with even n.

The proper rotation groups D3, (3,2;), D3, (3.2,) and O (432) have two real one-
dimensional ireps and the subscript 2 is used for the nontrivial irep. Hence x, is that
variable which does not change sign under the rotations about the principal axis and
changes sign under the rotation about auxiliary axes [in the case of group O (432) it does
not change under the elements of the subgroup 7' (23) and changes sign under the action
of elements from the coset 4,7 (4,.23)]. Again, the same holds for noncrystallographic
proper rotation groups D,, (n,2,) with odd n.

The subgroups Cy, (2,), Cy. (4.) and Cg (6,) have two one-dimensional ireps and the
nontrivial irep is assigned the subscript 3. Accordingly, the subduction from the respective
dihedral groups sends the variables x; and x5 into x;, the variables x5 and x4 into xs.

The groups D,, and C,, with n > 3 have two-dimensional real ireps. These ireps are
irreducible over the real field and for groups D,, also in the complex field. For the groups
C,, they are reducible in the complex field into a pair of conjugate complex ireps. The
variables (z1,y1) which appear in all these groups have the meaning of the components of
an ordinary vector in the zy plane. The variables (xs, y2) which appear in groups Dg and
Cs (actually, they already appear in the noncrystallographic groups D5 and C5) transform
under a rotation by an angle ¢ about the z axis like components of an ordinary vector
under a rotation by 2¢ about the z axis. Analogously, variables (x,,y,), n > 3 which
appear in noncrystallographic groups with higher order of the principal axis transform
under a rotation by an angle ¢ about the z axis like components of an ordinary vector
under a rotation by ny about the z axis. The index n of these variables has an informative
value; it is equal to the lowest-rank tensor the components of which transform like these
variables.

Two-dimensional real ireps also appear for groups T' (23) and O (432), where variables
are denoted by (z3,y3). This irep is irreducible over the complex field for the group O
(432) and reducible into a pair of conjugate complex ireps in the group 7' (23).

The reduction of two-dimensional ireps is considered below on a unified basis for all
cases in the section Standard transformations, where complex variables are introduced to
complete the scheme and the consequences of the violation of conditions for Schur’s lemma
are explained.

Three-dimensional ireps appear for groups 7' (23) and O (432), where variables are
denoted by (x1,y1, 21). These variables transform like the components of a vector in the
space V(3). To the second three-dimensional irep of the group O (432) we assign variables
(22, Yo, 22) which transform like the product xa(x1,y1,21) (see also the Clebsch—Gordan
product tables, which are very illustrative for exploring various relations between trans-
formation properties of standard typical variables).
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Noncentrosymmetric groups: The standard typical variables for a noncentrosymmetric
group H U1igH are identical to the standard variables of the respective group of proper
rotations G = HUgH. Their transformation properties are defined so that each standard
variable transforms under an element of H UigH in the same way as under the respective
element of the proper rotation group G = H U gH.

Centrosymmetric groups: A centrosymmetric group G, = G ® I = G U iG contains
all elements g € G and of the coset ig = ¢gi € iG = Gi. The number of conjugacy
classes is doubled as compared with conjugacy classes of G and the number of ireps and
of variables is also doubled. Even and odd ireps are distinguished by superscripts * and
~, respectively; these superscripts indicate the parity of the variable under the action of
the space inversion ¢; variables with the superscript © do not change sign, variables with
the superscript ~ change sign under the action of 7. Each variable ™ then transforms
in the same way under the action of both elements g € G and ig € iGG as the variable x
transforms under the element g € G, while the variable x~ transforms under an element
g € GG in the same way as x and under the action of ig € iG it transforms in the same
way as x under the action of g € G with an additional change of the sign.

Character and representation tables: Character tables represent historically an
important tool for considering selection rules. Thus, in tensor calculus, it is possible
to calculate quickly the number of linearly independent components of a tensor which
belong to a particular irreducible representation. The number of those which belong to the
identity representation is then the number of nonvanishing independent tensor parameters
— invariants. Character tables are therefore also provided, although the program enables
us to find more explicit results — instead of getting the numbers of tensorial components
we can find an exact form of tensor components which transform like the typical variables
(see the tables of tensorial covariants). To specify transformation properties of typical
variables we have to specify the matrices of the group elements by which they transform.

Character tables are provided in the Standard and Spectroscopic notations, which are
compared in the files Correlation Std./Spectro. As a standard notation of one-dimensional
real characters we use the letter x;, i = 1,2, 3,4 with the same subscript as that of the
respective variables x;. Characters of two- and three-dimensional ireps are denoted by
upper-case &;, © = 1,2,3 and characters of pairs of complex conjugate one-dimensional
ireps are denoted by x;. and x}., ¢ = 1,2,3. For centrosymmetric groups we add the
superscripts T and .

In the case of Abelian groups, the elements are also given either in the spectroscopic
or standard notation; otherwise the characters are given as functions of conjugacy classes
for which we use the same symbols in both cases.

Tables of explicit representations are given in an abbreviated form, where only the
matrices of the group generators are presented, and in full where all distinct matrices are
given. In these tables we use only the standard form. Characters of one-dimensional ireps
coincide with transformation matrices for which we use the same symbols. For matrices of
two-dimensional ireps we use the symbols D§§’ if they are real or D(Ca ) if they are complex;
the three-dimensional ireps are given only in a real form.
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The standard transformations

The action of a rotation by ¢ around the z axis, denoted as an operator g(yp), is
expressed in the Cartesian basis (e,, e,, e.) by the equations

g(p)e, = €,.cosp + ey sin g,

g(p)e, = —e,.sinp + e,. cos g,
g(ple. = e,
to which there corresponds a matrix
cosp —sing 0
1 .
DY[g(e)] = | sing cosp 0
0 0 1

of a real vector representation Dg). These vectors transform under the action of a twofold
rotation 2, as

2,€, =€, 2,6, =—e, 2, = —e,,

which is expressed by the matrix:

1 0 0
pYe)y=]0 -1 o0
0 0 -1

We introduce standard typical vectors (e, €,y) in the z,y, plane which transform
by definition under the action of g(¢) and 2, according to equations:

g(P)eny = €ny. COSNY + €5y sin N,
g(p)eny = —€ny.sinne + ey, cosny,
2@, = €nz, 2xeny = —€ny.
To these transformations there correspond the matrices

n cosn —sinn n 1 0
D%)[g((p)] - < v 7 ) and D}(R)(Qac) - ( 0 —1 )

sinny  cosny

of a real vector representation ng).

We introduce a standard transformation to complex vectors and variables:

1 1
Cne = —(en:t - ieny)a €nn = —(e"‘” + ieny)’
V2 V2

—_

1
3 \/5( Yn)s T \/5( Yn)
The reciprocal transformation then reads:

nT T n Y n T 1 n Y
e \/_ e 3 e n € Yy \/_ e 13 e n
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1

4

Vectors are then expressed in the two bases as

Xy = Tp€pz + YnCny = fnenf + Tn€nn,
and the transformation properties of complex vectors and bases are expressed by

7

g(p)ens = eimpenﬁv g(p)en, = e “en,
2xen§ = €np, 2:tem7 = €n¢,

so that the rotations are expressed by matrices:
n einy 0 n 0 1
e A T O SR

The real pair of variables (z,, y,) is transformed to a complex pair (&,,7,) and the real
matrix irep ng) to an equivalent complex matrix irep D(g ). Both ireps are irreducible
for groups D,,, n > 3 because the twofold rotation 2, swaps the vectors e,¢, ey, as well
as the variables &,, n,.

Matrices Dg '[9()] are, however, quasidiagonal (in fact they are diagonal) and cor-
respond to a pair of one-dimensional complex conjugate ireps. Two-dimensional repre-
sentations of uniaxial groups and of groups T' (23) and T}, (m3) are therefore irreducible
over the real field, but they split into a pair of one-dimensional complex conjugate ireps
in the complex field. As a consequence, the pair of variables (z,,y,) transforms in the
same way as the pair (y,, —x,).

Kronecker products: If the basis vectors (€4.1,€42,--,€44,) Of the carrier space
V,, for an irep D®(G) are combined with the basis vectors (es1,€s2,...,€54,) of the
carrier space Vj for an irep D¥)((), we obtain a set of d,dgs basis vectors (e, g ;) of the
carrier space V,, ® V3 which is called the direct or tensor product of spaces V,, and V3. The
action of the group GG on this space is defined by the relation:

do, dp
le% B8
g(eainesi) = > > DI (9)DY) (9)(€ajuess)-

Ja=1jg=1

The matrix representation D% (@) in terms of matrices of elements g € G,

D&Y (9) =D (9)DY) (g),

(j(!jﬁ)(i(!iﬁ) Jala
is called the direct or Kronecker product of matrix representations D®(G) and D¥(G)
and denoted by D@?)(G) = D (G) @ DP)(G).

The latter space is generally reducible and spaces of the type V, appear in the reduction
with certain multiplicities ma,1,) = (1/|G]) Xyea Xal9)xs(9)x5(g). If the two spaces in

the product belong to the same irep D(®)(G), then the product space V,, ® V, splits into
the space of symmetric and antisymmetric combinations:

1
ﬁ(eaﬂ-aea,ja +€4j.€ai,) and ﬁ(ea,ia €a,je — €a,juCarin)-
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The spaces are usually denoted as [V,]? for the symmetric case and {V,}? for the
antisymmetric case and both spaces are invariant under the action of G and are generally
reducible. The multiplicities then split into the sum of multiplicities for the symmetric
and antisymmetric part: ma,aly) = Mla,aly] T M{a,aly}- Lhis theory boils down in practice
to tables of Kronecker products which are again given in the Spectroscopic and Standard
notation. Rows and columns correspond to ireps in either of the notations and at the
intersections are found direct sums of ireps into which the product of two ireps splits; if
the resulting irep corresponds to a space of antisymmetric combinations, the respective
symbol is given in braces.

These tables facilitate the calculation of selection rules and they are widely used in
spectroscopy. They can be used to calculate the numbers of independent tensor compo-
nents and hence to find how many new independent parameters appear in a tensor at a
phase transition or the numbers of components in which two domain states differ. The
tables of Clebsch—Gordan products, described in the next section, represent an explicit
counterpart of the Kronecker product tables.

Clebsch—Gordan products: The calculations underlying this program were per-
formed by the method of Clebsch—Gordan products in typical variables. The method
stems originally from the theory of quantum momentum. Irreducible representations of
the orthogonal group O(3) are labelled by the quantum number j of the total momen-
tum and the wave functions vj,, form irreducible spaces of dimension 2j + 1 with m =
—J,...,7—1,7 where m defines the projection of the momentum on a chosen axis, usually
the z axis. In a system of two particles in spherical field, the total wave function W, is
expressed as:

U= Y. (Gimagomal IM) W), m, Vigms, (iii)
mi1+mo=M
where (jimyjams|JM) are the so-called Clebsch—Gordan coefficients, also called the coef-
ficients of vector addition.

Quite analogously we can introduce Clebsch—Gordan coefficients for the multiplication
of irreducible representations of any group G. The direct product V,, ® V3 of two typical
irreducible spaces splits according to the fundamental theorem of representations into irre-
ducible subspaces V,,,, where m = 1,2,...,m.g5,) = %G‘ > geG XaXpX5- The generalized
Clebsch—Gordan formula reads:

do 93
EY =33 (aifjlyk) e e, (iv)
i=1j=1

The label m does not appear in the classical formula (iii) because multiplicities are in
this case always m(j1,j2|J) = 1. We can also rewrite the latter formula in terms of the
standard variables:

do 93
X3 =30 D (i k) ™ iy, (v)
i=1j=1
and in the case a =  we also have to distinguish the symmetrized and antisymmetrized
cases. Clebsch-Gordan coefficients («if3j|yk)™ for the crystal point groups were calcu-
lated by Koster, Dimmock, Wheeler & Statz (1963). They are important in quantum-
mechanical calculations when orthonormality of wave functions is required.
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Our aim is to find transformation properties of tensors and polynomials and we can
disregard the normalization conditions. For calculations of this type, tables of Clebsch—
Gordan products are more convenient. Without writing formulas, we define Clebsch—
Gordan products as those D)-covariants whose components are bilinear combinations
of components of a D™-covariant (a1, ..., %aq,) and a DP-covariant (z,. .., zga,)-
The number of such independent covariants is given by Kronecker products but their
calculation for the crystal point groups is relatively easy. They are collected in tables
where the heading of each table lists the typical D")-covariants and in the column headed
by such a covariant are given bilinear combinations of typical variables which transform
in the same way as the variables (z1,...,%,4,). This is actually just another way of
recording the full set of relations (v); to get the Clebsch—Gordan coefficients from tables
of Clebsch—Gordan products it is sufficient to perform the normalization.

It is necessary to realize that variables in tables are just the representatives of actual
variables. In the calculation of the tensor product of any two spaces V; and V5, we first find
the linear combinations of vector components in the two spaces which transform like the
typical variables. In this procedure, several actual covariants may appear corresponding
to some ireps. The tables give a prescription for how to form bilinear combinations of
them with the desired transformation properties. Such tables were published and their
use described a quarter of century ago (Kopsky, 1976a; 1977).

Trivial Clebsch—Gordan products xi(Za1, - - -, Tag,) and (Ta1, ..., Tad,)X1 are not ex-
plicitly written down in the tables; it is clear that they transform like (241, . .., Zaq, ). The
antisymmetric expressions like z1y; — y1x1 express formally all possible bilinear combi-
nations x( )y(b) y(a)x(lb), where a, b label various spaces and such combination vanishes
when a = b. To a product such as x3x, there naturally corresponds the product x4,x3 which
is not given in the tables. If replaced by actual variables, we have to distinguish the sym-
metric (x{'x 4+ x{*x{") and antisymmetric (x{"x{” — xf1 %) combinations which both
transform like the product x3X4. Analogous considerations hold in the case of products of
the type x.(x1, 41, 21) to which there correspond products (x1, y1, 21)Xs. Quite generally,
for a certain Clebsch—Gordan product which combines variables of two ireps of different
classes in a certain order, there exists a Clebsch—Gordan product in which the order is
reversed. If the typical variables are then replaced by actual ones, we should create the
symmetric and antisymmetric combinations.

The tables are given in terms of variables which corresponds to relation (v). Analogous
tables can be written for basis vectors. The presentation in terms of variables (compo-
nents of vectors) is more convenient for us to proceed further.

Tensorial covariants: Let us now consider a tensor space V) under the action of
the group G C O(3). According to the fundamental theorem of irreducible representa-

tions, the space splits into a direct sum V) = @‘Cfi'l Dy Vaa of linearly independent

subspaces V(1) which are irreducible under the action of G' and in which we can find bases

{egfl?l, eé‘z?Q, ceey egfl?da} which transform according to:

aaz Z D]z aa,]

If we know the character X (g) = Tr D"(g) of the tensor representation of G' on
VW the number n,, of linearly independent subspaces which transform by an irep of the
class xa(G) can be found from character theory using n, = (1/|G]) Cyeq XM (9)X5(9)-
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Finally, if n, > 1, the decomposition VI = @, VA of the G-invariant subspace V(4
enveloping all subspaces V ) which transform by ireps of the class Y, is not unique. Each

basis of the set of n, bases {eabl, eéA;))Q, Ce egg?da} created by formula (i) transforms in
the same way under G as the bases {eaa 1 eéﬁ?% cee aa da} and spans a subspace V,;, the
direct sum of which is again the space V) = @gglvcﬁ,;“ .
The tensor A € VW is expressed as
A) ‘Kl Na  da |K‘ Na  da
Z Ae ZZZAaaZeaaz ZZZAOJM abz?
i€I(A) a=1a=11i=1 a=1b=11=1

where A; are its components in the Cartesian basis {e; };c(a) while the sets Ayq; and Ay,
are its components in D@ (G)-bases {€aa.1,€002s - - -, €aady} O {€ab1,€ab2;s---;s€abd, }-
The sets Al = (Anats Aaa2s - - - Aaad,) and Aga) = (Aap1, Aab2, -5 Aabd,) are, by
their transformation properties, D® (G)-covariants. We can now justify again the use of
the term “covariant”. The linear combination of D(®)(G)-covariants is again a D (G)-
covariant and covariants themselves constitute linear spaces, so the concept of linear
independence applies to them.

Calculation of tensorial covariants: As we concluded at the end of the section Tensorial
representations, we want to avoid calculation of the matrices DZ(;-A) (g9). If, instead of that,
we find the D@ (G)-bases, we can handle the transformations of tensors in these bases in
the simplest possible manner. It is even more suitable for our purposes to find the sets of
linearly independent tensorial covariants to each point group.

The tables of tensorial covariants in this software describe the transformation proper-
ties of tensors whose symbols, intrinsic symmetries and numbers of independent compo-
nents are given in Table 1.

Table 1. Symbols of tensors up to fourth rank

Number of

Rank | Jahn symbol Physical meaning of the tensor independent

components

Tensors of material properties

€ 0 € chirality, enantiomorphism +1
= 1 \% vector, polarization 3
u; 2 (V]2 stress or deformation tensor, permittivity 6
G 2 eV? gyrotropic tensor 6
dij 3 VIV]? piezoelectricity 18
Ay | 3 eVI[V]? electro-optic tensor 18
Sij 4 [[V]?)? tensor of the elastic stiffness 21
Qi | 4 ([V]?)? elasto-optic tensor 36
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The intrinsic symmetry of physical tensors is denoted by Jahn symbols (Jahn, 1949).
A scalar does not need a symbol or it may be denoted by 1 and it always transforms
as an invariant because it is the invariant of the group O(3). A pseudoscalar is denoted
by e. A vector is denoted by V. The last column of Table 1 indicates the number
of independent components of each tensor considered. This number must be equal to
Z'Iﬁ n(A d., where n is the multiplicity with which an irep of the class x,(G) appears
in the tensor representatlon XW(G) and d,, is its dimension. Therefore n) is also the
number of independent D, (G)-covariants.

Tables of tensorial covariants have been calculated by the consecutive use of Clebsch—
Gordan products. In the first step, we determine the transformation properties of a vector,
which is represented by the polarization P = (Py, P, P3), and of a pseudoscalar €. The
heading row of each table lists the typical variables in the form of D™ (G)-covariants.
We know that the components of the deformation tensor u (or alternatively of the per-
mittivity €) transform like symmetrized bilinear combinations of a vector, i.e. u; ~ PZ,
Uy = P2, uz = P2 uy = (PoPs + P3Py, us = (P3P, + Py Ps), ug =~ (P, P, + P, P,). Hence,
if we know how P;, P, P; map onto typical variables, we can read at once from tables of
Clebsch—Gordan products how linear combinations of wy, usg, us, ug, us, ug are mapped
onto the typical variables. Next we know that the components d;; of the piezoelectric
tensor transform like the products d;; ~ Pju;, the components of the elastic stiffness
tensor transform like s;; ~ (u;u; + uju;), the components of the gyrotropic tensor like
g; = €u;, the components of the electro-optic tensor like A;; ~ ed;; and the components
of the elasto-optic tensor like Q);; ~ u;u;. The symbol ~ means here and from now on:
transforms like.

Ezample: For the group Dg (6,2,2,) we get the transformation properties as follows:
e & X, Py & x9, (P,P2) = (x1,y1). From Clebsch—-Gordan tables we further find:
U tug & PP+ P}~ 234197 mxy, uz & P~ (x9)? &xq, uy—ug & PE— P} ~ 22—y} =~ 2.
In the case of the component ug we have ug ~ PP, ~ P,P; but the D¢ )(D6) covariant
is (P? — P2, PP, + P,P,); hence the corresponding D (Dg)-covariant in components of
tensor u is (u; — ug,2ug). Finally, from the D™ (Dg)-covariant xo(y1, —1) we get the
DW(Dg)-covariant P3(P;, —P,) =~ (u4, —us). Thus we have a complete set of covariants
for the tensor u.

Let us now see the DW(Dg)-covariant (z129 + Y132, T1y2 — y122) as a product of
a DW(Dg)-covariant (Py, Py) and of a D®(Dg)-covariant (u; — ug,2ug). We get the
DW(Dg)-covariant (di; — dig + 2dag, 2dyg — da1 + daz). On the other hand, we have the
DW(Dg)-covariant x; (z1,y1) ~ (u1 +us)(Py, Pg) (d11 +da1, dog +da1). The sum of these
two covariants divided by 2 gives another DM (Dg)-covariant (dy; + dag, dag + dig) which
is listed in the table together with the D 1)(Dﬁ) covariant (dy1 + day, dag + day).

The tables of tensorial covariants presented in this software were calculated and pub-
lished more than two decades ago (Kopsky, 1979a,b). Together with tables of domain
structures (here we mean the algebraic structure of tensor characteristics assigned to
different domains) (Kopsky, 1982, 1983) they constitute a background for various calcula-
tions connected with tensor changes at ferroic phase transitions including the distinction
of domain pairs and the change of tensor properties on a path across domain walls. The
tables in the software differ from the originals by the systematic choice of symbols and
numerical labels of standard variables. While there exist several textbooks in which the
invariant form of tensors for representative group orientations are given (Voigt, 1910;
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Nye, 1957; Birss, 1964; Sirotin & Shaskolskaya, 1975), there exist, as far as we know, only
attempts to calculate tensorial bases of ireps by Callen (1968) and later by Callen, Callen
& Kalva (1970) for very low tensor rank. Janovec, Dvoidk & Petzelt (1975) found some
tensorial bases for ireps, but not always the lowest possible. The central tables of the soft-
ware, which provide information about changes of tensors up to fourth rank and for both
parities, are derived with the use of tables of tensorial covariants. In these tables appear
generally linear combinations of tensor components as parameters of the transition. It is
actually suitable to consider these components as the parameters of tensors and of their
changes in ferroic transitions as shown below in the description of a procedure (Kopsky,
2001b,¢,d) consisting of the Labelling of covariants and calculation of Conversion equations.

Opechowski's magic relations: It is also worthwhile to mention that there exist sys-
tematic relations between tensorial covariants of different parities and groups of the same
oriented Laue class. Investigation of such relations was inspired by Opechowski’s ques-
tion about the so-called "magic numbers” (Opechowski, 1975), which was rather promptly
answered by Kopsky (1976b). As an example we suggest that the reader looks up and
compares tensorial covariants for the tensors u and g. They have the same transformation
properties for groups of proper rotations. In general, g transforms as eu and € ~ x; for
proper rotation groups. For other groups of the oriented Laue class, € transforms like one
of the variables x,, x3, x4, and for centrosymmetric groups like xj. We have the same
relationship between tensors A =~ ed.

If you go through the tables of tensorial covariants, you can observe that tensorial
covariants of tensors of even parity with respect to space inversion i, which here are the
tensors u, A, s and Q, are identical for all groups of the oriented Laue class, and for
a centrosymmetric group they acquire the superscript *. On the other hand, tensors of
odd parity with respect to space inversion ¢ transform in the same manner as the respec-
tive tensors of even parity under the group of proper rotations, while for the remaining
groups of the oriented Laue class the blocks of relative tensorial invariants exchange places
and tensorial covariants are transformed according to rules that can be found from the
Clebsch—Gordan tables. The basic rules were explained in the second paper on tensorial
covariants (Kopsky, 1979b) and later rediscovered by Grimmer (1991) in a less general
form.

The relations which exist between tensorial covariants of tensors of the same intrinsic
symmetries but different parities with respect to the space inversion ¢, time inversion €
and combined space-time inversion ¢ = i¢/ = €’i under the action of magnetic groups of
the same oriented Laue class deserve special attention in view of their prominence in a
systematic approach. They are strongly connected with our choice of standard typical
variables and it is our belief that they should be proliferated as a textbook material in
tensor calculus. A complete scheme of their use under the name “Opechowski's magic
relations” has been prepared for publication.

Labelling of covariants and Conversion equations: Any tensor A € V) can be expressed
as

K| n$Y d,
A= 3 A =3 3> A (G)ell(G),
i€I(A) a=1 a=1 j=1

where the first expression depends only on the choice of the index set I(A), while the
second expression depends on the group G, on the choice of its ireps and even on the

33



possible choice of bases {eaa (G), el (G),..., el (G)}.

aa,2 aa,dq
The latter bases are hnear combinations of Cartesian bases

el (@)=Y O (Gel”

aa,j i;0a,] 7
i€I(A)
and there exist relations which convert these bases back to Cartesian ones,

|K| na(A) do

Z Z ZBaajZ aa,](G)v

a=1 a=1 j=1

where C’Z e j(G) and Béa ;(G) are elements of n) x n mutually reciprocal matrices

(n™) = dim VW), so that OB = BC = I, or explicitly:

K| n$Y de,

Z Z Z zaa,j Béﬁ?g k(G) - 5119 and Z Baa,z,j (G>C](,Aﬁ)b,k(G> = aﬁ(sabgﬁf'

a=1a=1 j=1 JEI(A)

Applying transformations to tensor components instead of to tensorial bases, we obtain
the relations

‘K| N do
Aaas(G) = 30 BuahalG)A; and A= 373" 3 Cial(G)Aany(G).
1€I(A) a=1la=1j=1

The pairs of these relations are given in Appendix E, where the first relations are listed
as the Labelling of covariants, the second as the Conversion equations. The relations are
given for groups of proper rotations and for tensors that are invariant under the space
inversion ¢ starting from the tetragonal groups. They are not necessary for groups up to
orthorhombic because ireps of these groups are one-dimensional and covariants (relative
invariants) to these ireps for groups in standard orientations are identical with Cartesian
components.

The first set of these relations simply assigns certain symbols to covariant tensor
components as they are given in tables of tensorial covariants. The rules for the labelling
of covariants are very simple. For each tensor we use the same letter as for the Cartesian
components. Relative invariants are denoted by sans serif fonts with the same index as the
respective typical variable. If there is more than one relative invariant to a given irep, a
second index is used to distinguish these invariants. Covariants are denoted by a boldface
letter with a superscript in parentheses indicating the label of the irep, and a subscript
labelling individual covariants. Their components contain the irep label followed by a
letter z, y or z indicating the component.

Example 1: We consider the group 6,2,2, (Dg) and the electro-optic tensor A. There
is only one invariant denoted by A;, three ys-covariants Agj, Ag 2, Ag s, one xs-covariant

A3z, and one yy-covariant A;. Then there are four Dg)—covariants Ail) = (Aiz1, A1y1),

Al = (A1z2, A1y 2), Agl) = (A1z3, A1y3), Al = (A1z.4, A1ya), and two Dg)—covariants
A(12) = (AQx,la A2y,1)7 A§2) = (AQ:U,Qy A2y,2)-

It is important to realize that the number of independent covariant components is the
same as the number of independent Cartesian tensor components. The invariant com-
ponents are suitable tensor parameters for describing a tensor allowed by the symmetry
6.2,2,, while covariant components are suitable tensor parameters for considering the
change of tensor properties at a transition with parent group 6,2,2,, as we show below.
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Example 2: We shall now illustrate briefly how the labelling of covariants and hence
also the conversion equations can be extended to other tensors of the same intrinsic
symmetry and to other groups of the same oriented Laue class. The piezoelectric tensor
d has the same transformation properties under the group 6.2,2, as the electro-optic
tensor A. The labelling of covariants and the conversion equations for this tensor are
therefore obtained if we replace all letters A by letter d, using the same font types and
the same indices and superscripts.

Let us now consider the group 6,m,m, (Cg,). Comparing tensorial covariants we see
that they contain the same linear combinations as in the previous case; the only thing
which changes is the labelling of these combinations. Thus we have now three invariants
di1 = d31 + d3o, di2 = di5 + dy, di3 = d33, one xp-covariant dy = di4 — das, one xs-
covariant dz = dog — do1 — 2d16, and one yy4-covariant dy = dy; — dy2 — 2dsg. In the case of
Dg%a)—covariants we have to replace dqog,; by doy: and dayi by —dag.i-

Ezxample 3: We shall illustrate the calculation of tensor forms with use of the conversion
equations. The linear combination d; = dy4 — dss of the components of the piezoelectric
tensor is invariant under the action of the group 6.2,2,. We find that a first component
of one of the two D(z)(Dﬁ)—covariants is dgy 0 = d14 + dos. We have at once the conversion
equations which involve the components di4 and das:

diy = %(dl +dyy2) and dos = %(_dl + dog2).
All other Cartesian components are expressed as linear combinations of covariant com-
ponents which belong to non-identity ireps. In the equilibrium state of symmetry 6.2,2,),
all these covariant components as well as the dy, 2 vanish. The invariant d; is the sole
nonvanishing independent component and there are two Cartesian components which are
expressed through it as

1
dig = —dzs = §d1-

Hence an invariant d; can be interpreted as an independent parameter which defines
the form of the piezoelectric tensor for the symmetry 6.2,2,.

We consider now the same tensor under the symmetry group 6,m,m,. There are three
independent invariants: dy 1 = d3; +ds2, di 2 = di5+da4, and dj 3 = d33; the third coincides
with a Cartesian component. The Cartesian components which occur in the first two also
occur in covariant components: ds,1 = ds2 — d31 and doy 9 = dog — dy5. From this we
obtain the conversion equations:

1 1
d31 = §(d1’1 — d2;v,1) and d32 == §(d1,1 + d?x,l)a

1 1
d15 = §(d172 — d2x,2) and d24 = §(d1,2 + d2$72)'

Setting the covariant components to zero, we have the nonvanishing Cartesian com-
ponents: d3; = d3y = %dm, and dis = doy = %dm and, of course, d33 = dy 3, which may
be called a trivial conversion equation.

Invariant tensor components are therefore suitable parameters for the specification of
a tensor under certain symmetry. It will be shown in Part B that covariant components
are suitable parameters for describing the changes of tensors at symmetry descents.
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Extended integrity bases: The extended integrity bases are a powerful tool for
the determination of the form of thermodynamic potentials, and for finding the “faint
interactions” and “switching interactions”. All these tasks require the knowledge of trans-
formation properties of polynomials in certain variables. We start with a space V(n)
and consider the space P(x) of polynomials p(xy, zs,...,x,) in components of a vector
x = Y1, z;e; € V(n). Such space splits into subspaces P®*)(x) of polynomials of the same
order k. Let us assume that an action of the group G is given on V' (n); this action induces
the action of G on the polynomial space and the subspaces P*) (x) remain invariant under
this action. Just like any space invariant under the action of G, these subspaces split fur-
ther into subspaces P{**)(x) which transform by ireps D (G) and whose direct sum is
the whole space P*)(x). To each of the subspaces P{*)(x) there corresponds a poly-

nomial D™ (G)-covariant p{®*(x) = | ((fl’k) (%), ... ,pflo’;]z) (x)], the components of which
span the subspace. Components of all these D(a)(G)—covariants are linearly independent
and span the whole subspace P*)(x) of homogeneous polynomials of the same order k.
The transformation properties of these polynomials are the same as those of completely
symmetrized tensors; in other words, if n = 3, then the space of the polynomials behaves
like the space [V/(3)]F.

We denote in the following by I(x) the polynomial invariants for which

GI(x) = I(x)

for every g € G, by p'®(x) the polynomial x,(G)-covariants (relative invariants) which
transform by one-dimensional irep x,(G), so that

9p' (%) = Xa(9)p' (%),

and by p@ (x) = [P\ (x), ..., pgz) (x)] the polynomial D™ (G)-covariants, the components
of which transform according to

™ (x) = > D (9)p ().

j=1

Hence the transformation properties of polynomial covariants and their components
are, by definition, again identical with the transformation properties of typical covariants
and typical variables. The whole space P(x) of polynomials splits under the action of G
into a direct sum of irreducible subspaces

P(x) = B, Do B P

and there is a one-to-one correspondence between each such decomposition and the com-
plete sets of linearly independent D™ (G)-covariants p{**) (x) = [p((fl’k) (x),..., p%i) (x)].

Calculation of polynomial invariants and covariants can again be performed consecu-
tively, with the use of Clebsch—Gordan multiplication, as in the case of tensorial covariants.
While the tensor spaces of each rank and intrinsic symmetry are of finite dimensions, the
space of all polynomials is of an infinite dimension. In practical calculations of the thermo-
dynamic potential or of faint and switching interactions we use, as a rule, the expansion
in a power series in the respective variables so that we actually also need to know the
polynomial covariants only to a certain finite order.

There exists an important difference between the calculation and recording of tensorial
and polynomial covariants. Tensors form linear spaces while polynomials form an algebra.
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Let us recall the difference: In a linear space, each linear combination of its elements also
belongs to the space. In an algebra, the product of elements and hence a polynomial in
the elements also belongs to the algebra. As a result, tensorial D(®(G)-covariants form
linear spaces and we have to find bases of linearly independent covariants of each tensor.
A linear combination of polynomial D™ (G)-covariants is again a polynomial D) (G)-
covariant, as in case of tensorial covariants. In addition, if we replace in any polynomial
P,(z1, ..., 2,) its variables z; by invariant polynomials /;(x), then the resulting polynomial
I(x) = P,[11(x),...,[,(x)] is again an invariant polynomial. Finally, a multiplication of
a polynomial D(a)(G)—covariant by a polynomial invariant results again in a polynomial
D@ (@)-covariant. Using these relations we have developed a special algorithm (Kopsky,
1975, 1979¢,d,e) to calculate so-called extended integrity bases of polynomial algebras. This
elegant and powerful mathematical result, which enables us to describe the whole polyno-
mial algebra through a finite set of polynomials, has deep historical roots. It was proved a
long time ago that a finite set of polynomial invariants exists such that any other polyno-
mial invariant can be expressed as a polynomial in these invariants (Hilbert, 1890, 1893;
Noether, 1916; Weyl, 1946). This statement is referred to as Noether’s theorem and such
sets received the name integrity bases of polynomial invariants. Such bases were actually
calculated for the point groups by Doring (1958) in the study of magnetic anisotropy. It
appears, however, that finite bases also exist for polynomial covariants; these have the
property that any polynomial D®-covariant can be expressed as a linear combination of
basic D(®-covariants with polynomial covariants as coefficients. A series of papers was
published in the 1970s (Killingbeck, 1972; McLellan, 1974; Patera & Winternitz, 1975;
Patera, Sharp & Winternitz, 1978; Kopsky, 1975, 1979¢,d,e) in which methods for the
calculation of polynomial covariants were developed and extended integrity bases actu-
ally calculated for ireps of crystallographic point groups and double crystallographic point
groups. The Montreal group of Patera, Sharp and Winternitz used the theory of Molien
series to calculate the numbers of polynomial covariants in such bases and then calculated
them by brute force. Kopsky used a special algorithm to achieve analogous results. The
main theoretical result reads:

Fundamental theorem on extended integrity bases:

Let x = (21, 9,...,2,) be a vector of an n-dimensional space V(n) on which the
action of a finite group G is defined. Let further D(®)(G) be a complete set of irreducible
matrix representations of the group G. We consider the space of polynomials on V(n).
The following statements hold:

1. There exists a finite set of polynomial invariants [;(x), 7 = 1,2,...,n, called free
(another term is numerator) invariants and a finite set of so-called transient (another term
is denominator) invariants Ji(x), k = 1,2,..., such that any polynomial invariant Z(x)
can be expressed as:

I(x) = P,[I(x),..., I,(x)] + }kj Pul1(x), ..., I (%)) Jp(x). (J)

2. For each irep D®(G) there exists a finite set of polynomial D®(G)-covariants

p@(x) = [p%(x),..., pflfj}a (x)] such that any other D(®)(G)-covariant can be expressed

| PO (x) = 3 Paalli (%), . .., I(x)]p{ (x). (K)
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The set of basic invariants is called the integrity basis of polynomial invariants on the
space V(n) under the action of the group G. The integrity basis together with sets of
basic covariants p®)(x) is called the extended integrity basis of polynomial algebra P(x)
under the action of the group G.

Notice that the number of free invariants is the same as the number of variables
(21,23, ...,x,); the number of transient invariants is connected in a rather refined man-
ner with the characters. Other names of these invariants — denominator and numerator —
are connected with the appearance of their numbers either in the numerator or denomi-
nator of Molien series.

From the relations (.J) and (K) we get relations for transformation properties of “well
behaving functions” by which we mean the functions which can be approximated by poly-
nomials.

1. A well behaving function F(x) on the space V'(n), invariant under the action of the
group G can be expressed as:

F(x) = Fo[L(x),...,[,(x)] + zk:Fk.[Il(x), ooy Tn(X)] TR (%).

2. A functional D®-covariant F(®)(x) = (Fl(a) (x),..., chj)) whose components are
well behaving functions can be expressed as:

FOx) =Y Faol 11 (x), ..., L(x)]p') (x).

Here Fo[l1(x), ..., [,(x)], Fpll1(%x), ..., [,(X)], Faull1(X),. .., [,(x)] are well behaving
functions whose arguments are the free invariants.

On the face of it, this is very general result which might prove useful in other instances.
However, in the usual models we use the power expansion in terms of X, so that the use
of the extended integrity bases is rather in the realm of basic polynomials from which
such an expansion to any degree can easily be derived. In addition, we cannot present all
spaces on which a group GG may act and it is also not necessary. For practical purposes,
it is sufficient to have the extended integrity bases only for the typical spaces V.

Extended integrity bases of irreducible matrix groups: Our final practical aim
is to give the extended integrity bases from which all interactions occurring in the theory
of phase transitions can be derived. It appears that we actually only need the extended
integrity bases of irreducible matrix groups. Let us consider the simplest example, when
the irep x,.(G) is real one-dimensional, so that the variable which belongs to it is X,.
Whatever the group G and whatever the label a, we always face the same situation:
(i) The integrity basis of invariants contains only the invariant x2. (ii) The basis of x,(G)-
covariants (relative invariants) contains only the y,(G)-covariant x,. (iii) No functions of
X, exist which will be the components of covariants belonging to any other irep of G.

Points (i) and (ii) are just another expression of the fact that all invariants are, in this
case, even functions of x,, all y,(G)-covariants are odd functions of x,. Other covariants
are not generated by functions of x,,.

We shall now consider the general case of an irep D™ (@), so that our variables are
now the components of a typical D(®(G)-covariant x( = (241, ...,Taq,). We denote
by H, C G that subgroup of G of elements h € H, for which D(a)(h) = Iy, — the d,-
dimensional unit matrix. This group is the kernel of the irep D(®)(G) and each coset in
the resolution

G=H,UgH,U...Ug,H,,
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where p = [G : H,| is the index of H, in G, contains elements g;h (h € H,) to which the
irep assigns the same matrix D (g;) = D (g;h).

The action of the group GG on the space V,, can therefore be viewed as an action of a
group H,, ~ G/H,, isomorphic with the factor group of G over H,. Each operator v; € H,
represents the identical action of the elements of the whole coset ¢g;H, on the space V.
The group H, has its own set of classes of ireps x5(H,) to which there correspond the
typical spaces V. In each of these classes we choose a certain matrix form D (H,,) which
defines the typical covariants x(?) = (wg1,...,73q,). Each of these classes defines uniquely
a class x5(G) and a specific matrix form D (G) of an irep of the group G by assigning to
each element g € G the character x5(g) = x3(7:) and matrix D@ (g) = D) (v;) of that
element v; € H, which corresponds to the coset g;H, to which g belongs. Such classes
of ireps and such specific matrix ireps of the group G are called engendered by respective
classes and by specific matrix ireps of the group H,.

Now we consider the algebra of polynomials in the variables (za1,...,%aq,). From
the consideration above we see that the extended integrity basis of this algebra depends
only on the matrix group D™ (H,). Indeed, we consider the space V,, under the action
of the group H, to get the integrity basis of invariants I;(x(®)), Ji,(x(®)) and the bases of
covariants p{@ (x(®)), where D¥(H,,) are matrix ireps of the group H,. Each invariant of
this group is at the same time an invariant of the group G and each D®(H,)-covariant
is at the same time a D (G)- covariant where D?)(G) is an irep of G engendered by the
irep D (H,) of H,. This relationship between ireps of a group and those of its factor
group has another important consequence formulated as the representation generating
theorem (Burnside, 1955).

Representation generating theorem: The ireps of the class x,(H,) are faithful and the
representation generating theorem asserts that a faithful representation (not necessarily
irreducible) generates all other representations wvia polynomials. In other words, to each
irep DW(H,,) there exists a polynomial D(®)(H,,)-covariant p(s) (x(®) in variables of the
D@ (H,)-covariant X = (241, ..., Taa,)-

For the group G this implies that to each irep D (G) engendered by an irep D (H,,)
there exists a polynomial D'¥)(G)-covariant p(g) (x(®)) in variables of the D(®(G)-covariant
x@ = (241, . T4, ). The physical significance of representation generating theorem
(Kopsky, 1979f) will be discussed below in connection with “faint interactions” and “switch-
ing of domain states” by external fields in the theory of structural phase transitions.

Here we shall give two examples of its consequences. In the history of magnetic mater-
ials the concept of a “cubic ferromagnet” appears. However, a cubic ferromagnet can-
not exist because the existence of magnetization in a sample contradicts cubic symmetry.
According to the representation generating theorem there must exist an interaction (mag-
netostriction) which distorts the cubic symmetry. Since the magnitude of this interaction
is usually small, such a distortion was found later by more precise measurements.

In the early stages of the investigation of ferroic phase transitions, the question arose
whether to each irep of a point group a tensorial basis (covariant) exists. Again, the
answer is yes, because vector representation of each point group is faithful. This can be
easily extended to magnetic point groups as well.
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Part B: Ferroic and equitranslational phase transitions

We consider structural phase transitions in a Landau sense, i.e. those which are
accompanied by a symmetry descent. Such a structural phase transition is called “fer-
roic” if it is accompanied by a change of the point symmetry of the material. The results of
tensor analysis also apply to the cases of order—disorder transitions accompanied by sym-
metry descent. Every equitranslational phase transition is ferroic; non-ferroic transitions
are always associated with a symmetry descent in which the unit cell of the low-symmetry
phase contains several original unit cells.

It is well known that the point symmetry restricts the form of tensors which express
material properties. These restrictions can be expressed in two ways:

(i) Nonvanishing Cartesian tensor components can be specified. If they are not inde-
pendent, then relations between them must be also given.

(ii) The tensor components can be expressed in terms of independent parameters.
Such parameters are the invariants of the tensor and they are generally expressed as
linear combinations of Cartesian components. Vice versa, the Cartesian components are
then expressed as linear combinations of these parameters.

Each ferroic phase transition is characterized by an onset of new tensor parameters
which are forbidden by the symmetry of the parent phase but allowed in the ferroic phase.
These parameters are again generally linear combinations of Cartesian tensor components
which transform under the parent group in a certain well defined manner. In other words,
they can be interpreted as covariant tensor components related to certain suitable choices
of ireps. Such are those choices when a covariant tensor component with reference to the
parent symmetry turns into an invariant with reference to the ferroic symmetry. These
components are considered here as tensor parameters of the ferroic transition and of the
domain states arising in such a transition. The tables of symmetry descents within the
classical point groups provide information about tensor parameters for tensors up to fourth
rank and this information can be transferred to the Cartesian form of tensors in different
domain states with the use of “Conversion equations”.

The physical background of the origin of structural phase transitions lies in instabili-
ties of certain modes of motion and analysis in terms of the Landau model requires mode
analysis with a subsequent consideration of the Landau potential. In the case of non-
equitranslational transitions, the “soft mode” transforms by a certain irep of the parent
space group which is associated with a nontrivial wavevector k. Equitranslational transi-
tions are associated with “homogeneous” instabilities, associated with wavevector k = 0.
All ireps of the parent space group which correspond to homogenous modes engender
ireps of the respective point group.

Strictly speaking, an equitranslational structural phase transition, considered as a
transition without any change of the translational symmetry, is actually a theoretical
fiction. In fact, the structures of a crystal above and below the phase transition line are
not rigid structures; at least the lattice parameters and parameters of Wyckoff positions
(when positions with free parameters are occupied) change continuously with variations
of temperature and of hydrostatic pressure above as well as below the transition line in
the phase diagram. Accordingly, the space symmetries change continuously within the
regions of the same phase. What remains invariant within this region is the structure
type and the respective space-group type.

At the transition point we encounter a change of the structure type as well as of the
type of the space-group symmetry. If the transition is continuous, small deviations from
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the high-symmetry structure type develop with small deviations of the external conditions
from the transition line into the region of the low-symmetry phase.

The central point of this software contains information about changes of tensor prop-
erties of crystals at ferroic phase transitions and about the form of relevant interactions.
This information is contained in tables with headings Symmetry descent G' |} H or Symme-
try descent G |} Iy, ..., F), where G is the parent point symmetry, H the ferroic symmetry
if it is a normal subgroup, and F, ... F}, is the set of conjugate ferroic symmetries. Access
to these tables is through the choice of the item Subgroups. On choosing this item, a
lattice of subgroups of the point group GG under consideration appears on the screen.

Lattices of subgroups

Lattices: In this context, the term lattice means a special type of a partially ordered
set, the general properties of which are described in detail by Birkhoff (1948). Lattices
of subgroups are considered in the textbook by Hall (1959); their importance in the
theory of structural phase transitions was realized by Ascher (1968), who prepared the
first lattices of equitranslational subgroups of space groups. Lattices of subgroups of the
point groups are considered in this context by Kopsky (1982). One should realize that
between subgroups of a given group there exist inclusion relations, so that we can say
that a certain group F' is larger than another group K in the sense that F' contains K
written as K C F'. However, such a relation does not generally exist between any pair of
subgroups of a given group. The set of subgroups is therefore suitably presented in the
form of a special graph, in which the original group is on the top, connected by lines with
its maximal subgroups which, in their turn, are connected by lines with their maximal
subgroups and so on until we come to the trivial subgroup C at the bottom. Subgroups
of the same index in the original group and hence of the same order are presented on
the same level and each subgroup is connected by lines downwards to all its maximal
subgroups and by lines upwards to all its minimal supergroups. From such a presentation
we see all the chains of consecutive subgroups. More than that, from the lattice we can
also find unions F'V K and intersections ' A K of any pair F' and K of subgroups. Thus
the lattice is certainly more informative than a simple list of subgroups.

Note: Let us recall that the union of groups 'V K does not mean the set-theoretical
union of their elements, which is usually not a group at all. The union of groups F'
and K contains all products of the elements of both groups and it is also the minimal
group which contains both groups F' and K. On the other hand, the intersection F' A K
of groups I and K is the maximal group contained in both F' and K and it coincides
with the set-theoretical intersection F' N K. The symbols V (vee) and A (wedge) are
used quite generally in lattice theory for the least upper bound and greatest lower bound,
which coincide with our definitions of group-theoretical union and intersection. Although
lattices are formally presented in the form of graphs in the sense defined by graph theory
(Ore, 1972), only a few concepts of this theory are used.

The lattices are prepared in a certain default form but the user can rearrange each
lattice into another form either for one-time use or to make it their own default. In
the original arrangement, we collect the sets of conjugate subgroups into blocks. Each
subgroup is framed and the blocks of conjugate subgroups look like a stack of sheets of

paper.

The lattices serve as a menu for calling up informative tables about phase transitions
from the original group to any of its subgroups. Before we describe these tables, we
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would like to introduce a few group-theoretical concepts which will prove useful later. In
this treatment we follow the concepts developed a long time ago in the booklet on fine
structure of domain states (Kopsky, 1982) and in three subsequent papers (Kopsky, 1983).

Dual lattices: If we take a certain lattice and invert it so that the bottom goes to the
top and wvice versa, we obtain a lattice that is called dual to the original one. In the dual
lattice, all inclusion relations are reversed and unions interchange with intersections. In
other words, if we invert the lattice and denote all elements by tilde, then from F' C K,
M =FANK, N=FVK follows K C FF, M = FV K, N=FAK. This, rather
abstract, algebraic relation has a certain interesting and useful bearing on the theory of
phase transitions as shown below.

Stability spaces: Anticipating the use of group-theoretical concepts for the descrip-
tion of the structural phase transitions, we first explain the relationship between lattices of
subgroups and carrier spaces of ireps of the original group. Let us consider a tensor space
VA It contains subspaces VA (G) and VA (F) of tensors which are invariant under
the groups G' and F', respectively. Such spaces are called the stability spaces of groups G
and F. The subspace V4 (G) is described by tensorial invariants of the group G, while
the complementary subspace is defined by components of tensorial D%)(G)—covariants.
In considering the symmetry descent GG || F', we have to find those covariant components
which became invariant under the group F. Though in general there may exist no such
components for a given tensor A, there always exist tensors for which such covariant com-
ponents exist and hence the stability space V(4 (F) always contains the stability space
V(@) and, for some tensors, this subspace is a proper subspace. The approach via
typical variables and typical carrier space enables the use of the systematic approach.

The typical carrier space V, = @®,V,, of the original group G (referred to in the tables
as the Parent group) is a direct sum of the carrier spaces V,, of R-irreducible spaces with
bases {€41,€4.2;--.,€a4d,}- All invariants of the group G are represented by a single
vector e; or by a single variable x;.

Let us now consider a subgroup F' of the group G which is potentially the symmetry of
a certain ferroic state. To this subgroup there corresponds a subspace V,(F) = ©,V,(F)
of the typical space V, which contains all those vectors of V, which are invariant under
the action of the subgroup F. This space is called the typical stability space of the sub-
group F', while individual V,,(F') are the typical stability spaces of F' in the carrier spaces
V,, of individual ireps. Expressing the stability spaces in terms of standard variables,
we obtain the set of invariants of the group F' expressed as linear combinations of these
variables. Comparing them with tensorial covariants we obtain immediately those linear
combinations of tensor components which onset at the phase transition from the parent
group G to the ferroic subgroup F. More than that, we can also identify the ireps of the
parent group G to which the onsetting parameters belong. Here we simply use the fact
that subspaces Va((f)(G) behave under the action of the group G like copies of the typical
spaces V,,(G).

Duality theorem: It is worth mentioning that the typical stability spaces V,(F)
form a lattice which is dual to the lattice of subgroups. This is the content of the duality
theorem, which we give without proof. In other words, if F' C K, then V,(K) C V,(F),
so the typical stability space grows as we go down the lattice of subgroups. Let us point
out that the typical stability spaces V,(F') are the stability spaces of subgroups F' in the
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typical carrier space V, of the parent group G and that this is the least space for which
the stability spaces V,(F') form a lattice dual to the lattice of the parent group G. The
stability space V,(G) of the group G itself in its typical carrier space is the one-dimensional
space V; which contains only the products x;e; of an invariant typical vector e; with an
invariant typical variable x;, while the stability space of the trivial subgroup C is the
whole typical carrier space V, of the group G.

The physical content of this statement is clear — a subgroup always allows some tensor
properties which its supergroup does not allow, because every typical variable is repre-
sented by components of some tensors (in fact, tensors up to fourth rank cover all cases).
Thus, the typical stability spaces provide information about newly onsetting tensorial
properties.

The dimensions of stability spaces have an interesting property. It is well known that

> do =Gl

or, in words, that the sum of squares of dimensions of ireps is equal to the order of the
group. This statement is sometimes referred to as the Burnside theorem. Let us now
denote by s,(F') the dimension of the stability space V,(F'). This number is one of the
subduction coefficients — it says how many times an irep of the class y,(G) subduces the
identity irep of the subgroup F. Then the following relation holds

S s5a(F)dy =[G : F,

which we call the generalized Burnside theorem. In particular, if F' = H is a normal sub-
group, then s,(H) = d, for those ireps of G which are engendered by ireps of the factor
group H = G/H and s, = 0 otherwise. The latter relation results in [G : H], which is
identical with the order of the factor group |H|.

Stabilizers and orbits: Let us consider now the action of a group G on a set S.
The elements of S are called points and denoted by S. The action of GG assigns to each
element ¢ € G and to each point S € S a point ¢S. Let us pick up a certain point S.
Some elements f € GG may leave the point S invariant, so that fS = S. It is easy to show
that all elements of G which leave the point invariant must constitute a group, which is
called the stabilizer of the point S under the action of G.

We denote this group by F} and the point by S;. Performing coset resolution

G:FlquFlu...ngFl,

we can see that all elements of the coset ¢;F; send the point S; to the same point S; =
9iF1S1 = ¢;S1. The set of points S; is called the orbit. If we pick any point S; of the orbit
and apply an element of the group G to it, we obtain another point of the orbit. Indeed,
95: = 99:S1 = 9;S1 = S;.

The stabilizer of a point S; is a group F; = ¢;F1g; ' conjugate to the group Fy. We

consider now the first normalizer Ng) (F) of the subgroup F} in G. From coset resolutions

G = NS (F)ULNS (F)U.. Ut N (F)

and
Névl)(Fl) = F1 U SQFl Uu...u SrFl

we obtain
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G = F1U82F1U...STF1U
tgFl U thgFl U.. .thrFlu

thl thSQFl U.. ‘thrFl-

Changing the indexing of points, starting with S; — S;; through to S;; = ¢;5;5:1, we
find that the orbit splits into ¢ subsets labelled by indices from the set ¢« = 1,2,..., ¢ and
each of these subsets contains r points S;; with fixed index ¢ and j = 1,2,...,7. The
points with the same i have the same stabilizer F; = ¢;Fyg; . The numbers ¢ and r are

indices of subgroups: ¢ = [G : Ng)(Fl)], r= [Ng)(Fl) Kl and p=qr =[G : F].

Permutation representation: The set S therefore splits under the action of the
group G into disjoint sets, called orbits. The action of the elements g € G is transitive on
each orbit; transitivity means that every element of the orbit is obtained when elements
of the group G act on any chosen element of the orbit. Elements of the group G are
therefore permuting points of the orbit thus defining a permutation representation of the
group G. The kernel of this representation is the group H = core F; = N/, F;, which is
a normal subgroup of G.

Linear orbits and strata: If the set S on which the group G acts is a linear space
V(n), then the elements are vectors x € V(n). If Fj is a stabilizer of a vector x;; € V(n)
then, using the same coset resolution as in the case of the set S, we obtain an orbit of
vectors X;; = t;5;%11 for which we use the name linear orbit. Since linear spaces are sets
of some special properties, we can expect that linear orbits also have some properties
characteristic for the linear action of the group G. Indeed, if vector x;; generates an
orbit of vectors x;;, then every vector axi;, a # 0, generates an orbit of vectors ax;;.
From this we can get the wrong impression that vectors with the same stabilizer F; form
linear spaces. This, however, is not true, as we can see already by considering the trivial
vector x = 0 which belongs to every linear space and generates an orbit with one vector —
itself. Also, if linearly independent vectors x and y have the same stabilizer F}, then the
stabilizer of their linear combination ax + by certainly contains F) but is not necessarily
identical with it.

This means that while all vectors of the stability space V(F}) are by definition in-
variant under the group Fi, the group Fj is not necessarily the stabilizer of an arbitrary
vector from V/(Fy). The set of all vectors of V(n) which have F; as a stabilizer will be
called here the stratum of F} in V(n). The stratum of F; in a certain space V(n) can
be empty. If it is not, then we find it as follows: We consider the stability space V (F}).
This is never empty, it contains at least the trivial vector x = 0. If the stability space
is nontrivial, it is at least of dimension 1. The stratum is then the set of all vectors of
V(Fy) with the exception of the trivial vector. If the stability space is of higher dimen-
sion, it may contain subspaces, which are stability spaces of supergroups of Fi. To get
the stratum, we have to take all these stability spaces out of the space V(F}). Since these
subspaces are of lower dimensions than V' (F}), the stratum of Fy in V(F}) is always a
dense subset of V(F;). We shall use the more customary expression that vector x is a
general vector of the stability space V(F}), as is more usual in the literature. Indeed, the
vectors that do not belong to the stratum can be considered as vectors of special symmetry.

Remark: The original definition of stratum as used, e.g. in the book by Tolédano &

Dmitriev (1996), is the union of all strata as defined here for the set of conjugate sub-
groups and it coincides with our concept of strata for a normal subgroup. If it is necessary
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to use both concepts, we suggest using a capital S in the symbol for the original stratum.

Kernels and epikernels: Let us now replace the set S by a typical carrier space V.
If the corresponding R-irep X,(G) is one-dimensional, Ker x,(G) = H,, then the space
V., contains only two types of orbits:

(i) The trivial vector x(*) = 0, whose stabilizer under the action of G is the group G
itself.

(ii) If x(®) = x,e(®, then the stabilizer of this vector is the halving subgroup H,.
From coset resolution G = H, U go H, we obtain the second vector of the orbit, which is
Gox(@ = —x(@),

Notice that the set of all vectors with stabilizer H, is the whole space V,, with the
exception of the trivial vector. This set is the stratum of H,,.

If the dimension of the R-irep is at least two, we have to analyse the structure of the
space V,, as follows:
(i) The stabilizer of the trivial vector x(® = 0 is again the group G itself.

(ii) The stabilizer of any other vector x(® is at least the group H, = Ker D?(G).
The index of H, is now higher than two and we find the orbit in the usual manner. If
every vector of the space has this group for its stabilizer, then we take the trivial vector
out and get the stratum of H,. The stratum of the group G always consists of the trivial
vector with the exception of the space V; of invariants. This and the trivial space are the
only spaces which are at the same time strata.

(iii) There may, however, exist vectors of the space V,, the stabilizers of which are

greater than H,. Let us assume that such a vector x§“’ exists. The stabilizer of this

vector is called an “epikernel” of the R-irep Dg%a)(G) and we denote it by F,;. This group
cannot be normal in G because normal subgroups leave invariant either all vectors or only
the trivial vector in each of the spaces V. Epikernels therefore appear as sets of conjugate
subgroups.

The stability space V,(F,1) is of the dimension s,(Fy1) < do. If s4(F,1) > 1, which
may happen only if d, > 2, there may exist vectors of V,,(Fy1), the stabilizer of which is
greater than F,;. The dimension of the stability space of this stabilizer is smaller than
Sa(Fa1).

The structure of the space V, can therefore be described as follows: A general vector
of this space has the stabilizer H, = Ker x,(G). All vectors with exactly this stabilizer
form the stratum of the group H,. This will be obtained if the trivial vector and vectors
of stability spaces of epikernels are excluded from the space V.

Epikernels appear as sets of conjugate subgroups CE?), where the superscript u labels

different sets of conjugate subgroups and the index ¢ labels subgroups of the set. Inter-

sections core F() = ), FS;L) = H, of all conjugate epikernels always result in the kernel.

5{) is a subgroup of another epikernel Fc(ff), then the stability space
Vo(F

()} is a subspace of the stability space Va(FS{)). The stratum of each epikernel is
therefore obtained by excluding from its stability space the trivial vector and stability

spaces of all epikernels which are subgroups of this epikernel.

If one epikernel

The lattice of normal subgroups: The intersection and union of normal subgroups are
again normal subgroups. From this it follows that normal subgroups form a sublattice
Ly (G) of the whole lattice £(G). Among normal subgroups we distinguish those which
are kernels of ireps. Hence we have a set of normal subgroups H, which can be labelled
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by the same labels as the ireps. One normal subgroup can be simultaneously the kernel of
more than one irep. These kernels have the property that they generate the whole lattice
Ly (G) by intersections. In other words, each normal subgroup is either a kernel of one
or of more ireps, or it is some intersection of such kernels. In the second case, the kernel
may be generally obtained in several ways as the intersection of kernels of ireps.

The whole lattice: Epikernels play the same role with reference to the whole lattice
as kernels do with reference to the lattice of normal subgroups. Namely, every subgroup
is either an epikernel of some irep or an intersection of epikernels. In this statement,
the word epikernel also includes kernel, which is a special case of an epikernel. Let us
also mention without proof that an intersection of epikernels of the same irep x,(G) is
again an epikernel of this irep. Hence, if a subgroup is not an epikernel, it must be an
intersection of epikernels belonging to different ireps.

If the subgroup is an intersection of kernels or epikernels of ireps, it is suitable when
considering phase transitions to consider all such possible intersections which have the
property that all kernels or epikernels in this intersection are necessary to get the desired
subgroup. In other words, if some group can be excluded from the intersection with-
out changing it, then this group should be excluded. We shall say that the intersection
Fy =N, Fa1 is a true intersection if omission of any of F,,; results in a supergroup of F.

Remark: We consider it appropriate to make the following remark of historical and
terminological character. The term epikernel was introduced by Ascher (1977) [see also
Kobayashi & Ascher (1977)] in connection with his study of the direct and inverse Landau
problem. Unfortunately, the terms little group or isotropy group crept into the literature
instead of it. In our opinion, this is taking jargon too far. A little linguistic analysis seems
not out of place here. The older terms little group or isotropy group are now frequently
replaced by the term stabilizer. The term was introduced in connection with the group
action on any set. The stabilizer of a point of the set is then that subgroup which contains
all those elements of the group which leave the point invariant. In this sense, an epikernel
of an irep D%)(G) is a stabilizer (little group or isotropy group) of a certain wvector of the
carrier space V,, under the action of the group G (it is in no way the stabilizer of its irep).
In addition, the term little group (isotropy group) of an irep has its own meaning in the
theory of representations of space groups, which is a quite different story.

The fine structure of a typical linear orbit: We shall consider now again the
typical stability space V,(F}) of a subgroup Fj of the group G. This space is a direct sum
of the stability spaces V,(F}) of the group F} in individual typical carrier spaces V. We

denote by F,; the stabilizer of a general vector xﬁ‘f’ € V,(F}). The stability space V,,(F})
is identical with the stability space V,(F,1) and all stabilizers F,; contain the group F.
We perform the coset resolution

G=FuUgFuU...Ug9F,
and the more detailed
G = N (Far) U NG (Far) U .. U NG (Fun)

and
Né'l)(Fal) = Fal U S(Qa)Fal U...u ng)Fala

which combine into
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G = Fal U Sga)Fal U. (a)FoAU
#$ L, Ut (a)F U.. ts@ F,U

to obtain the orbit of vector X%Of € Va(Fal) = V,(F}). This orbit contains p, = ¢ara

vectors XZ(-JO-l) = tga)sga)xgcf) € V.(F,;) and splits into ¢, subsets labelled by indices from

theset i = 1,2,...,q,, and each of these subsets contains r, vectors xz(?) with fixed index
1 and index j =1,2,...,7,. The vectors with the same ¢ have the same stabilizer F,; =
gi(a)Falg(a)fl. The numbers ¢, and r, are indices of subgroups: ¢, = [G : N((;l)(Fal)],

7

= NS (Fa1) : Far] and pa = qara = |G : Fal.

A vector x;; of the typical stability space V,(F}) of the subgroup F; generates an
orbit of p = qr vectors X;; = t;s;x11 with stabilizers F;, where p = [G : F}] = ¢r, where
=[G : NY(F)] and r = [NS)(Fy) : Fi]. This vector splits into components x\$ in

the typlcal 1rreducible subspaces V,,. Each of these components has its own stabilizer

Fy1 2 Fi. Vectors x;; = t;5;x11 of the orbit also split into components x . While all

vectors x;; of the typical orbit are distinct, the components XZ(]) are also dlstlnct only if

F,, = Fi;. Notice that this means that these components are distinct only if Fj is an
epikernel of the irep DE%O‘)(G). On the other hand, if F,; D F, the number p, of distinct
components is a divisor of the total number p of vectors of the orbit; itis p : po, = [Fo1 @ Fi].

If we label the components x;; (c) by the original labels ij, then certain groups of these
labels denote the same component To label them uniquely, we use the coset resolutions
associated with the stabilizer F,,; which results in a certain unique labelling xz( i Each
label i,7j, then corresponds to k, = p : p, labels 75. The set of vectors

(o) (8)
will be called the typical linear orbit and its representation in terms of components in
irreducible typical subspaces will be referred to as the fine structure of the typical linear
orbit. Tables of these structures (under the less precise name fine domain structures) were
published a long time ago (Kopsky, 1982).

Examples: We shall illustrate these theoretical results using, as an example of a parent
group, the point group 4,/m.mymy, (Dap.). In Table B1 are listed all subgroups of this
group and for each of the subgroups its typical stability space in terms of nonvanishing
typical variables is given. If such a vector is framed, then the corresponding subgroup is
an epikernel (or kernel) of that irep to which the covariant belongs.

In Table B2 are shown the fine structures of typical orbits for a few symmetry descents
from the same parent group and some cases of descents from other parent groups. The
descent Dg | Cj5 is exomorphic (c¢f. the section following these examples) with the descent
Dy, | Cy, and the descent Dy, |} (Coy, Cyy) with the descent Dayp, | (Cong, Cony). The
advantage of typical variables is clear if we recall that tables of tensorial covariants assign
to each of these variables all covariant tensor components up to fourth order (and if
extension to higher orders is necessary, we know how to do this).
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Table B1: Epikernels and stability spaces
for the group Dap., — 4, /m.mymy,

+
C14hz 4z/mz X9
+
Doy, MMy M X3

+
D2hz Mg Mgy, Xy

D4z 4z2$2xy XI

C4vz 4zmxmxy X;

DQdZ Z,22:t7na:y XS_

/D\de szxzaxy XZ

C12hz 22/mz Xéi_v XZ—Si—v XI

C4z 42 Xéi_v S X2—

D2 2$2y2z X;,ra X1, X?:

D\QZ 2$§2xy22 le_a X1, XZ

S4z Zz Xéra X?ja XZ

021}7; mxmy2z X57 X;’)ru XZI

62112 mxﬂmnyZ X;7 X?:7 ler

Ca. 2, X3, X3, X4, X5 Xa 5 X3, Xg
C2hac 2x/mfc Xg_ (xii_7 0)

Cth 2y/my XZJ{ (07 xf)

C2hacy Qxy/macy le_ (xii_v xii_)

Conag 245/ May Xy (x;r’ —l’f)

¢ 1 X3, %3, xi | (@, y)
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O?vac meymz Xg_ (x1_7 0)

Cva m:tomz Xg_ (07 .]71_)

OQvacy mxﬂzxymz ler (‘rl y Ly )

OQvacy 2x§mxymz le_ (x1_7 _l‘l_)

Csz my X5r7 X;:a ler (33'1 7y;)

0238 238 XQ—S‘F7 X1, XZ; (ZET,O) (‘/El—?O)

O2y 2y XQ—S‘F7 Xl_u XZ; (07 l‘i—) (07 l‘l_)

Comy  2uy i, xi, xq (o, a7) (a7, 7)
CQ:ty 2:ty lera XI? XZ (x;ra _x;r> (xfa —.CEI)
Cow My X3, %, % (#],0) (0,27)

Coy My g, %3, Xy (0,2]) (21,0)

Osacy Mgy Xj{? X2_7 XZ; (‘rii_v l‘i—) (l‘l_v _‘/El—)
Osacﬂ Myy Xj{? X2_7 XZ; (ZET,—I'l) (l‘l_ﬂrl_)
Cl 1 Xéra Xi;ra lera Xfa X;, X?ja XZ (xirayfr> (xfay;)

Table B2: Examples

of the fine structure of typical orbits

Symmetry descent: Dy, | Doy,
D4hz

Doy,

Dy, 4,.Dsp
X3 —X3

Symmetry descent: Dyj,. || Cy.

D4hz 042
O4hz X;
D4z Xl_
04112 X2_

iCﬁlz 21042 me4z

X3 X3 —xg
—X1 X1 —X1
—Xg Xy X
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Symmetry descent: Dy, | (Copg, Cony)

First normalizer Np,, (Conz) = Np,,.(Cany) = Dap = normal subgroup

D 4hz

Doy,
Cth

OQh:v

Cth

Jr
X3

(1, 0)

42D2h
2z02h:v 4202h:v 4;102ha:
C2hy
xg —x3
(—.TIF,O) (Oaxir) (07 _x;r)

Symmetry descent: Dy, || Cs.

Csz 42052 2,3057; 4;10573
X3 X3 X3 X3
X3 —X3 X3 —X3
Xi —X1 Xi —X1
2:vosz 2acyc(sz 2stz 23@052
Cn- X3 —X3 X5 —X3
Dy, X3 —x3 X3 —X3
Doy, —Xy X = X
Symmetry descent: Dyj. || (Coz, Cay)
First normalizer Np,, (C2;) = Np,,.(Csy) = Do, = normal subgroup
Dgh 4zD2h
CQx ZC2x 2202x mzCZx 42021 4zc2x 4;102x 4;102x
ng 029
X3 X3 X3 x§ X3 —x3 —x3 —x3
Xy =Xy Xy =Xy Xy =Xy Xy =Xy
X3 —X3 X3 —X3 —X3 X3 —X3 X3
(‘rl 70) (_‘rl 70) (_‘rl 70) (‘rl 70) (Owrl) (07 _‘rl) (07 _‘rl) (071‘1)

50



Symmetry descent: Dy | (Cas, Coy)

First normalizer Np,, (Cs;) = Np,.(Cs,) = Dy = normal subgroup

D4Z D2 4Z-D2
0238 220238 42 02:1: 4;102:v
CQ:E CZy
Do X3 X3 —X3 —X3
Coyi (71,0) (=21,0) (0,21) (0,—21)

Symmetry descent Dg |} Cs

DGZ 032 27;037; 2;18032 2y03z
Cs X2 X2 —X2 —X2
Ds, X3 —X3 X3 —X3
D3y X4 —X4 —X4 X4

Symmetry descent: O |} (Dsy, D3y, D3, Ds3y)

First normalizers: No(Dsp) = Dsp, No(D3q) = Dsq, No(Ds,) = D3y, No(D3s) = D35 = self-normalizers

@ D3, 2, D3y 2, D3y 2y D3y
D3p D3q D3r D3S
Ds;  (z1,21,21) (=21, —21,21)  (21,—21,—21) (—21,21,—21)

Symmetry descent: Oy, | (Dy., Dy, Dyy)

First normalizers: No, (Danz) = Danz, No, (Danz) = Dane, No, (Dany) = Dany = self-normalizers

Oh D4hz 3pD4h,z 3;,2)D4z

Duns Dy Dy

. 5 55

Dy, 1Dy, 3pD4z 3pD4z 3;,2)D4z 3;,11)4.2

D4z D4gc D4y
0 X7 —X7 X7 X7 X7 —x7

Dy Duy (af.0) (2f.0) (-arf.bef) (-arf.baf) (—axf.—baf) (-axf,—bef)

Dy (23,0) (—z3,0) (—az3z,bzy) (ax;,—bzry) (—azxs,—bx;) (azs,bzs)

o1



Exomorphlc symmetry descents: Let us consider two symmetry descents: G 4 F
and G [} F 1. First we construct the intersections H = core F; =, F; and H = core F =
N; F;, which are normal subgroups of G and G, respectively.

If the factor groups G/H and G / H are 1som0rphlc then there exist homomorphlsms
o and o, with kernels Ker ¢ = H, Ker ¢ = H which map the groups G and G onto the
same group H = o(G) = &(G). If these homomorphisms also map the groups Fy and Fy
onto the same subgroup F; = o(F}) = 5(]51), then we say that the symmetry descents
(group—subgroup relations) G |} F} and G || F; are exomorphic or of the same exomorphic
type.

Diagram of exomorphic relations

F1\ 5 > I, = ﬁ’l
H p :Cl= = H

The exomorphism of symmetry descents has powerful consequences:

(i) There exists a one-to-one mapping of ireps a «— & of G and G engendered by ireps
of the factor group H. There also exists a one-to-one mapping of cosets ¢;Fy «—— §;F;
such that elements of these cosets act in the same way on spaces of engendered ireps.
Indeed, both cosets act in the same way as the element ~; of the factor group H.

(ii) From this it follows that the stability spaces, strata and typical orbits have identical
structures.

(iii) In addition, all polynomials in variables which belong to engendered ireps have
the same transformation properties under the action of elements of corresponding cosets.

The concept was introduced by Kopsky (1978) for equitranslational phase transitions.
In this context, we can say that the consideration of two exomorphic transitions is based
on the same algebraic relations. In view of this, the classification of symmetry descents
into exomorphic types facilitates systematic investigation. Thus in terms of crystallo-
graphic point groups we find 44 exomorphic types. Among them we find 28 cases where
the subgroup is an epikernel of some irep, and in five cases out of these the subgroup is
simultaneously an epikernel of two ireps. Extending the investigation to magnetic crystal-
lographic point groups, we find another 25 exomorphic types, none of which corresponds
to an epikernel.

The number of distinct descents within classical crystallographic point groups is 212,
within magnetic crystallographic point groups it goes up to 1599. In terms of equitrans-
lational symmetry descents between ordinary or magnetic space groups this number will
go up into the thousands.
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Domain states in structural phase transitions

The abstract picture outlined above is applicable to structural phase transitions with
symmetry descent, the phenomenological theory of which stems from the work of Landau
(1937). The role of parameters which transform by R-ireps was already recognized in this
work; Landau calls them “races of functions”. The basic idea of the Landau theory is well
known. A physical system of symmetry G, called the parent symmetry, allows only such
states the parameters of which are invariants of G. These are represented in the abstract
picture for point groups by x; or x{. Deviations from such states are described by param-
eters which transform by non-identity R-ireps of the group G. In the abstract picture
these are described by typical variables, to which, in models of real situations, correspond
some real physical parameters. The typical linear orbits describe, in an abstract manner,
the set of domain states; these are those states of the low symmetry which are equivalent
with reference to the parent symmetry (Janovec, 1972). The models of structural phase
transitions can be developed on different levels of approximation; to describe them we
need a few concepts which are not yet commonly used.

Space and subperiodic groups: It is well known that symmetries of crystals are
described by space groups. There exist 230 types of such groups, which are described
in Vol. A of International Tables for Crystallography (2002). It is useful to extend the
concept of space groups as well as the concept of crystallographic groups in a manner which
will be described below. All groups we shall consider are groups of “isometries” ( “Fuclidean
motions” is another term in which we should, however, consider mirror reflections as
motions as well). We denote isometries by Seitz symbols {g|t}p, where P is an origin of
Euclidean space F(3), t € V/(3) is the translation of this space, g € O(3) is an orthogonal
operator on V(3) and O(3) is the orthogonal group. Any point of X € F(3) can be
expressed as X = P+x, where x € V(3) and the action of isometry on points is expressed
by:

{glt}pX ={glt}p(P+x) =P+ gx+t.

We shall now introduce a symbol
g = {G7 TG7 P7 uG}7

for the group of isometries {g|t}p. This set is a group of isometries if the following
conditions are satisfied: elements g constitute a point group G, Ty is a G-invariant group
of translations t, and ug(g) : G — V/(3) is a function which assigns to each element g a
vector ug(g) and which satisfies the following conditions:

w(g,h) = ua(g) + gug(h) — ug(gh) € Te.

The function satisfying such conditions is called the system of nonprimitive translations and
the function w(g, h) is called the factor system.

A rigorous mathematical approach to the theory of Euclidean groups has been developed
in two exacting papers by Ascher & Janner (1965, 1968/69) in terms of “cohomology
groups”. The authors thank Professor Prochazka from the Mathematical Faculty of
Charles University in Prague who deciphered this algebraic theory for us. It applies
not only to space groups in their usual meaning but to all Euclidean groups. Combin-
ing algebraic background with geometrical interpretation and with the use of groups in
problems which go beyond classical crystallography, we found that a slight amendment of
the concepts of “crystallographic” and of “space groups” is desirable. These amendments
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were discussed at Commissions of IUCr and publicly proposed at the ECM 9 in Prague
(1998). We suggested the following use of terms (for details see Kopsky, 2001a):

(i) A point group G is crystallographic if it leaves a certain discrete three-dimensional
translation subgroup (crystallographic lattice) T invariant.

(ii) A Euclidean group G is crystallographic if G is crystallographic.

(iii) A group G is a space group if the translation subgroup T spans the whole space
V(3).

(iv) A group G is a layer or rod group, if the translation subgroup T spans a two-
dimensional or one-dimensional subspace of V(3) and it is a site point group if T; = {0}.

This terminology enables us to develop a rigorous approach to the theory of Landau-
type phase transitions and of the respective domain walls in the continuous approximation.
Indeed, what is the symmetry of a crystal in the continuous approximation? This is a
group G with point group G and translation subgroup Tz = V(3). In view of this,
the system of nonprimitive translations can be chosen as trivial, so that the group is
denoted by G = {G,V(3), P,ug = 0}. This group has the property that the symmetry
at each point X of the space is Gx. We suggest using the name point-like space groups
for such groups. Analogously, we define point-like layer and rod groups, for which Tz =
V(2) or V(1), respectively.

Although this terminology sounds unusual, it is more natural than that generally
adopted. The main property of crystals is not their “discreteness”. All materials are
discrete in the same sense. The main property of crystals is their three-dimensional
periodicity and its invariance under the point groups. On the other hand, what is the
most natural term for groups the translation subgroup of which is the whole space V' (3)?
We believe that “space groups” is the most appropriate. In such terminology, the usual
space groups are now the crystallographic space groups and, on the other hand, the
groups with continuous translation subgroup are crystallographic once their point group
is crystallographic. Using this terminology, we can develop the models of structural phase
transitions and of domains on different levels of approximation:

1. Microscopic (full-scale) level: In this case we consider the structure described either
by atomic positions or by density functions and the symmetries and their descents G |} F;
in terms of space groups. This consideration is always the most rigorous; it is quite
necessary in the case of non-ferroic transitions, where the point class of the symmetry
group does not change. Indeed, at the level of the continuous approximation (cf. the next
paragraph) no symmetry change will have a meaning for a non-ferroic transition. The
approach certainly also applies in the case of ferroic transitions. The “Scanning Tables”
of International Tables for Crystallography Vol. E, Subperiodic Groups (Kopsky & Litvin,
2002) are designed for use when considering domain walls at this level.

2. Continuous approximation: The material is treated as an infinite homogeneous and
anisotropic medium and its symmetry is the point-like space group. The microscopic
structure is neglected and considerations are confined only to morphic effects, i.e. to the
change of tensor properties, to the tensor distinction of domain states and to the character
of tensors across the domain wall.

This approximation can be used for considering ferroic phase transitions. We should
distinguish here two cases:

2.1. Non-equitranslational transitions: In this case we neglect all parameters associated
with those ireps of the actual space group which correspond to non-homogeneous modes
(wavevectors k # 0).

2.2. Equitranslational phase transitions: All ireps associated with the transition are
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taken into account but microscopic parameters (displacements of atoms) are ignored.

The concept of transition parameter(s) (generally plural) is of basic importance in
phase-transition theory. We should, however, distinguish between transition parameters
which appear in the Landau model and transition parameters which are described by mor-
phic effects, i.e. by the change of tensor properties. The latter are used in the continuous
model.

General case of space structures: Structural phase transitions are characterized
by symmetry descents: G | ' H or G | F;, where G is the parent space group and
the low-symmetry space group is either normal, denoted here as H, or there exists a set
of equivalent low symmetries F; which are conjugate subgroups of G. In the analysis of
domain states we first use coset resolution

G = F1U{gluc(g2)}pF1U... {gpluc(gy)}pFiU

{elts +ug(g2)}pF1 U {g2|ts +ua(g2) }pF1 U ... {gplta +ug(gy) } pF1U

{elty +ug(g2)}pF1 U {g2|ty +ua(g2)}pFiU .. {gplty +uc(gp)}rFi

of the space (parent) symmetry G = {G, T, P,ug(g)}p of the original (parent) state S
into left cosets of the subgroup Fi, which is the symmetry of one of the domain states S;.

Applying the left coset representatives {g;|t; + ug(g;)}p to the first domain state Sy
we obtain the set of equivalent low-symmetry states:

S, S, s,
Si(t2) Sa(tz) Sp(t2)
. (tq)SQ(tq) ............ ‘S;(tq)

where S;(t;) = {g|t; + ug(g:)} pS1. The total number of domain states pg =[G : H] =
|G : H][Te : Ty splits into p = [G : H| sets of orientation states, as representatives of
which we may use the states

S1,S2, ..., S,
To each set there belong ¢ = [T : Tr,] translational states
Si, Si(ta), ..., Si(t,).

Domain states S;(t;), i =1,2,...,p, 7 =1,2,..., ¢ in this consideration represent the
“same” structure in p different orientations and ¢ different locations. Mode analysis is
the tool needed to determine domain states with reference to the parent state S. Domains
are regions in space occupied by different domain states, and to analyse a “multidomain”
sample one has to take into account the geometry of the domain structure and the struc-
ture of the domain walls (interfaces). Such an analysis begins with the determination of
pairs of domain states; representatives of such pairs are in a one-to-one correspondence
with double cosets (Janovec, 1972).

Enantiomorphism: If the parent group G does not contain improper rotations (rotations
or screw rotations combined with space inversion), then there exists a mirror image S
of the original structure; the structures S and S are known as mutually enantiomorphic
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structures. The symmetry of the structure S is the group G, an enantiomorphic partner
of G if G belongs to one of the 11 pairs of enantiomorphic space-group types; otherwise
G = G. The low-symmetry groups J,; then also do not contain improper rotations and
there exists a phase transition from the structure S of symmetry G to the set of structures
S;; with symmetries F, ;.

If the parent group G contains improper rotations, then the structure S is mirror-
symmetric (some rotations combined with a mirror are its symmetry operations). If the
low-symmetry groups F,; also contain improper rotations (if one of them does, then all
of them do), then the domain states S;; are also mirror-symmetric.

If the parent group G contains improper rotations while the low-symmetry groups F, ;
do not (again, if one of them does not, then none does), then the set of domain states
S;; splits into two subsets; the domain states within each of these subsets differ only by
orientation and location, while all domain states of one of the sets are mirror images
(subject to rotation and translation) of domain states of the other set.

Geometric description of domain states. In the theory of displacive phase tran-
sitions we can describe domain states as follows. We assume that we know the original
parent structure S. Various modes of motion of this structure are classified by ireps x(G)
of the parent group G. Quite generally, the mode analysis consists of the determination
of carrier spaces V,,, belonging to these ireps, in terms of atomic displacements. As long
as the temperature and hydrostatic pressure remain in the region of the parent phase,
the displacements over the time average vanish. Only those invariants are allowed which
account for possible changes of lattice parameters and motion of atoms without leaving
their Wyckoff positions. The space-group type and the structure type do not change.

At the transition point on a (7, p) line of a phase diagram, some of the modes are
frozen so that the atoms are displaced from their original positions, which leads to the
change of the structure type and of the space-group type. If the low symmetry is the
subgroup F; of G, the frozen displacements are those which belong to stability spaces
Vaa(F1). These stability spaces are copies of the typical stability spaces V,(F;) and the
number of spaces V,,(F) is equal to the number of modes which transform by the irep

Dﬁg‘)(g). We can use the same coset resolution as for the typical orbit to obtain the orbit

of vectors
(o) (8) )

Xij:("'7xa7iaja7"'7 b,i[}j,g"“

each of which describes one of the equivalent domain states S;; of the low symmetry. Here,
equivalence means that whatever pair of domain states we choose, there exists an element
of the parent group G which sends one of them to the other (in fact, it is always the whole
coset of elements). Here, indices 4, j are related to those used in labelling the vectors of

the typical orbit.

Primary and secondary parameters: In the Landau theory we assume that one of
the modes becomes unstable at the transition line and is therefore frozen. Parameters of
this mode are usually described by letters . In our consideration this will be the com-
ponents of a certain vector Xff)l € V,,. This parameter is usually called the primary order
parameter (or primary transition parameter). Since the low symmetry Fj is the stabilizer
of this vector, all domain states differ in this parameter. In this case, the set of domain
states is called full in this parameter. The onset of this parameter is to be considered as
the cause of the symmetry descent. Since the parameter belongs to a certain irep D}?’(g),

the low-symmetry group has to be an epikernel of this irep.
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The descent of symmetry leads generally to an onset of other parameters. For the time
being we simply assume that such parameters appear because they are allowed. These
parameters are called the secondary parameters and three different types of them may
exist:

(i) If there exist other modes X((l?ll)l which belong to the same irep as the primary

parameter, they should also freeze in the low-symmetry states.

As we have seen in the consideration of the typical orbit, in general parameters x,(fl)l

belonging to other ireps should also onset. There are two possibilities:

(ii) The low-symmetry group is simultaneously an epikernel of another irep D%j’(g)

and hence it is the stabilizer of some vectors Xl(ﬁ)l.

(iii) The stability space of the low symmetry is nontrivial in the typical space Vz(F)
and hence in all spaces Vi,(F7), but the stabilizer of a general vector of such a subspace
is a group Fp; which contains F;.

The set of domain states is full in secondary parameters in cases (i) and (ii). In case
(iii), several domain states correspond to one value of the parameter. We say that the set
of domain states is partial in this parameter. The names “full” and “partial” for the set
of domain states as well as the term “faint” for coupling of secondary parameters with
the transition parameter are borrowed from the work of Aizu (1969, 1970, 1972, 1979).

Interactions: Primary parameter. In the consideration of the Landau potential we
should generally write down invariant polynomials in terms of all transition parameters.
Since the ireps which are used are orthogonal and irreducible over the field of real numbers,
the form of an invariant in every parameter x(® has the form %, 22.. In the Landau
potential we assume that the constant at this term for the primary transition parameter
x(@ is proportional to the difference (T — T,), where T, is the transition temperature.
The remaining terms have the form of polynomials which can be found in the integrity
basis of invariants.

Faint interactions: The secondary parameters x?) transform like x®, which forms an

. . d . . .
invariant Ejil x%j. This means that invariants of the form

dg

> ps5(X5)
j=1

also exist, where pg ;(x%) transform like xg;, so that they are components of a polynomial
Df)(g)—covariant in components of a D%a)(g)—covariant x%. The components of these
covariants are proportional to the forces which are exerted by primary parameter on the
secondary parameters. In continuous phase transitions, the value of primary parameter
slowly grows from zero. The forces acting on secondary parameters behave like powers
of the primary parameter and are therefore smaller the higher the degree of the lowest
polynomial ps;(x$). Aizu uses the name “faintness index” for this power and we shall
accordingly call the interactions of the primary parameter with secondary parameters the
“faint interactions”. The lowest-degree polynomials are contained in the extended integrity
bases in terms of the primary parameter. According to the representation generating
theorem, faint interactions always exist and determine the forces exerted by the primary
parameter which bring the secondary parameters to life (Kopsky 1979f).

A secondary parameter x¢ may also belong to the same irep as the primary parameter

x%. In this case, there exists an invariant of the form > ; %40,iTaq:. It is always possible
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to eliminate such invariants by a diagonalization procedure and it is also advisable to do
so. Indeed, the existence of such interactions indicates that x¢ is not an “eigenmode”. In
other words, the index of faintness should never be 1. Polynomials p, ;(x$) always exist
and the ones of lowest order couple with the primary parameter x® into faint interac-
tions Y Tae,iPa,i(X%) (cf. the example of two approaches to the ferrielectric behaviour of
ammonium sulfate below).

Remark: In application to ferroelectrics and ferroelastics, the terms proper, improper
(Dvorak, 1971, 1972; Levanyuk & Sannikov, 1970, 1974) and pseudoproper (Petzelt, Grigas
& Mayerovd, 1974) are widely used. The first means that polarization or deformation is
the primary parameter, in the second case it is the secondary parameter, the third case
applies if polarization or deformation is a secondary parameter transforming in the same
way as the primary parameter. With reference to microscopic theory, this terminology
seems to have rather historical value. Thus in the example of ammonium sulfate, polariza-
tion is neither primary nor secondary parameter. In this case, the primary parameter is a
certain linear combination of modes which carries part of the polarization, the secondary
parameter is another combination which carries the other part. At the same time, both
components transform by the same irep. Let us recall the historical experiment on gadolin-
ium molybdate (Cross, Fouskovd & Cummins, 1968) where a ferroelectric phase transition
was not accompanied by a pronounced peak in permittivity, which would be predicted
by phenomenological theory with polarization as a transition parameter. Cochran (1971)
introduced the concept of the “soft mode”, which is identical with primary order parame-
ter. This mode is not necessarily homogeneous, so it cannot be in general identified with
any macroscopic parameter.

Switching interactions: Parameters which transform by ireps of space groups which
correspond to a wavevector k = 0 also interact with external fields. These interactions
with an electric field can be expressed as invariants of the form

da
Z LaiPai (E) )
i=1

while the interactions with an external mechanical stress are expressed as

da
Z LaiPai (0) .
i=1

Remark 1: It nearly became traditional to denote the components of the primary
transition parameter by n;; this corresponds to the subscript “o” in our treatment.

Remark 2: You can find switching interactions with electric field in tables for every
parameter. The fact that an electric field can, in principle, always switch the domain
states while mechanical forces can always switch domain states associated with tensors
of even parity is again a consequence of the representation generating theorem (Kopsky,
2001¢). On the basis of this theorem combined with parity reasoning we can find analogous
laws for the switching of domain states in cases when magnetic properties are involved.

Many-parametric structural phase transitions: The consideration above assumes that the
transition parameter belongs to a certain irep of the parent group and hence that the low-
symmetry group is a kernel or epikernel of this irep. We shall say that such transitions
are single parametric, which means that they are associated with a single irep. There
exist, however, symmetry descents to subgroups which are neither kernels nor epikernels
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of ireps. On the other hand, every normal subgroup is either a kernel or an intersection
of kernels and every other subgroup is either an epikernel or an intersection of epikernels.
The low symmetry can therefore always be attained by simultaneous onset of two or more
parameters. The model of such transitions was proposed by Holakovsky (1973) under the
name triggered phase transitions. Other models are considered in Section 2.5 of the book
by Kociriski (1990) and in Section 4.4 of the book by Tolédano & Dmitriev (1996).

The direct and inverse Landau problem. There are two possible approaches to a
group-theoretical part of an analysis of feasible structural phase transitions with a certain
parent symmetry G, which were formulated by Kobayashi & Ascher (1977):

(i) The direct problem: Assuming that we know the class x,(G) of ireps to which the
primary transition parameter belongs (i.e. according to which it transforms), find possible
low-symmetry groups F,. The term epikernel was actually introduced in connection with
this formulation.

(ii) The inverse problem: Assuming that we know the low-symmetry group F, find the
ireps that are candidates for being the ireps of the primary transition parameter. In other
words, find ireps of which the group is an epikernel.

The subduction and chain subduction criteria: Under these names criteria were intro-
duced (Birman, 1966; Goldrich & Birman, 1968; Jaric, 1981, 1982, 1983) which actually
represent auxiliary procedures for determination of epikernels of ireps and hence for the
solution of the direct problem. Hatch & Stokes (1986) and Stokes & Hatch (1988), with
the use of a mainframe computer, determined epikernels (using the name “isotropy sub-
groups”) of all those ireps of the space groups which correspond to points of special
symmetry in the Brillouin zone. Thus they solved the direct Landau problem for a large
class of feasible transitions.

The Ker-core criterion: To solve the inverse Landau problem in a certain particular case,
one can use the Ker-core criterion by Ascher (1977). The use of this criterion facilitates the
solution of the inverse problem, i.e. the search for ireps to which the transition parameter
may belong including the cases when the transition is many-parametric. In application of
this criterion we find first the intersection of the set of conjugate low-symmetry groups:
core F; = U; F; = 'H, which is the normal subgroup of the parent group G, and then we
find the factor group G/H. If this group contains faithful R-ireps, then F; are epikernels
of engendered R-ireps of the original group G. If the only faithful representations of
the factor group are reducible, then groups F; are intersections of epikernels of those
R-ireps which are contained in the reducible representation of G engendered by faithful
representation of the factor group.

It is our opinion that these approaches will soon be replaced by electronic databases
and software, which will readily answer both the direct and inverse Landau problem for
structural phase transitions associated with special points of the Brillouin zone, like the
present software does for ferroic transitions. The current situation in the topic of phase
transitions is similar to early studies of crystal structures. At the time when the first
tables of space groups appeared [references to International Tables which are based on
group theory, starting with the pioneering book by Niggli (1919), are listed at the end of
bibliography|, only a few space symmetries were represented by known structures. The
number of known structural phase transitions grows [see the last report by Tomaszewski
(1992)] which justifies systematic research, especially in the case of ferroic transitions in
connection with the development of so-called “domain engineering”. The aim of such
research is not only to save the tedious work in interpretation of experimental results; its
importance also lies in setting standards by which such results may be expressed.
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Tensor calculus of domain states in ferroic phase transitions

In our consideration of ferroic phase transitions we adopt the following philosophy: “The
full investigation of a structural phase transition requires mode analysis, which may differ
from one material to another even if the symmetry groups of parent and low-symmetry
phase are identical. Changes of material properties in ferroic transitions and the rela-
tionship between these properties in different domains can, however, be investigated on
the grounds of group—subgroup relations in complete independence of specific materials.”
In other words, our analysis in this section and the results in the accompanying software
do not depend on particular microscopic models. The development of tensor calculus for
domain states is a prerequisite in a strategy for a general investigation of multidomain
materials which may play an important role in the development of “domain engineer-
ing”. As usual, such investigations supply only qualitative results and cannot predict the
magnitude of effects.

The consideration of changes of material properties in ferroic phase transitions is based
on the same scheme as the analysis of structural changes with mode coordinates replaced
by tensor components. This approach is useful because it provides important informa-
tion, but it cannot replace the mode analysis even in the case of equitranslational phase
transitions. Two important points of this analysis will now be briefly scrutinized.

Principal and secondary tensor parameters. The first point concerns the fact
that material properties cannot be considered as the order parameters in the Landau
sense, i.e. as parameters which appear in the Landau potential. Changes of these prop-
erties at ferroic transitions are described as morphic effects. Spontaneous polarization
and strain should also be considered as morphic effects, although they were and still are
considered as order parameters in proper ferroelectric and ferroelastic phase transitions.
This is, however, possible only if they are so strongly connected with modes that their use
does not lead to any confusion. In this connection we recall the case of the ferrielectric
behaviour of ammonium sulfate (Unruh, 1970). Two models were proposed to explain
this behaviour (Kopsky, 1976¢; Dvorak & Ishibashi, 1976). Two components of polariza-
tion, each connected with its own mode, were introduced in both cases. This example
is very illustrative. On symmetry grounds there is no reason to split polarization into
two components. The ferrielectric behaviour can, however, be explained in analogy with
well known ferrimagnetic models if we assume the existence of two modes, each of which
carries part of the polarization. In the model by Dvofdk & Ishibashi (1976) one mode
is considered as the primary parameter. The other mode has the same transformation
properties and therefore there exist bilinear interactions between the two modes which
lead to a shift of the originally assumed transition temperature. The existence of bilinear
interactions, however, implies that the first mode is not an “eigenmode”. In the model by
Kopsky (1976¢), linear combination of the two modes such that the bilinear interaction is
eliminated is assumed to be the primary order parameter. Both models predict the same
temperature dependence of polarization but the second does not need introduction of the
shift of transition temperature. This example shows clearly that on the level of morphic
effects we cannot use the concept of the “primary order parameter” unless specific con-
ditions are met. For example, if there is only one mode which carries polarization and
this mode is the primary parameter, then polarization can also be safely considered as
the primary parameter.
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It is, however, possible to apply to morphic effects the same principle of “cause —
consequence” as to the modes. The relationship between symmetry and allowed param-
eters is twofold. If we observe an onset of a new material property, not allowed by the
parent group, with the change of temperature 7" and hydrostatic pressure p, we can
certainly conclude that a ferroic transition took place, leading to symmetry descent and
consequently to the appearance of other new properties allowed by the ferroic group. We
should, of course, remember that behind this change there lies a deeper “cause” in the
structural changes which are beyond the macroscopic observation.

If an experimentalist observes an onset of some tensor parameters which are not allowed
by the parent symmetry G, he can certainly conclude that a transition with symmetry
descent to some subgroup F; took place. On the other hand, such symmetry descent is
accompanied by an onset of all those parameters which are covariant components allowed
by symmetry F; while forbidden by GG. Some of these parameters themselves may, how-
ever, result in higher symmetry then F; though lower than G.

In tables analogous to Table B1 which, in different form, were also published a long time
ago (Kopsky, 1982, 1983), we clearly distinguish, in terms of typical variables, parameters
which lead to a subgroup F} from those which are consequently allowed. Those variables
which are framed represent the cause of the transition to an epikernel. In some cases
there may exist two types of framed variables belonging to different R-ireps in the case
of point groups. If a subgroup is not an epikernel to any R-irep, then it can be expressed
as a “true intersection of epikernels”, perhaps in several ways. In this case, we should
consider simultaneously the parameters of these epikernels as the cause of the descent.
The remaining parameters are then the consequence of the descent. Tables of tensorial
covariants enable us to interpret these variables in terms of tensor parameters. Although
we use here the term tensor parameter in the singular, we should realize that they may
contain several components.

We shall say that a tensor parameter is a principal tensor parameter of a symmetry
descent G || Fi if it is the cause of the descent; in this case Fj is the stabilizer of a
tensor corresponding to these parameters. Other parameters will be called the secondary
tensor parameters. There are infinitely many principal tensor parameters, but we are
limited by experimental facilities. Even with tensors, considered in this work, there are
usually several principal tensor parameters of different tensor character. In cases where
the low-symmetry group is not an epikernel but an intersection of epikernels, some of
the parameters may have different tensor character to the others. The principal tensor
parameters are in a certain sense analogous to the primary order parameter and secondary
tensor parameters are analogous to faint variables. One of the manifestations of the
difference between the consideration of structural changes and of morphic effects is the
fact that we can consider several tensor parameters as the principal ones, while there is
always one primary order parameter.

Tensor parameters of a symmetry descent are certain covariant components of a tensor.
To see the change of the tensor in its Cartesian form in the transition, we should use the
conversion relations. Detailed analysis of particular cases can be performed with use of
our tables and of conversion relations. There exist cases which might seem strange at first
sight. Thus it may happen that part of a certain Cartesian tensor component appears as
the principal parameter while another contribution to the same component is a secondary
parameter, so that the structure of domain states is full in one of these contributions and
partial in the other part. Let us finally observe that the invariant linear combinations
of Cartesian components also represent the independent parameters of tensors of a given
type for a given symmetry.
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Continuous model of ferroic transitions. In the case of ferroic phase transitions we
consider the crystal as a homogeneous anisotropic continuum. The appropriate symmetry
is, in this case, a certain point-like space group VG whose isometries are all {g|t}p with
g € Gand t € V(3). In other words, this is the space group which contains all translations
of the space and its elements which leave a certain but arbitrary point P of the space
invariant form just the site point group Gp. Rigorously speaking, we should consider the
point-like space groups as the symmetry groups of crystals in the continuous description
and homogeneous tensor fields as their material properties.

This also concerns the case of equitranslational phase transitions, which it is virtu-
ally traditional to treat in terms of point groups. The reason why there is no seeming
contradiction is of a group-theoretical nature. The translation subgroup is not changed
in such transitions and hence all quantities which became invariant in the low-symmetry
group transform by those ireps of the parent space group which are engendered by ireps
of its point group. Since the tensor fields are constant throughout the space, we express
the results in terms of point groups and tensor components. This approach should be
considered merely as a suitable way of presenting the information and we should realize
that it will fail the moment we try to consider domain walls. In this case, we cannot
speak about the point symmetry of the wall; its symmetry in a continuous description is
a point-like layer group and it is a sectional layer group of the point-like space group.

In the case of equitranslational transitions, there exist tensor parameters which trans-
form like the primary order parameters (or a set of parameters in many-parametric tran-
sitions). In the case of non-equitranslational transitions, no tensor parameter transforms
like the primary order parameter. All tensor parameters are then secondary parameters
from the viewpoint of the Landau model. However, even in these cases we shall distinguish
the principal and secondary tensor parameters of the ferroic transition.

Comment: The point-like space, layer and rod groups were introduced by Kopsky
(1993a,b) and used in the description of domain walls by Pfivratskd & Janovec (1999).

Ferroic domain states: Ferroic phase transitions are defined as transitions in which
the point symmetry G of the crystal decreases, either to a normal subgroup H of G
or to one of the set of conjugate subgroups F;. As long as we are interested only in
morphic effects, we can consider these transitions in the continuous approximation. As
shown in the preceding paragraph, the point-like space groups VG should be used as the
symmetry of crystal, V H or V F; as symmetries of the domain bulk, point-like layer groups
as symmetries of sections (interfaces) and tensor fields should be used instead of tensor
components. However, as long as the analysis of domain walls is not included, we can use
point groups and tensor components to describe the morphic effects in all domain states.
This simplification is suitable for both theoretical consideration and tabular presentation,
and the results can be easily amended.

Let us therefore consider a ferroic phase transition G || F;. The first domain state S;
corresponds to the low symmetry F). The coset resolution

G:F1Ug2F1U...gpF1

of G into left cosets of I is again used to derive the set of p = [G : F] orientation domain
states

Si, S2 = 9251, .-, Sp = gp51
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from a chosen first domain state S;.
() x\?) ) of domain states in

We can also consider the fine structure S;; ~ (xij RRES S
terms of morphic effects. Such structures were found for all ferroic phase transitions by
Kopsky (1982) in terms of typical variables. The main tables of the present work describe
the fine structure of the first domain state in terms of onsetting tensors, and they were
obtained by the joint use of these tables and of tables of tensorial covariants (Kopsky,
1979a,b). The tables of this work describe the fine structure of the first domain state in
all nonmagnetic ferroic transitions in terms of point groups and tensor components.

An overview of the general analysis.

1. As a first step of the general analysis we consider representatives of all symmetry
descents G | H or G || F; in terms of crystallographic point groups. For each such
symmetry descent we want to find the answers to the following questions:

(i) What are the changes of tensor properties at G' || F; or, more precisely, what new
tensor parameters distinguish the first domain state S; (and the other domain states S;)
from the parent state S?

(ii) How do the tensors distinguish domain states of a pair S; and S;?

(iii) What combinations of stress and electric field force the switching of domain states?

2. Consideration of domain walls (interfaces) of different orientations is the next step.
It is important to realize at this point that domains are regions occupied by the same
phase; domain states refer to various orientations of this phase in space. At this stage, it
is desirable to analyse orientation scanning, i.e. to find the dependence of point-like layer
symmetries on interface orientations.

3. Domain engineering. To analyse the behaviour of multidomain samples we need all
the information from the previous points and, in addition, we have to know (or assume)
the geometry of the domains.

Pairs of domain states and twinning group: Although the tables of fine struc-
ture of typical orbits represent the relationship between any pair of domain states, it is
sufficient to consider, in particular situations, only certain representative pairs of domain
states. It has been shown by Janovec (1972) that the sets of equivalent domain pairs
correspond to double cosets of the low-symmetry group in the parent group. There may
appear situations when the original structure is not known or does not exist at all. If
we know the pair of domain states S; and Sy = ¢S, it is possible to find the tensor dis-
tinction of such a pair with the use of the so-called “twinning group” K = {F}, g} (Fuksa
& Janovec, 1995), generated by the symmetry Fj of the state S; and by the “twinning
operation” ¢g. The two domain states may then be considered as a result of presumed
transition K |} Fj. Analogously, a set of domain states Si, So = ¢2S1, ..., Sp = gxS1 can
be considered as a result of a transition K || F}, where K = {F}, go,...,gx} is the group
generated by F} and elements gs, ..., gk.

Completely transposable domain pairs: The case of symmetry descent G |} H where
the low-symmetry group H is a halving subgroup of the parent group G represents the
simplest case of symmetry descent, associated with a single one-dimensional irep x.(G)
to which there corresponds one typical variable x,. The subgroup H is the kernel of the
irep Xo(G) and it has only one coset gH = Hg, the elements of which change the sign of
the variable x,, so that ghx, = —x, for every gh € gH. Hence only two domain states

63



exist, the parameters of which differ only in the sign.

In general, there also exist pairs of domain states (S1,Sz) in symmetry descents which
have otherwise a rather complicated structure of domain states but which have the prop-
erty that they are completely transposable. The complete theory and information about
general types of domain pairs and about their tensor distinction is still being developed,
but in this particular case we know the answer. The pair is called completely transposable
if both states have the same symmetry H and if there exists an element g € G which
swaps the domain states, so that ¢S; = Sy, ¢So = S;1. The twinning group of such a pair
of states is then the group K = HUgH. There exists an irep x,(G) of the twinning group
K of which H is a kernel and we can consider the relationship between the two domain
states as a result of symmetry descent K |} H. From this we conclude immediately which
of the tensor components are identical in both states and which differ in sign. Every
point group which has a halving subgroup appears as a twinning group K for some pairs
of completely transposable domain pairs. To emphasize that the group is interpreted as a
twinning group, we distinguish the elements of the coset by a star (originally an asterisk
was used, but this clashes with notation in reciprocal space). For the twinning groups
we use Schonflies symbols of the form G*(H), while in their Hermann—-Mauguin symbols
a star is used as a superscript at those generators which belong to the coset gH. These
symbols are analogous to symbols of magnetic groups and sometimes the twinning groups
are also considered as black-and-white groups as if the domain states are distinguished
as black and white. This, however, is not a correct interpretation. Twinning groups are
ordinary point groups and the star is only a suitable label for distinguishing elements that
change the domain states from those that do not.

Tables of ferroic transitions

Below we give an account of the information which can be explicitly found in the main
tables of the software. Each table is accessible when lattice of the parent group G is
displayed on the screen by choosing the low-symmetry group and the menu item Dom-
ains. The following tensors are involved in these tables: enantiomorphism (chirality)
g, polarization P, deformation tensor u, tensor of optical activity g, piezoelectricity d,
electro-optics A, elastic stiffness s, elasto-optics Q. In terms of these tensors the main
tables describe:

1. Tensor components common to all domains — invariant under the parent group G.

2. New tensor components which appear in the first domain state of the symmetry F.
These tensor components are distinguished according to the ireps to which they belong.
This enables us to specify principal tensor parameters with “full” structure of domain
states and secondary parameters with “partial” structure of domain states in the sense
defined by Aizu.

3. The number of conjugate subgroups, total number of domain states, number of
ferroelectric states and of ferroelastic states is given for each partial set of domain states.

4. In the case of transitions that are not associated with one particular irep (irre-
ducible representation), the ferroic subgroup is expressed in terms of true intersections of
epikernels (groups associated with one irep).

5. Algebraic expressions for the construction of the Landau potential.

Remark: To abbreviate expressions of certain polynomials, we use in this part of the
tables special symbols of standard polynomials, the form of which and some relations are
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expressed in Appendix D.

Representative ferroic symmetry descents: As already pointed out, the use of
point groups and tensor components in the description of ferroic transitions is conven-
tional. It simplifies the tabulation and the user can always replace point groups by
point-like space groups and tensor components by homogeneous tensor fields as necessary
when considering domain walls or twin boundaries. A ferroic phase transition is therefore
characterized below by its parent point group G and by the set F; of its conjugate sub-
groups. In tables we refer to that relation as the symmetry descent G |} F; and each table
gives the tensor parameters of the first domain state S; corresponding to the symmetry
Fi. Both parent group G and ferroic subgroup F; must be completely specified with
reference to the Cartesian coordinate system to which the tensor components are related.
From the viewpoint of the macroscopic (continuous) description, it would be sufficient
to consider one parent group of a specific orientation for each geometric crystallographic
class so that altogether we should describe symmetry descents from the 32 parent point
groups. We use a slightly broader viewpoint by considering pairs of parent groups of
different orientations in the following cases:

Geometric class First parent group Second parent group
DQd - ZQm D2dz - Zzzxmaxy /D\de - szacza:y

Dy — 32 Ds, — 3.2, Ds, — 3.2,

C3v —3m CSv:t - 3zmx CSvy - 3zmy

DSd —3m D3da: - 3zmx Dde - 3zmy

D3h - 62m Dgh - 622$my /D\3h - 62m$2y

The reason will become clear on inspection of the space groups of these geometric
classes in Vol. A of International Tables for Crystallography (2002). If the crystallographic
basis (a,b,c) of the respective space groups is chosen in the same way with reference to
the Cartesian basis, then in each of these geometric classes we shall obtain point groups
of two standard orientations as listed above.

From the macroscopic viewpoint it is also not necessary to distinguish between such
symmetry descents as, for example, Dy — 2,2,2, | Cop — 2,, Dy — 2,2,2, |} Cyy — 2,,
D2 - 2123/22 U 022 - 227 or D4z - 4z2$2xy U’ (CQ:t - 217023/ - 2y) and D4z - 42212:@ U’
(Cozy — 24y, Cozy — 2,5) and others, which are nevertheless given in the tables as distinct
symmetry descents.

As a result, the total number of symmetry descents considered in the main tables is
278, although the number of macroscopically different types is only 212.

An overview and characterization of symmetry descents: There is no natural
order of subgroups of a given group because the subgroups form lattices which are only
partially ordered sets. This makes the search of particular symmetry descents rather un-
pleasant in the printed form (Kopsky, 2001b), while in the software we can pick up the
desired table directly. Auxiliary information about representative symmetry descents is
given in Appendix F of this file, where each symmetry descent is characterized according
to the following criteria:

A: Symmetry descent G || H where H is a normal subgroup of G:
AQ. H is a halving subgroup of G.

65



Ala. H is a kernel of an irep D(®)(G), which does not generate ireps other than the trivial.
No faint variables.

Alb. H is a kernel of one specific irep D(®(G), which generates other ireps D (G).
Alc. H is simultaneously a kernel of two ireps D) (G), D@2)(q).

A2. H is an intersection of two or more kernels but is itself not a kernel of any irep.

B. Symmetry descents G || F; where F; is a set of conjugate subgroups:

Bla. F; are epikernels of one specific irep D®)(G) and there are no faint variables for
other ireps.

Blb. F; are epikernels of one specific irep D(® (@), and there are faint variables for some
other ireps DWW (@G).

Blc. F; are simultaneously epikernels of two ireps D@V (G), D2)(G).

B2. F; are intersections of epikernels of two or more ireps but they are not epikernels of
any ireps.

The first column of the list contains the parent groups, the second their subgroups. In
the next column, the characteristic of the descent by the criteria above is given, followed
by its exomorphic type as defined by Kopsky (1982).

The contents of the tables: The main tables have the following common features:

1. Each table begins with a title Symmetry descent G' || H (cases A) or Symmetry
descent G || F; (cases B) in embellished Hermann—Mauguin symbols.

2.1. The heading block bears the specification Parent point group G followed by both
embellished Hermann-Mauguin and Schonflies symbols. The form of tensors which are
allowed by this group is given below.

2.2. In cases of symmetry descents G |} H, where H is a halving subgroup of the
parent group G, an alternative specification or twinning point group K is given followed
by a Hermann—-Mauguin symbol in which elements which belong to the coset gH are
distinguished by a star (%) in the superscript and by a Schonflies symbol of the form
G*(H) (cf. the description of the case AQ).

3. The rest of the table is divided into rows, each of which corresponds to an irep
x5(G) for which the stability space Vz(H) or Vz(F;) [and hence of all Vi(F;)] of the
ferroic subgroup(s) is nontrivial. These rows cross the columns which give the following
information about each irep x5(G):

3.1. The spectroscopic symbol and description of stability space Vz(H) or Vz(Fy) in
terms of typical variables is given in the first column.

3.2. The symmetry Fj; of the first domain state with reference to the general vector
(vector of stratum) of the space V3(Fy) in both embellished Schonflies and Hermann—
Mauguin symbols is specified in the second column.

3.3. The third column contains tensorial D¥)(G)-covariants of the tensors considered.

3.4. The last four columns give in order the numbers:

ny = the total number of domain states in the space V;

np = the number of conjugate subgroups Fjp;

n, = the number of ferroelastic domain states in the space Vj;
n. = the number of ferroelectric domain states in the space Vj.
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An asterisk at the domain number in a specific row means that this number of domains
does not correspond to the irep of this row.

If the transition is single parametric so that the ferroic subgroup is an epikernel (kernel)
of some irep or of two ireps, then the last row corresponds to the irep of the principal
tensor parameters (plural) or, in cases Alc and Blc, the last two rows correspond to the
two potential principal tensor parameters.

If the ferroic subgroup is neither a kernel nor an epikernel of one irep but an intersection
of kernels or epikernels (cases A2 and B2), then the second part of the table begins again
with rows which describe the stability spaces (strata) of the ferroic group in individual
carrier spaces. These rows indicate the stabilizers to these strata (kernels and epikernels)
and describe the tensors and domain states in the same manner as above. None of the
stabilizers is the desired ferroic group in this case. The next part has a special subheading;
the first column headed by Reducible representations contains in each row a direct sum of
stability spaces corresponding to each of the subgroups which lie between epikernels and
the ferroic group; in most cases there is only one such row and the subgroup is already the
ferroic group. The second column headed Ferroic Point Group F'; Intersections shows how
such a subgroup can be expressed as a true intersection of epikernels and what transition
parameters correspond to each such intersection. The last four columns contain again the
numbers ny, ng, ng and ne.

In the bottom block of each table the interactions are given in the form:

Integrity basis: Basic invariant polynomials for the transition parameter.

Faint interactions: Linear coupling of faint variables with polynomials in the transition
parameter.

Electric and elastic switching interactions: Linear coupling of the transition parameter
as well as of faint variables with polynomials in components of electric field E or of elastic

field o.

Specific features corresponding to the characteristics of symmetry descents given above
are:

A0. In this case, H is a kernel of a certain one-dimensional real irep y, and hence
a halving subgroup of the parent group . All onsetting properties transform like the
respective variable x, and there are two domain states in which all tensor parameters of
this type differ in sign. With reference to the distinction of pairs of domain states, the
parent group can be interpreted as a twinning group K = G*(H).

Al. This indicates a type of symmetry descent G || H where the ferroic subgroup
H is a kernel of an irep D®(G) of dimension 2 or 3. The subgroup H is therefore
the stabilizer of a general vector (vector of stratum) of the space V,(H). All tensor
components which transform like (24, Ya) O (Za, Yo, 2o) are allowed in the ferroic state
and the respective domain states form a full set in Aizu’s terminology. If the transition
is equitranslational, then these components also transform like the transition parameter.
The row corresponding to the irep D(a)(G) and subgroup H is located at the bottom of
the central part of the table immediately above the block containing interactions.

B1. This indicates a type of symmetry descent G |} F; where the ferroic subgroups
F; are conjugate epikernels of an irep D™ (G) of dimension 2 or 3. The table is related
to the conventionally chosen first subgroup Fj which is the stabilizer of a general vector
(vector of stratum) of the stability space V,,(F}). This stability space is specified in terms
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of variables (%, Ya) O (Za) Ya, 2a) With conditions which define V,,(F}) as a subspace of
Va(dy) [for example (z4,0), (24, Za) OF (T4, Ta, 26)]. The corresponding tensor compo-
nents onset in the ferroic state and the respective domain states again form a full set
in Aizu’s terminology. If the transition is equitranslational, then these components also
transform like the transition parameter. The row corresponding to the irep D(®)(G) and
subgroup F} is located at the bottom of the central part of the table immediately above
the block containing interactions.

Ala. and Bla. There is only one row in the central part of the table and the entry
Faint interactions: none indicates the absence of faint variables.

Alb. and Blb. The sequence of rows corresponding to ireps D(ﬂ)(G) starts with ireps
of lower dimensions and continues to the last row, which corresponds to the irep D(a)(G)
of the principal tensor parameters (primary transition parameter).

Alc. and Blc. In a few cases of this type, both rows corresponding to ireps D@V(G),
D@2) (@) are located at the bottom of the central table. The domain structure is full with
respect to tensor components belonging to both ireps. Since only one irep defines the
transition parameter in the case of equitranslational phase transitions, it is not a priori
clear which of the ireps characterizes the transition parameter. Group theory cannot pro-
vide an answer.

Application to domain walls. “Hic sunt leones.”

A method for the study of domain walls has been described by Janovec (1981) and applied
by Janovec, Schranz, Warhanek & Zikmund (1989) and Janovec & Zikmund (1993). The
SCANNING TABLES of International Tables for Crystallography Vol. E, Subperiodic Groups
(Kopsky & Litvin, 2002) are a prerequisite for such studies in microscopic models (Janovec
& Kopsky, 1997; Saint Grégoire, Janovec, & Kopsky, 1997). In the case of the continuous
model we need to begin with tensor distinction of domain states. Several papers have
been devoted to its solution: Janovec, Richterova & Litvin (1992, 1993), Janovec, Litvin
& Richterova (1994), Janovec, Litvin & Fuksa (1995), Litvin & Janovec (1997) in the
last decade. All these papers given only information about the number of independent
components by which the domain states differ. With the use of current software and of
conversion relations it is possible to find explicit tensor components in which the domain
states differ. Simple examples are given in the paper by Kopsky (20015). Notice that
all results of this type are based on the technique of Clebsch—Gordan products, which
enables the easy handling of tensorial and polynomial bases.

Final note: All results can be easily extended to magnetic point groups and magnetic
properties with the use of Opechowski’s magic relations. The skilful reader can use the
current material themselves, but a subsequent version of the software is in preparation
which will provide the results explicitly.
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Lattices of equitranslational subgroups
of the space groups

Lattice isomorphism: To facilitate the consideration of equitranslational phase
transitions, the software includes an option for describing lattices of equitranslational
subgroups of space groups. Here we use the well known relationship between the point
groups and space groups: The translation subgroup (crystallographic lattice) of any space
group is its normal subgroup and its point group is the respective factor group. As a con-
sequence, the equitranslational subgroups of the space group can be arranged in a lattice
which is identical with the lattice of subgroups of its point group. In other words, if you
replace the parent point group G in any of the lattices of subgroups of the point groups
by a space group G of which G is its point group, then any of the point groups H or F; is
uniquely replaced by the corresponding equitranslational subgroup H or JF; of the space
group G.

Lattices of equitranslational subgroups of the space groups were published some time
ago by Ascher (1968) but his tables do not contain the full information. They are given
in terms of Schonflies symbols of space-group types and the information you can obtain
from them is the following:

“If you replace the parent point group in the lattice by a certain space-group type, then
the symbols in the lattice show you the type of the space group by which each point group
should be replaced”.

The present software provides information about equitranslational subgroups of space
groups in two modes which are activated by the choice of item Space under the pull-down
menu Groups when the lattice of subgroups of a certain point group G is displayed on the
screen. The conventions for the interpretation of Schonflies symbols of oriented space-
group types and for the interpretation of Hermann—Mauguin symbols as symbols of quite
specific groups will follow the preliminary guidelines.

After the choice of the option Space, a new panel appears on the screen. In its left-
hand part is a window which contains all Hermann—Mauguin symbols of space groups of
the geometric class G as they appear in Vol. A. These symbols are arranged as closely as
possible to the order in which the space-group types are listed in Vol. A. Deviations from
this order are due to deviations of the standard sequence of space-group types from the
systematic sequence in which groups of the same arithmetic class are listed sequentially
with the symmorphic group as the first. Hence, for example, in the case of cubic system,
groups with lattice type cP are listed first, and then groups with lattice type cF' and
finally groups with lattice type cI.

Simplified mode: Each Hermann-Mauguin symbol is accessible by scrolling through
this window. If you click on a chosen symbol, the sequential number of the respective
space-group type, oriented Schonflies symbol of this type and corresponding setting or cell
choice (where applicable) appear in the left-hand part of the panel. At the same time, the
Schonflies symbols of oriented space-group types replace the symbols of the point groups
in the lattice. While this information is more precise than that given in Ascher’s lattices,
it is still not complete.

Complete mode: The choice of the Hermann—Mauguin symbol specifies the parent
group exactly. After clicking on the box of any of the Schonflies symbols of oriented
space-group types, the full information about the respective subgroup appears in the
lower bar of the panel. The reason for such a choice of presentation is rather prosaic; the
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exact specification of the subgroup is usually too long to be accommodated within frames
without disturbing the view of the lattice. It consists in general of three parts:

(i) Hermann—-Mauguin symbol,

(ii) a shift of origin which specifies the location of the subgroup if it is not the standard
one,

(iii) specification of the crystallographic basis in cases where it is different from the
basis of the parent group.

When using the complete mode, we should realize that this is the first time that
complete information about equitranslational subgroups is provided and that Hermann—
Mauguin symbols in their traditional interpretation cannot describe the relationship be-
tween the parent group and its equitranslational subgroups properly. This is because
the Hermann—Mauguin symbols do not include the specification of the origin, which is
customarily given separately in the “origin statement”. On the other hand, the Hermann—
Mauguin symbols are perfectly adaptable to be interpreted as symbols of specific groups.
In this software we embark from the notation of Vol. A because no better source is avail-
able. Our interpretation of Hermann-Mauguin symbols is subject to several conventions:

Convention 1: Interpretation of basic symbols: Each Hermann-Mauguin sym-
bol together with the crystallographic coordinate system (P;a,b,c), where (a,b,c) is
the conventional crystallographic basis, has the meaning of a quite specific space group.
Normally we interpret the Hermann—-Mauguin symbol as the symbol of that space group
which is defined by isometries listed in Vol. A under the heading Symmetry operations
or which can be deduced from the general Wyckoff positions. Groups listed in Vol. A
with two origin choices are further distinguished by specification of the choice behind the
symbol. These descriptions are identical with the description from the diagram of the
space group in the “standard setting”.

For Hermann—-Mauguin symbols of space groups of the orthorhombic system in “non-
standard settings”, only the description via a diagram is available. In these cases, we
interpret the symbol as the symbol of that space-group type which will be obtained from
the diagram if we assume that, with reference to the location of the symbol, the origin
P is located in the upper left corner of the diagram, vector a down from the origin and
vector b to the right from this origin. In the case of monoclinic groups, there also appear
symbols which correspond to different choices of the unique axis and in some cases to
different choices of the conventional cell. The exact meaning of these symbols can again
be deduced from their diagrams.

Convention 2: Lattice symbols: Below we give the ordinary lattice letters (sym-

bols) in terms of vectors of the conventional basis (a, b, c). The symbol T'(a, b, c) means
the translation group generated by these basis vectors.

P(a,b,c) =T(a,b,c)

] .

C(a,b,c) =T(a,b,c) OUa_;
bl

A(a,b,c) =T(a,b,c) |[OU ;C
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B(a,b,c) =T(a,b,c) [OUC—;&]
b
I(a,b,c) =T(a,b,c) [OU%}

b b
F(a,b,c) =T(a,b,c) [OUEH_ +cUc+a]

U
2 2 2

2a+b+cua+2b+2c_
3 3

R,(a,b,c) =T(a,b,c) [0U

a—|—2b+cu2a+b+2c_
3 3

R,.(a,b,c) =T(a,b,c) |0 U

Vectors (a,b,c) constitute here the hexagonal basis, to which vectors of rhombohedral
bases in obverse and reverse settings are related by

a,=3(2a+b+c) ar:%(—Qa—bch)
b, =:(—a+b+c) bT:§(a—b+c)
¢, =3(—a—2b+c) c, =3(a+2b+c).

Vice versa, the hexagonal vectors are expressed through rhombohedral bases as follows:

a=a,— b, =b, — a,
b=Db,—c, =c,—b,
—a—b=c,—a, =a, —C,.

Asin Vol. A, we use only the obverse rhombohedral setting, using the letter R without
a subscript.

Convention 3: Conventional versus Cartesian bases: Conventional crystallo-
graphic bases are natural and useful for the description of crystal structures as well as
for the description of the space groups. Cartesian bases are, on the other hand, at least
suitable if not mandatory when considering tensor properties. This is why we intro-
duced embellished Schonflies and Hermann-Mauguin symbols for specifically oriented
point groups. As an artefact of this notation we have the symbols of oriented space-group
types in the simplified mode. In the complete mode we express the groups with reference
to crystallographic bases. It is therefore desirable to correlate the choice of these bases
with Cartesian ones. We use the following correspondences:
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Triclinic irrelevant

a b = ae,, c = bie, + ey, a = ce,
Monoclinic b c =ae,, a=be, +bhe, b=ce,

c a=uae;, b="0e, +be, c=ce,
Orthorhombic a=ae;, b="be, c=ce,
Tetragonal a=uae;, b=uaey, c=ce,
Hexagonal a=uae,, b=—1lae, + @aey, c = ce,
Cubic a=ae;, b=ae, c=ae,

The point groups C; and C; of the triclinic system are normal in the orthogonal group
O(3). Orientation has no meaning for them and the relation between the crystallographic
and Cartesian bases is irrelevant. For the groups of the monoclinic system we identify the
unique axes a, b, ¢ with Cartesian directions e,, e,, e, respectively. For groups of the
hexagonal family we identify the secondary crystallographic direction with the Cartesian
direction e,.

Convention 4: Changes of the conventional basis: Hermann-Mauguin symbols
specify the group with reference to the conventional basis and the admissible choices of
this basis depend on the point group. When considering an equitranslational subgroup
which belongs to the same family as the original group, the conventional bases of the
group and of the subgroup are identical. The conventional basis of an equitranslational
subgroup which belongs to a lower system is, however, frequently different from the con-
ventional basis of the original group. Below we list all cases where this happens and
specify the conventions and changes of the notation we use in such cases. In Table B3 are
collected all embellished lattice symbols which are defined below.

Triclinic Family of Parent Groups:

There are only two types of triclinic space group: C] and C}. The specific groups
of these types are denoted by P1 and P1 (s). In the first case, the group is completely
specified by its lattice P = T'(a, b, c) and a shift in space does not change the group. In
the second case, the complete specification of the group also requires the specification of
the shift s.

The first group type appears as an equitranslational subgroup of every space group,
the second as the equitranslational subgroup of any centrosymmetric group. The lattice
type is always a P with the standard lattice symbol P. When a triclinic group appears in
tables as a subgroup, we replace its standard lattice symbol by the lattice symbol of the
original group.

Monoclinic Family of Parent Groups:

The lattice type of a group of the monoclinic family does not change for its monoclinic
subgroups. All lattice types turn into the type aP for triclinic subgroups and we use the
lattice symbol of the original group for the subgroup as well, as stated above.
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Table B3. Bravais types of lattices, standard and non-conventional lattice

symbols
Standard Non-conventional

Family/ Bravais lattice lattice
system type symbols symbols
triclinic aP P A B C, I, F
(anorthic)
monoclinic mP P ]3a, ]3b, ﬁc
UNIQUE AXIS ¢ | mS A B, I |1, 1,,I; C;A B
UNIQUE AXIS b | mS C,A I |Cy, Cy Cs; I, 1o, I3
UNIQUE AXIS @ | mS B, C, I |I, 1, I C, Cy C.

Aaa Aba Ac; Baa Bba Bc
orthorhombic | oP, oF, ol | P, F, 1 | C, F; Ch, Cs, Cs

0S Ca Aa B Caa Cba Cc; as L'bs Fc

Taa Tba 70
tetragonal tP, tl P, I P, P, P.

Iaa Ib7 Icv Tm Tb, 7c
hexagonal /

RP,p7 RP,q7 RPT7 RP,S
trigonal hP, hR P. R Rpp, Rrg, Rpr, Rrs

pra RI,q7 RIT? RI,S
hexagonal hP P none
cubic cP,cl,cF | P,1I, F | none

Orthorhombic Family of Parent Groups:

Orthorhombic to Monoclinic groups:

Case (a): Orthorhombic lattices of types oP and ol: With reference to monoclinic sub-
groups, the lattices of the types oP and ol correspond to types mP and m.S, respectively.
In addition, the conventional bases of orthorhombic groups can also be chosen as the
conventional bases of their monoclinic subgroups. We therefore express the monoclinic
subgroups by their Hermann—Mauguin symbols with reference to these bases using the
same lattice symbols P and 1.

Case (b): Orthorhombic lattices of the type 0S: These orthorhombic lattices are denoted
by letters A, B or C depending on the setting. Two cases should be distinguished:

Case (b1): The orthorhombic lattice of the type oS is of the type mS with reference
to a monoclinic subgroup in the following cases:
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(i) If the setting of the orthorhombic group is characterized by letter C' and the unique
axis of the monoclinic subgroup is either a or b.

(ii) If the setting of the orthorhombic group is characterized by letter A and the unique
axis of the monoclinic subgroup is either b or c.

(iii) If the setting of the orthorhombic group is characterized by letter B and the
unique axis of the monoclinic subgroup is either ¢ or a.

In these cases we retain the original lattice letter and the conventional basis for the
monoclinic subgroups.

Case (b2): The orthorhombic lattice of the type oS is of the type mP with reference
to monoclinic subgroups in the following cases:

(i) Monoclinic subgroup with unique axis ¢ of an orthorhombic group in a setting with
lattice letter C.

(ii) Monoclinic subgroup with unique axis b of an orthorhombic group in a setting with
lattice letter B.

(iii) Monoclinic subgroup with unique axis a of an orthorhombic group in a setting
with lattice letter A.

In these cases we use embellished lattice symbols IBC, ﬁa, ﬁb, respectively, where rela-
tions

P.=T[(a—b)/2,(a+b)/2,c], P,=T[a,(b—c)/2, (b+c)/2],

Py =T[(c +a)/2,b,(c - a)/2]
define simultaneously the embellished lattice symbol and the conventional basis of the

monoclinic subgroup.

Case (c): Orthorhombic lattice of the type oF: The orthorhombic lattice of this type
is always of the type mS with reference to all monoclinic subgroups. We choose the
conventional bases of monoclinic subgroups so that they correspond to lattice symbols /.,
I, I, defined together with conventional monoclinic bases by:

I. = I[(a=b)/2,(a+b)/2.c], I, =1[a,(b—c)/2,(b+c)/2],

I, = I[(c+a)/2,b,(c —a)/2].

Notice that in both choices of 130, ﬁa, P, and fc, fa, fl,, the subscripts indicate the
unique axis of the monoclinic subgroup and that the a, b and ¢ unique axes correspond to
the first, second and third positions in the Hermann—Mauguin symbol of the subgroup.

Tetragonal Family of Parent Groups:

Tetragonal to Orthorhombic groups:
Case (a): The conventional bases of tetragonal groups are compatible with the con-

ventional bases of orthorhombic subgroups with point groups Dap; Caysy Cope, Couy; and
Dy and the tetragonal lattice types tP and tI correspond in these cases to orthorhombic
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lattice types oP and ol. Lattice symbols and conventional bases are retained.

Case (b): The tetragonal lattices of the types tP and ¢I turn into lattice  types oS
and oF with reference to orthorhombic subgroups with the point groups Dghz, Cgvz, Cgm,
C’ny, D2 We choose the conventional orthorhombic bases and define lattice letters as
follows:

C =C[(a—b),(a+b),c], F=F[a—b),(a+b)c

Tetragonal to Monoclinic groups:

Case (a): The conventional bases of the parent tetragonal groups are admissible con-
ventional bases of their monoclinic subgroups with the point groups Cap,, Cong, Copy; Cos,
Coz, Coy; and Cs;, Cyy, Cy. The tetragonal tP-type and t/-types are of the types mP
and mS with reference to these subgroups and both lattice letters P, I as well as the
conventional bases are retained.

Case (bl): The tetragonal lattice of the type tP is of the type mS with reference
to monoclinic point groups Capgy, Conay; Cozy, Corg; and Cggy, Csey. We define the
conventional monoclinic basis as above for the orthorhombic case (b) and distinguish the
letter C' from the standard one again by a caret:

C =C[(a—b)/2,(a+b)/2,c].

Case (b2): The tetragonal lattice of the type ¢/ is again of the type mS with reference
to monoclinic point groups Copzy, Conayi Cowy, Coug; and Cgyy, Coy. We choose the
monoclinic bases and lattice letters as follows:

A=A[(a—b+c)/2,(a+b),d,

B=B[(a—b),(a+b+c)/2,cl
Note that all these choices are subordinated to a rule that the tertiary directions [110]

and [110] correspond to the first and second positions, respectively, in the Hermann—
Mauguin symbols of monoclinic subgroups.

Hexagonal Family of Parent Groups:

Let us recall that the hexagonal family splits into the trigonal and hexagonal system.
Both lattice types hP and hR occur in the trigonal system while only the lattice type hP
exists in the hexagonal system. The lattice type hR occurs only in groups of the trigonal
system which have only monoclinic and triclinic subgroups.

Rhombohedral to Monoclinic Lattices:

In view of our choice of the relationship between crystallographic and Cartesian bases
in combination with the obverse setting (used in Vol. A), we consider only those trigonal
groups with a rhombohedral lattice which have the point groups C3; (3.), Dage (3.m.1),
D3, (3.2,1), or s, (3,m,1). The lattice type hR turns into the type mS with reference
to monoclinic subgroups, and we choose the lattice letters and conventional monoclinic
bases as follows:
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I, =1(a,—c,,c), I=1(b,—a,c), I3=I(—a—b,—b,,c).

As a result of this choice, the orientation of the monoclinic axis corresponds to the first
position in the Hermann—Mauguin symbols for the three conjugate monoclinic subgroups.

Hexagonal to Orthorhombic and Monoclinic Lattices:

The lattice type hP turns into the type msS for monoclinic subgroups of both trigo-
nal and hexagonal groups and into the type oS for orthorhombic subgroups of hexagonal
groups. In both cases we use the following lattice symbols with the well known “ortho-
hexagonal bases”

Cy=C(a,2b+a,c), Cy=C(b,—2a—Db,c), C3=C(—a—b,a—Db,c).

As a result, the two triplets of hexagonal directions, to which we assigned the axes x,
', " and y, v, y”, correspond to the first and second positions in Hermann-Mauguin
symbols, while the z axis corresponds to the third position for orthorhombic as well as
for monoclinic subgroups.

Cubic Family of Parent Groups:

We divide the subgroups of cubic groups into three categories:

1. Subgroups the main axis and one of the auxiliary axes (if present) of which are
directed along the primary cubic direction.

2. Subgroups with two axes or with one main axis directed along the tertiary cubic
direction.

3. Subgroups with main axes along the secondary cubic directions.

Below we consider these in more detail:

1. Subgroups with primary (and secondary, where applicable) directions along the primary
cubic directions:

In this category we distinguish four cases:

Case (a): The lattices types ¢P, ¢F and cl turn into the types oP, oF and ol for
the orthorhombic subgroups with point groups Do, (mgmym.), Coy. (memy2,), Coy,
(2,mym;), Cayy (Mmy2,m,) and Dy (2,2,2.). In all these cases we retain the original
lattice symbol and the conventional basis.

Case (b): The lattice types ¢P and ¢l turn into the types tP and tI with reference
to the tetragonal subgroups. However, the tetragonal conventional bases depend on the
orientation of the tetragonal axis and two of the primary directions in cubic groups become
secondary directions in tetragonal subgroups. To keep the order of elements in Hermann—
Mauguin symbols of tetragonal subgroups, we choose the conventional tetragonal bases
and supply the lattice letter P and I with subscripts ¢, a and b, so that we denote:

P.= P(a,b,c), P,= P(b,c,a), BP,= P(c,a,b)

I.=1I(a,b,c), [,=1I(b,c,a), I,=I(c,a,b).
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Case (c): Cubic lattices of the type cF' are of the type tI with reference to tetragonal
subgroups. We use the following choice of lattice letters and of the tetragonal conventional
bases:

I.=1I[(a—b)/2,(a+b)/2,c|,
I,=1I[(b—c)/2,(b+c)/2,a] I,=1I[(c—a)/2,(c+a)/2b]

Note that the subscripts refer to the direction of the main tetragonal axis of the
subgroup. It is worth mentioning that the origins of all standard cubic groups lie on
the threefold axis 3, (direction [111]). The rotations about this axis send the tetragonal
subgroups to their conjugates by cyclic permutation of the vectors a, b, c. In terms of
symbols this means cyclic permutation of indices a, b, ¢ and of vectors a, b, ¢ in the
space shift after the symbol. It is therefore sufficient to give only one of the conjugate
tetragonal subgroups. This is useful in the tabular presentation of results which lies
behind the computerized presentation. There we use the tetragonal subgroup with the
principal axis along ¢, i.e. along the [001] cubic direction. However, the program displays
all cases.

Case (d): The cubic lattices of the types ¢P, cI are of the types mP and mI and the
lattice type cF' turns into the type m/l for monoclinic subgroups with unique axis along
the primary cubic direction. In the first two cases, we retain the lattice symbol and the
conventional basis; in the last case we use the embellished lattices symbols

L= 1Ila—b)/2 (a+b)/2,c].
I, = I[(a,b—1¢)/2,(b+c¢c)/2], I, = I[(c+a)/2,b,(c—a)/2].

As a result, the positions in the Hermann—Mauguin symbols of monoclinic subgroups
correspond to the cubic axes a, b and ¢, which turn into the monoclinic unique axes.

2. Subgroups with axes along tertiary cubic directions:

Case (a): Orthorhombic subgroups with one of the axes along primary and two axes
along tertiary cubic directions appear either in triads of conjugate subgroups with point
groups

Dth (mxﬂmxymz)u D2hac (myimyzmx)y D2hy (mzimzxmy)v

—

Di. (252042:), Do (24224:2.), Doy (2:52:22,);
and
Covs (MagMiay2.), Cove (Myzmy=2,), Cogy (Mazms2,);
or in sixtuples of conjugate subgroups with point groups

QQW@ (2x§mxymz)7 QQUyE (QyEmyzmac)y QQU,ZE (2z§mzaxmy)a
Cvay (mx§2$ymz)7 Cvaz (myEQyzm:t)a C2vzx (mzizzxmy)'

In all these cases we have one of the three following relationships to the original cubic
lattices:

Case (al): The cubic lattice of the type cP is of the type oS with reference to these
point groups and we choose the conventional bases and lattice letters as follows:

C, = C[(a—Db),(a+b),c],
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C,=C[(b—c),(b+c),a], C,=C[(c—a),(c+a),bl

Case (a2): The cubic lattice of the type cF is of the type ol with reference to these
point groups and we choose the conventional bases and lattice letters as follows:

Ic=1I[(a=b)/2,(a+b)/2,c],

I,=1I[(b—c)/2,(b+c)/2,a], I,=1I[(c—a)/2,(c+a)/2b]

Case (a3): The cubic lattice of the type ¢/ is of the type oF with reference to these
point groups and we choose the conventional bases and lattice letters as follows:

F.= Fl(a—b)/2,(a+b)/2,c],
F,=F[(b—c)/2,(b+c)/2,a], F,=F[c—a)/2 (c+a)/2 bl

Case (b): Monoclinic subgroups with unique axis along the tertiary cubic direction
appear in sixtuples of conjugate subgroups with point groups:

?2hxy (12:ty/m:ty1>7 ?thz (12yz/my21>7 C\’/ghzx (122x/mz11)7
CQhacﬂ (2x§/mx§11)7 C2hy§7 (2y5/myz§11)7 Othi (QZE/sz]-l)u

é?acy (12383;1)7 é?yz (12y21)7 éQz:v (12zx1)7 é2x§ (23@11)7 é2y§7 (2y211)7 6225 (27;51]-)7
and

~ ~ ~ ~ ~ ~

Csxy (1mxy1)a Csyz (1myz1)7 Cszx (1mzx1)7 Csxy (mxﬂll)a Csy?a (myzll)a Cszi (mz§11>7

Case (bl): The cubic lattices of types cP and cF' turn, respectively, into types oS and
ol in the orthorhombic case and both turn into type mS in the monoclinic case. The
choice of lattice letters and of conventional bases

C.=Cl(a=b),(a+b),c], C,=C[(b—c),(b+c),al,
C, = C[(c — a), (c + a), b]

and
I.=1I[(a—b)/2,(a+b)/2,c|], I,=1I[(b-c)/2,(b+c)/2,a],

I, =I[(c—a)/2,(c+a)/2,Db]

is such that the directions [110] and [110] correspond to the first and second positions in
the Hermann-Mauguin symbols in both orthorhombic and monoclinic cases. So do the
other pairs of directions obtained by threefold rotations.

Case (b1) and (b2): The cubic lattice types ¢P and c¢F turn into the types mP and mS
for subgroups with these monoclinic point groups and we choose the embellished lattice
letters C,, C,, Cy and I, I,, Ip, and conventional bases as above in cases (al) and (a2)
of the orthorhombic subgroups.

Case (b3): The cubic lattice type c¢I becomes of the type mS with reference to these
monoclinic subgroups. We choose the lattice letters and conventional bases as follows:

Al(la—b+c)/2,(a+b), ], Bl(a—Db),(a+b+c)/2,c|,

A\C: Bc:
A, =A[(b—c+a)/2,(b+c),a, B,=B[(b-c),(b+c+a)/2,a],
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A, = Al(c—a+b)/2,(c+a),b], B,=B[(c—a),(c+a+b)/2,b].
This is the same as in case (b2) of tetragonal to monoclinic groups with additional
subscripts ¢, a, b.

3. Cubic to Trigonal Groups with a Rhombohedral Lattice:

All three types c¢P, ¢l and cF of cubic lattices correspond to rhombohedral lattices
of the type R for the trigonal subgroups of geometric classes D3y, D3, C3, and C3. The
threefold cubic axes turn into the trigonal axes distinguished by subscripts p, ¢, » and
s for the directions [111], [111], [111] and [111], respectively. The trigonal subgroups
are denoted by Hermann-Mauguin symbols embellished by superscripts which denote the
original cubic type of the lattice and the orientation of the trigonal axis. The conventional
bases of trigonal subgroups are then chosen as follows from the table below.

P= Rp,=T(a,b,c)
Rp,=T(—a,—b,c)
Rp, =T(a,—b,—c)
Rps=T(—a,b,—c)

I = R;,= T[(a+b—c)/2 (b+c—a)/2,(c+a—Db)/2|
fig =Tl b= )2,( b et a2 e a2
Ry, =T[(a=b+c)/2,(~-b—-c—a)/2,(~c+a+Db)/2]
R s=T[(—a+b+c)/2,(b—c+a)/2,(—c—a—Db)/2]

F = Rpp—T[(a+b)/2 (b+¢)/2,(c+a)/2]
Rpy=T[(-a—b)/2,(=b +¢)/2,(c —a)/2]
RFT—T[(a b)/2,(=b —¢)/2,(~c+a)/2]

T[(—a+b)/2,(b—c)/2,(—c —a)/2].

79



References:

Aizu, K. (1969). Possible species of ‘ferroelastic’ crystals and of simultaneously ferroelec-
tric and ferroelastic crystals. J. Phys. Soc. Jpn, 27, 387-396.

Aizu, K. (1970). Possible species of ferromagnetic, ferroelectric and ferroelastic crystals.
Phys. Rev. B, 2, 7T54-772.

Aizu, K. (1972). Electrical, mechanical and electromechanical orders of state shifts in
nonmagnetic ferroic crystals. J. Phys. Soc. Jpn, 27, 1287-1301.

Aizu, K. (1979). Comprehensive tabulation of the four categories of ferroic point groups
derived from each of the 31 prototype point groups. J. Phys. Soc. Jpn, 46, 1716-1725.

Altmann, S. L. & Herzig, P. (1994). Point-group theory tables. Oxford: Clarendon
Press.

Ascher, E. (1968). Lattices of equi-translation subgroups of the space groups. Battelle
Institute Report.

Ascher, E. (1977). Permutation representations, epikernels and phase transitions. J.
Phys. C; 10, 1365-1377.

Ascher, E. & Janner, A. (1965). Algebraic aspects of crystallography. 1. Space groups as
extensions. Helv. Phys. Acta, 38, 551-572.

Ascher, E. & Janner, A. (1968/69). Algebraic aspects of crystallography. II. Non-primitive
translations in space groups. Commun. Math. Phys. 11, 138-167.

Birkhoff, G. (1948). Lattice theory. Colloq. Publ. XXV. New York: American Mathe-
matical Society.

Birman, J. L. (1966). Simplified theory of symmetry change in second order phase tran-
sitions: Application to V3Si. Phys. Rev. Lett. 17, 1216-1219.

Birss, R. R. (1964). Symmetry and magnetism. Amsterdam: North-Holland.

Bradley, C. J. & Cracknell, A. P. (1972). The mathematical theory of symmetry in solids.
Representation theory for point groups and space groups. Oxford: Clarendon Press.

Burnside, W. (1955). Theory of groups of finite order. 2nd ed. New York: Dover.

Callen, H. B. (1968). Crystal symmetry and macroscopic laws. Am. J. Phys. 36, 735—
748. Callen, H. B., Callen, E. & Kalva, Z. (1970). Crystal symmetry and macroscopic

laws. II. Am. J. Phys. 36, 1278-1284.

Cochran, W. (1971). Structural phase transitions and soft modes, edited by E. J. Samuelsen,
pp.- 1-13. Oslo: Universitetsforlaget.

Cross, L. E., Fouskova, A. & Cummins, S. E. (1968). Gadolinium molybdate, a new type
of ferroelectric crystal. Phys. Rev. Lett. 21, 812-813.

Doring, W. (1958). Die Richtungsabhdngigkeit der Kristallenergie. Ann. Phys. Leipzig,
Folge 7, Bd 2, 102-109.

Dvoidk, V. (1971). The origin of the structural phase transition in Gdy(MoQOy)s. Phys.
Status Solidi B, 45, 147-152.

Dvorak, V. (1972). Boracites — an example of improper ferroelectrics. J. Phys. 33,
(C2-89-C2-90.

Dvotdk, V. & Ishibashi, Y. (1976). Two-sublattice model of ferroelectric phase transition.
J. Phys. Soc. Jpn, 41, 548-557.

80



Fuksa, J. & Janovec, V. (1995). Permutation classification of domain pairs. Ferroelectrics,
172, 343-350.

Goldrich, F. E. & Birman, J. L. (1968). Theory of symmetry change in second-order phase
transitions in perovskite structure. Phys. Rev. 167, 528-532.

Grimmer, H. (1991). General connections for the form of property tensors in the 122
Shubnikov point groups. Acta Cryst. A47, 226-232.

Hall, M. Jr (1959). The theory of groups. New York: Macmillan.

Hatch, D. M. & Stokes, H. T. (1986). Phase transitions and renormalization group Hamil-
tonian densities in the 80 diperiodic space groups. Phase Transit. 7, 87-279.

Hilbert, D. (1890). Ueber die Theorie der algebraischen Formen. Math. Ann. 36, 473~
534.

Hilbert, D. (1893). Ueber die vollen Invariantensysteme. Math. Ann. 42, 313-373.
Holakovsky, J. (1973). A new type of the ferroelectric phase transition. Phys. Status
Solidi B, 56, 615-619.

Jahn, H. A. (1949). Note on the Bhagavantam-Suryanarayana method of enumerating
the physical constants of crystals. Acta Cryst. 2, 30-33.

Janovec, V. (1972). Group analysis of domains and domain pairs. Czech. J. Phys. B22,
974-994.

Janovec, V. (1981). Symmetry and structure of domain walls. Ferroelectrics, 35,
105-110.

Janovec, V., Dvordk, V. & Petzelt, J. (1975). Symmetry classification and properties of
equi-translation structural phase transitions. Czech. J. Phys. B25, 1362—-1396.

Janovec, V. & Kopsky, V. (1997). Layer groups, scanning tables and the structure of
domain walls. Ferroelectrics, 191, 23-28.

Janovec, V., Litvin, D. B. & Fuksa, J. (1995). Transposable domain pairs and domain
distinction. Ferroelectrics, 172, 351-359.

Janovec, V., Litvin, D. B. & Richterovd, L. (1994). Tensor distinction of ferroelastic
domain states in completely transposable domain pairs. Ferroelectrics, 157, 75-80.

Janovec, V., Richterovd, L. & Litvin, D. B. (1992). Optical and X-ray distinction of
ferroelectric non-ferroelastic domains. Ferroelectrics, 126, 287-292.

Janovec, V., Richterova, L. & Litvin, D. B. (1993). Non-ferroelastic twin laws and dis-
tinction of domain in non-ferroelastic phases. Ferroelectrics, 140, 95—-100.

Janovec, V., Schranz, W., Warhanek, H. & Zikmund, Z. (1989). Symmetry analysis of
domain structure in KSCN crystals. Ferroelectrics, 98, 171-189.

Janovec, V. & Zikmund, Z. (1993). Microscopic structure of domain walls and antiphase
boundaries in calomel crystals. Ferroelectrics, 140, 89-94.

Janssen, T., Birman, J. L., Koptsik, V. A., Senechal, M., Weigel, D., Yamamoto, A.,
Abrahams, S. C. & Hahn, T. (1999). Report of a subcommittee on the nomenclature
of n-dimensional crystallography. I. Symbols for point group transformations, families,
systems and geometric crystal classes. Acta Cryst. A55, 761-782.

Jaric, M. V. (1981). Spontaneous symmetry breaking and the chain criterion. Phys. Rev.
B, 23, 3460-3463.

81



Jaric, M. V. (1982). Comment on symmetry changes in A15 structure. Phys. Rev. B,
25, 2015-2018.

Jaric, M. V. (1983). Nonmazimal isotropy groups and successive phase transitions. Phys.
Rev. Lett. 51, 2073-2976.

Killingbeck, J. (1972). Integrity bases for the crystal point groups. J. Phys. C, 5, 2497—
2502.

Kobayashi, J. & Ascher, E. (1977). Symmetry and phase transitions: the inverse Landau
problem. J. Phys. C; 10, 1349-1364.

Kocinski, J. (1990). Commensurate and incommensurate phase transitions. Amsterdam:
Elsevier.

Kopsky, V. (1975). Typical integrity bases of Abelian crystal point groups. J. Phys. C, 8,
3251-3266.

Kopsky, V. (1976a). The use of the Clebsch—Gordan reduction of the Kronecker square of
the typical representation in symmetry problems of crystal physics.

1. Theoretical foundations.

11. Tabulation of Clebsch—Gordan products for classical and magnetic crystal point groups.
J. Phys C; 9, 3391-3403, 3405-3420.

Kopsky, V. (1976b). The structure of Heesch groups and its relation to material property
tensors. J. Magn. Magn. Mater. 3, 201-211.

Kopsky, V. (1976¢). Thermodynamic model for ferrielectric behaviour of spontaneous
polarization in (NHy )9 SOy4. Solid State Commun. 19, 417-419.

Kopsky, V. (1977). Three applications of the Clebsch—Gordan reduction in phenomeno-
logical crystal physics. Czech. J. Phys. B27, 1237-1262

Kopsky, V. (1978). Exomorphic types of equitranslational phase transitions. Phys. Lett.
69A 82-84.

Kopsky, V. (1979a). Tensorial covariants for the 32 crystal point groups. Acta Cryst.
A35, 83-95.

Kopsky, V. (1979b). A simplified calculation and tabulation of tensorial covariants for
magnetic point groups belonging to the same Laue class. Acta Cryst. A35, 95-101.

Kopsky, V. (1979¢). Extended integrity bases of finite groups. J. Phys. A, 12, 429-443.

Kopsky, V. (1979d). Extended integrity bases of irreducible matriz groups — the crystal
point groups. J. Phys. A, 12, 943-957.

Kopsky, V. (1979¢). Clebsch—-Gordan products and extended integrity bases of crystallo-
graphic double point groups. J. Phys. A, 12, 959-972.

Kopsky, V. (1979f). Representation generating theorem and interaction of improper quan-
tities with order parameter. J. Phys. A, 12, 1L.291-1.294.

Kopsky, V. (1982) Group lattices, subduction of bases and fine domain structures for
magnetic point groups. Prague: Academia.

Kopsky, V. (1983). Algebraic investigations in Landau model of structural phase transi-
tions.

1. Group lattices and lattices of stability spaces.

11. Orbits, strata and epikernels.

III. Extended integrity bases and thermodynamic potentials.

Czech. J. Phys. B33, 485-509, 720-744 and 845-869.

82



Kopsky, V. (1993a,b). Translation normalizers of Euclidean motion groups. 1. Elementary
theory. II. Systematic calculation. J. Math. Phys. 34, 15481556 and 1557-1576.

Kopsky, V. (2001a). Is a revision of Vol. A of the International Tables for Crystallography
desirable or necessary? In Advances in structure analysis, edited by R. Kuzel & J. Hasek,
pp. 334-353. Lecture at the European Crystallographic Meeting (ECM-9), Prague,
1998.

Kopsky, V. (2001b). Tensor parameters of ferroic phase transitions. I. Theory and tables.
Phase Transit. 73, No. 1-2 (Special issue), 1-422.

Kopsky, V. (2001c¢). Tensor properties of ferroic domains. Ferroelectrics, 252, 21-30.
ISFD-6, Nanjing University, 2000. Invited paper.

Kopsky, V. (2001d). Conversion equations and domain states in ferroic phase transitions.
Ferroelectrics, 252, 51-58. ISFD-6, Nanjing University, 2000.

Kopsky, V. & Litvin D. B. (2001). Tensorial covariants and domain state tensors. Fer-
roelectrics, 252, 59—67. ISFD-6, Nanjing University, 2000.

Koster, G. F., Dimmock, J. O., Wheeler, R. G. & Statz, H. (1963). Properties of the
thirty-two point groups. Cambridge, MA: MIT Press.

Landau, L. D. (1937). On the theory of phase transitions. I. and II. ITn Collected Papers
of L. D. Landau. (1967). Edited by D. Ter Haar, pp. 193-216. New York: Gordon and
Breach. [Also JETP, 7, 19 and 627 (in Russian); Phys. Z. Sowjet. 11, 26 and 545 (in
German).|

Levanyuk, A. P. & Sannikov, D. G. (1970). Phenomenological theory of phase transition
in gadolinium molybdate. Fiz. Tverd. Tela, 12, 2997-3000. (In Russian.)

Levanyuk, A. P. & Sannikov, D. G. (1974). Improper seignetoelectrics. Usp. Fiz. Nauk,
112, 561-589. (In Russian.)

Litvin, D. B. & Janovec, V. (1997). Classification of domain pairs and tensor distinction.
Ferroelectrics, 191, 9-14.

Lyubarskii, G. Ya. (1960). The applications of group theory in physics. New York:
Pergamon.

McLellan, A. G. (1974). Invariant functions and homogeneous bases of irreducible repre-
sentations of the crystal point groups, with applications to thermodynamic properties of
crystal under strain. J. Phys. C, 7, 3326-3340.

Noether, E. (1916). Der Endlichkeitsatz der Invarianten endlicher Gruppen. Math. Ann.
77, 89-92.

Nye, J. (1957). Physical properties of crystals. Oxford: Clarendon Press.

Opechowski, W. (1975). Magnetoelectric symmetry. In Magnetoelectric interaction phe-
nomena in crystals, edited by A. J. Freeman & H. Schmid, pp. 47-55. New York: Gordon
& Breach.

Ore, O. (1972). Theory of graphs. Am. Math. Soc. Colloq. Publ. Vol. 38. Rhode
Island.

Patera, J., Sharp, R. T. & Winternitz, P. (1978). Polynomial irreducible tensors for point
groups. J. Math. Phys. 19, 2362-2376.

Patera, J. & Winternitz, P. (1975). On bases for irreducible representations of O(3)
suitable for systems with an arbitrary finite symmetry group. J. Chem. Phys. 65, 2725~
2731.

83



Petzelt, J., Grigas, J. & Mayerova, 1. (1974). Far infrared properties of the pseudoproper
ferroelectric ammonium sulphate. Ferroelectrics, 6, 225-234.

Piivratska, J. & Janovec, V. (1999). Spontaneous polarization and/or magnetization in
non-ferroelastic domain walls: symmetry predictions. Ferroelectrics, 222, 23-32.

Saint Grégoire, P., Janovec, V. & Kopsky, V. (1997). A sample analysis of domain walls
i simple cubic phase of Cgg. Ferroelectrics, 191, 73-78.

Sirotin, Yu. I. & Shaskolskaya, M. P. (1975). Osnovi Kristallofiziki. Moscow: Nauka.

Stokes, H. T. & Hatch, D. M. (1988). Isotropy subgroups of the 230 crystallographic space
groups. Singapore: World Scientific.

Tolédano, P. & Dmitriev, V. (1996). Reconstructive phase transitions in crystals and
quasicrystals. Singapore: World Scientific.

Tomaszewski, P. E. (1992). Structural phase transitions in crystals. 1. Database. II.
Statistical analysis. Phase Transit. 38, 127-220 and 221-228.

Unruh, H.-G. (1970). The spontaneous polarization of (NHy)2SO,. Solid State Commun.
8, 1951-1954.

Voigt, W. (1910). Lehrbuch der Kristallphysik. New York, Stuttgart: Teubner.
Weitzenbock, R. (1923). Invariantentheorie. Groningen: Noordhoff.

Weyl, H. (1946). Classical groups. Their invariants and representations. Princeton
University Press.

Historical development of International Tables for Crystallography

Niggli, P. (1919). Geometrische Kristallographie des Diskontinuums. Leipzig: Born-
traeger.

Internationale Tabellen fiir Bestimmung von Kristallstrukturen. (1935). Edited by C.
Hermann. 1 Bd. Berlin: Borntraeger. [Reprint with corrections: Ann Arbor: Edwards
(1944).]

International Tables for X-ray Crystallography. (1952). Edited by N. F. M. Henry & K.
Lonsdale. Vol. I. Birmingham, Kynoch Press.

International Tables for Crystallography (2002). Vol. A. Space-group symmetry, edited
by Th. Hahn. Dordrecht: Kluwer Academic Publishers. (Previous editions: 1983, 1987,
1989, 1992, 1995.)

V. Kopsky & D. B. Litvin. (2002). International Tables for Crystallography, Vol. E.
Subperiodic groups. Dordrecht: Kluwer Academic Publishers.

International Tables for Crystallography (2003). Vol. D. Tensor properties of crystals,
edited by A. Authier. Dordrecht: Kluwer Academic Publishers. (Volume accompanying
this software.)

84



Appendix A

Correlation of various notations and
Jones’ faithful representation symbols:

Table Al: Cubic group Oy, — m3m -
subgroup of proper rotations O — 432

Cubic system

std. B.C. A.H. Asch. Kpts. Kov. I'T83 Jon.

e E E 1 1 hy 1 Y, 2
2, Cs. 2, 42 hy 2 0,0,z 7,72
2, Co 2. 42 ho 2 2,00 2,7,%z
2y Cay 2y 42 hs 2 0,y,0 m,y,Z
3p CH 3s 31 hgy 3" x,x,x oz,x,y
3, Cs, 3, 39 hv 3% Z,7T,2 Z,0.7
3, C 30 34 his 3% 2,2,7 Z,T,y
3s C3, 35 33 ho 3% Z,2,T7 27,7
3 Cs 32 32 hs 3= x,v,0 Y, 2T
37 Csy 3§ 33 he 3- T,T,x Y,Z,7T
32 Cs 32 32 hy 3- 2,T,T U,2,7T
32 Csa 3% 32 hs 3- T,r,T T,Z,x
42 Cz—z 42’ 43 h14 4+ O, 0, ¥ y, T,z
455 OIT 43; 41 hlg 4+ xZ, 0, 0 x,Z, Yy
4, cy, 4, 44 hos 4% 0,9,0 2,94,T
43 CL 43 43 his 47 0,0,z y,T,z
43 Cra 43 43 hoo 47 2,0,0 x,2,7
- Chy 43 43 heo 47 0,y,0 Z,y,x
me Cga Céa 26 21 h16 2 Z',ZL’,O y,x,E
2x§ C2b éb 2f 22 hlg 2 xZ, T, 0 y, T, Z
2zm 020 Céc 20 23 h23 2 xz, 07 r z, ya xz
2,25 026 Cée 2d 24 h21 2 z, 07 x Ea ya T
2yz C12d Céd 2(1 25 h18 2 07 Y,y f: 2}
2y2 C12f éf 21) 26 hl? 2 07 v,y T,z,Y
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Table Al (cont.1/end): Cubic group Oy, — m3m -
coset of improper rotations iO = O

Cubic system

std. B.C. A.H. Asch. Kpts. Kov. 1783 Jon.

i I i 1 2 hes 1 0,0,0 7Z,7,%
m, 0, m, ms hog m  z,y,0 x,9,Z
My O My mq hog m  0,y,z2 T,y,z
My oy My ms haor m x,0,z x,7, 2
3, Se1 3s 67 hss 37 xxa ZTLY
34 Sea 3, 63 hss 37 TET.x 2T,y
3, Se3 3a 62 hss 37 *, T, T 2,%,7
3s Sia 35 63 hss 37 ma,T Za,y
3 S 3? 61 hoo 3 x,1,7 7, Z,7T
gg S 32 6o hsy 3 ZT,T,x T, z,T
§§ Sg §§l 64 hs1 37 x,T,T vy,Z,x
gi ngl g; 63 h32 3 z,r,T Y,2,T
Zz S4_z Zz Zlg hgg Z+ 0, O,Z y,f,?
1, S 1, 13 his 47 2,0,0 T, 2,7
1, Sk, 1, 4y his 47 0,4,0 Z,7,.x
Zi S Zi 4, hsgy 4 0,0,z 7,2,%
Zi Szrx Zi 11 h44 4 xZ, O, 0 T,Z,Y
Zi St Zi 4y hyg 4 0,9,0 2,7,T
Myy  Oda Oq1 Me ms hao m x,T,Z2 Y, T,Z2
My Odb T4 my My hs7 m  r,r,Z Y,T,Z
Mzye  Ode 0d3 me mz h47 m Ta y,r Ea Y, T
Mzz  Ode 0ds mq me h45 m r,y,r z,Y,T
My, Odd  Odga Mg My hyy  m z,4,Y x,Z,Y
Myz Ogf Ode my mg ha m  r,YY T,z,Y
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Table A2: Hexagonal group Dg;, — 6./m.m,ym,, -
subgroup of proper rotations Ds — 6,2,2,

Hexagonal system

std. B.C.=A.H. Asch. Kpts. Kov. 1783 Jon.

e E 1 1 hqy 1 x,Y, 2

6. Cq 6 6 Do 67 0,0,z zx—y,x,z2
3. Cy 3 62 hs 3" 0,0,z T,x—y,2
2, ) 2 63 hay 2 0,0,z =Yz

32 Cy 32 6* hs 3= 0,0,z y—2a,7,%
65 Cy 6° 6° he 6- 0,0,z y,y—ax,2
255 Ogl 21 21 hg 2 Z, 0,0 xr — y,y,i
255/ ng 23 23 h7 2 0, Yy, 0 T, y—x, z
255// Ogg 25 25 hll 2 ZL‘,I,O y,x,?

2, Cly 25 24 hia 2 z,2x,0 y—=x,9,Z
2y Cly 24 26 h1o 2 2x,x,0 x,x—9Z
2y” 053 26 22 hg 2 X, T, 0 Yy, T,z

Hexagonal group Dgj, — 6./m.m;m,, -
coset of improper rotations 1Dg = D1
Hexagonal system

std. B.C.=A.H. Asch. Kpts. Kov. I'T83 Jon.

i I 1 2 his 1 0,00 .72

6. Sy 6 3° hu 67 0,0,z y—a,T,%
3. Sg 3 6° his 37 0,0,z Y,y —,Z
my Oh m m h16 m 95,%0 T, Y,z

3 Sg 3 6 hvy 3 00,z 2x2—y,x%
6 S 6 3 his 6 00,z Tx—yZ
My Ov1 my my hay moox,2r,z y—a,Yy,z2
My Ov2 ms ms hig m  2x,r,2 T,T—Y,Z2
Mg 0v3 ms ms hes  m x,T,2 Y, T,z

my oq1 msa my hoa m  x,0,z T—y7,z
My O42 my me hao m 0,y,z2 T,y—1x,2
My Oa3 mg My hao m  x,r,Z  Y,x,Z
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Some relations between powers of elements

We use throughout only those elements or their powers which are listed in Tables A1,
A2 under the heading std. with various subscripts indicating directions of axes. These are
listed below as the first ones with a common subscript z in relations to valid but unused
powers. The relations on the left-hand side show powers of elements which have the same
meaning, the relations on the right-hand side show the inverses in terms of used symbols.

2

w

2, =42=1, =6’ 43 =471 4 =4
3.=62=6.=3. 32=3" 6=6"
32=6!=6.=3 3=3", 6.=6."

533 =
1=3,; m,=0,

References from which symbols are taken and comments

std. This manual and software
B.C. Bradley, C.J., and Cracknell, A.P., The Mathematical Theory
of Symmetry in Solids. OUP, Oxford (1972).
A.H. Altmann S.L., & Herzig P., Point Group Theory Tables.
Clarendon Press, Oxford (1994).
Asch. Ascher, E., Properties of Shubnikov point groups. Part 1.
Battelle Report, Geneva.
Kpts. Koptsik V. A., Shubnikovskie gruppy.
Moscow University Press, Moscow (1966).
Kov. Kovalev O.V., Irreducible representations of the space groups.
Gordon & Breach, New York (1965).
IT83 International Tables for Crystallography.
Vol. A: Space-Group Symmetry.
Edited by T. Hahn. Kluwer, Dordrecht (1983, 1984, 1987, 1989, 1992, 1995).
Jon. Jones’ faithful symbols (see Bradley & Cracknell, 1972).

Comments: The standard symbols belong to a variety of symbols, used, for example, by
Ascher or by Koptsik; other symbols of this type are scattered in the literature with
different subscripts (crystallographers would probably prefer subscripts [111], [111], [111],
[111] to our p, g, r, s and even worse for z, 2/, 2" and vy, v/, y"). Spectroscopic symbols,
though rather widely used, are not completely compatible even in the two main cited
sources; some of them are too close to Schonflies symbols for point groups. Symbols by
Kovalev do not bear any explicit information with the exception of h; which is the unit
element. In addition, the letters h; with the same index i have different meaning in cubic
and hexagonal groups. The symbols used in International Tables (Tables 11.2 and 11.3 for
our Tables A1l and A2) are the most complicated and least suitable for further handling;
for example, it is quite out of question to use them in Seitz symbols.
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Schonflies and Hermann-Mauguin Symbols of

Appendix B

Groups in Standard Orientations and of their Subgroups

Cubic system

Th —m§

O, — m3m
O — 432
T —23

Td — Z?)m

Tetragonal system

D4hz - 4z/mzmwmxy
D4z - 4z2‘L2xy

Cavz — 4:mapMay
QZdz - Zz2z7nzy
D2dz - sz‘szy

Diny — 4a/mamymy.
Day — 42242,

Clavz — damymy.
QZda: - ZI2y7nyz
Dzdl — meyZyz

Dany — 4y/Mym-m o
Day — 4,2:2.

C4'uy - 4ymzmzz
Q2dy - Zy2z7'nzz
D2dy - Zy'rnzzzac

C4hz - 4z /mz C4hz - 4‘L/m‘L C4hy - 4U/my
C4z - 4z C4ac - 4¢ C4y - 41!/

S4z — ZZ S4x - Zm S4y - Zy

Cubic branch

D3dp - gpng D3dq - gqng D3qgr — gr'rnzy D3gs — gsmzy
D3, — 31)23@ Dsq — 3(123@ D3y — 3724y D3s — 3524y
C3Up - 3pmzy C3vq - 3qmzy 031;7‘ - 3rmzy C3’US - 3smzy
C3z‘p - gp C3iq - gq C3i'r - gr CB'LS - gs

03:0 -3 C3q —3q C3r — 3¢ C3s — 3s

B-1

Trigonal system

Hexagonal family

Hexagonal system

DG}L - 6z/mzmzmy

Dg — 6.2,2,
Cev — 6.mamy
Dgh — 6z2xmy

ﬁS}L - gzmz2y

Cﬁh - 6z/mz
Ce — 62
CS}L - gz

Hexagonal branch

D3d:L' - gzmzl
D3, —3.2,1
CB'U:E - 3zmz1

CB'L - gz
Cs—3.

ngy — gz 1my
Ds, — 3,12,
C3oy — 321my



Cubic branch

D2}Lz — MaggMayMMz
D2z - 2‘L§2xy2z

C2'UZ - mxymxy 2z

C2vac -

MyzMy 224

D2}L;L' — MyzMy My
Doy — 2y22yz2x

C2'ny - m‘LEQ‘Lymz

C2'uyz - myEZyz Mz

Orthorhombic system

Common

D2hy — MzMezxMy
D2y - ZZEQZ‘LQ’I/

D2}L — MzMyM
Dy — 2,2,2.
CZv:L'y - 2‘L§mxymz Csz — mimyZZ

CZvyE - ZyEmyzmx Coye — meymz

Hexagonal branch

D2h’ — Mg/ My My
Dy — 2,2,/2.

C2'Uz’ - mx’my’zz
C2'Ux’ - Qw’my’mz

D2h” — Mg My 1Mz
D2// — 21.//2yu22

C2'Uz” — M1 My 11 2z

C2'Ux” — 2x” My M

CQ'uy - mzfmzz2y Cszz - mzf2zzmy C2vzf - 2z5mzzmy CQ'uy - mz2ymz Cva’ - mz’2y’mz CQ'uy” — My 2y”mz
Monoclinic system

Cubic branch Common Hexagonal branch

Cthy - 2‘Ly/mxy C2}L;L'§ - ny/mxy Cth - 2z/mz

C2}Lyz - 2yz/myz CthE - 2y2/my2 C2}L;L' - 2I/mz Cth’ - 2z’/m1’ Cth” - 2z”/mz”

C2}Lz;c - 2zz/mzz CthE - 2zi/mzf C2hy - 2y/my Cth’ - 2y’/my’ Cth” - 2y”/my”

CQTZJ - 2Ty CQIE - 21? Co, — 2,

CQyz - 2yz CQyE - 2y2 Coz — 24 CQ:E/ — 24 CQI” — 241

C2Z:L' — 222 C2z§ - ZZE C2y - 2y C2y’ - 2y’ C2y” - 2y”

Cs:ny — Mgy Cszy - mz@ Csz —mz

Csyz — Myz Csy? — Myz Cse — My Cszr — Mg Cprr — Mg

Csz:n — Mz Cszf — Mz Csy — My Csy’ — My Csy” — My

Inversion group C; — 1
Common to all centrosymmetric groups

Identity group C1 — 1
Common to all groups
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Isomorphism class 2 ~ (Y

022
CQx
Cay

CQxy
CQx@
CQyz
Coyz
Csz
CQzE

CQx’
CQx”
Cay
Clayr

Appendix C

Isomorphisms used for defining irreducible representations

Triclinic groups

Isomorphism class 1 ~ C} e=1

I
=

Isomorphism class 1~ C; e=1 1

Monoclinic groups

(22) e 2, Cs: (mz) e my Cans (zz/mz)
(2:8) e 2 Ciz (mx) € My Cona (2x/m:r)
(2y) e 2y Csy (my) € My Cahy (2y/my)
(20y) € 2ay Csoy  (Mmay) € mgy Conzy  (2zy/May)
(2.3) € 23 Csog  (May) € Mgy Conay  (205/May)
(2y2) e 2y Csy= (myz) e my. Conyz  (2y2/my:)
(2yz) e 2 Coz (myz) e myz Conyz  (2yz/myz)
(2zz) € 2296 Cszx (mzm) € Mz C2hzm (2zx/mzz)
(225) € 2z§ Cszx (mzf) € Mz C2hz§ (2z§/mz;r)
(2x’) e 24 Cisar (mx’) € My Congr (2x’/m:r’)
(2$”) e 21.// CSZ'” (mﬁ'}”) (& ml‘” Cth// (21.// /mZ‘”)
(2y) e 2y Coyr (my) e my Cony  (2y/my)
(Qyu) (& 2y// CSy// (my//) e my// Cth// (2y// /my//)

C-1

[

D O D DD

[S NG I I

22
22
2’&/

22y
2.7
2y-
2,z
229:
2

ZT

D
233//
2,
2

Isomorphism class 2/m =~ Cy,

T T

D D . .

Mgt

my//



Orthorhombic groups

Isomorphism class 222 ~ D, Isomorphism class mmm =~ Dy,

D, (222422) e 2, 2 2y Doy, (mymym,) e 2, 2, 2y 1 m, My My
Coy (maymy2;) e 2, my My

Covz (2emym;) e m, 2 My

Cony (my2ym;) e m, my 2,

-922 (232@217422) € 22 2;5@ 2xy D2hz (mxgmxymz) € 22 23:@ 2xy { me Mgy Myy
921)2 (m;c@mzyzz) € 22 Myy May

921):83/ (mzﬂzxymz) € Mz Mgy 29cy

CQ'U:C@ (2xymxymz) € My 2;5@ Mgy

-9295 (2yz2y221) € 21 2y3 2yz D2hx (myzmyzmx) € 21 2y§ 2yz { my Myz My~
921);2 (myEmyzzx) e 2 Myz  Myz

92vyz (myEQyzmz) € My Myz 2yz

CvaE (zyzmyzmx) € My 2y3 Meyz

132y (2z52z:c2y) € 2y 2.7 2,z Dth (szmz:cmy) € 2y 2,7 2. 1t My Mz My
QZUy (mz;cmzx2y) € 2y mzz My

QQT)Z:C (mzi2z:cmy) € My Mz 2.

Covz (2zxmzxmy) € My 2.7 My

DQ! (2x’2y’22) e 22 2;5/ 2y’ Dghl (mx/my/mz) € 22 2331 2yl ) m, Mg My
Coprr (Mpmy2,) e 2, My My

Csz’ (2x/my’mz) e m, 21’ My

Covy  (Mg2ymz) € my Mg 2y

DQ” (2x”2y”2z) e 22 2:8” 2?}” DQhII (mx//my//mz) [ 22 2%” 2?}” Z my i my//
Capzr (mx”my”2z) e 2, Mg My

Cva// (2x//myumz) e m, 2:8” my//

CQU?J” (mINQyumz) e my My 2y//
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Dyp. (4z/mzmxmxy)
D4hz (4x/mxmymyz)

D4hy (4y/mymz mzx)

D4z (4z2x2xy)

C4vz (4 mzmzy)
Dsq. (4 zxmxy)
D2dz (4 my zy)

Dy (4x2y2yZ)

Cave (dgmymy)
lzzdz (42
D2d:c (

2ymy.)

2My2y2)

Dy (442:2.5)
C4vy (4ymzmzz)
D2dy (4y2zmzx)

Tetragonal groups

Isomorphism class 4 ~ C}y

C4z (42) & 42
S4z (Zz) & Zz
Ciz (42) € 4y
S4x (Zx) e Zx
Cay (4y) e 4
Siy (4y) e 4y
Isomorphism
e 4, 2, 47!
e 4, 2, 4t
e 4, 2, 1.
e 4. 2. 1.
e 4, 2, 47t
e 4, 2, 47t
e 4, 2, 1,
e 1, 2, 1.°
e 4, 2, 4!
e 4, 2, 4,
e 4, 2, 1,
e 4, 2, 1,

ﬁQdy (zymzzz;c)

Isomorphism class 4/mmm = Dy,

& 42 22 4; ! 29c
e 4y 2, 470 2,
e 4y 2, 4,1 2

Yyz

2553/ 23/
2,
zx T

C-3

471

25
My
25

Mg

2.9 i
2z i
2.7 i

22y
Mgy

My

]
5 N

<

mz

Mg

225
myz
mez
225

mxy
myg

mez



Trigonal groups

Isomorphism class 3 ~ (3 Isomorphism class 3 ~ Cs;

C; (3) e 3 32 Cyi (3) e 3 32 i 3 3
= - 5

Csp (3)) e 3, 32 Caip (3p) e 3, 32 i 3, 3y

C3q (3q) € 3q 33 C3iq (gq) € gq 33 1 3q gg

Cs (3,) e 3. 32 Csir (3) e 3. 32 4 3. 3,

Css (3,) e 3, 32 Csis (3s) e 3, 32 i 3, 3

Isomorphism class 32 ~ Dj

D3, (3,2;1) e 3. 32 2, 2t D
C3vz (3zmx1) (& 3z 33 My Myt Myt
D3, (3212y) e 3, 33, 2y 2y 2y
C3vy (32 1my) e 32 33, my my// my/
D3, (3p2.3) e 3 3§ 25 2z 2.3
D3, (34227) e 3y 33 2.3 2y 2.z
D3, (3r2zy) e 3 37" 2xy 2yg 2.0
Dss  (3s24y) € 35 32 2, 2, 2.3
Csp  (3pmay) e 3p 3§ May  Myz Mz
Csog  (Bgmay) € 3q 33 Myy  Myz  Meg
Caor  (Brmay) € 30 37 May Myz M
Civs  (Bsmay) e 3 3? Myy Myz Mg

Isomorphism class 32 ~ D3y

D3dz (SZmzl) (& 32 33 QE 295// QII ) gz 32 My Mgt My
Dsgy (3:1my) e 3. 32 2, 2, 2, i 3. 3 my, my my
Dsgp  (Bpmaz) € 3p 37 2y 2z 2w i 3 32 Myy  Myz Moz
D3aq (gquﬂ) e 34 33 205 2yz 2. 1 gq gg May  Myz  Mag
D3y (grm:cy) e 3 3% 2;cy Yz O gr gr Myy  Myz Mg
Dsas  (Bsmay) e 35 32 24, 2, 3 1 3s 33 Mgy My, Mz
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Hexagonal groups

Isomorphism class 6 ~ Cg

CG (6;;) e
CBh (Gz) e

3. 2. 32 6
=5

62
6. 3. m. 32 0.

Isomorphism class 622 ~ Djg

Dg (6:2,2,) e 6. 3. 2. 32 63 2, 2, 2. 2, 2

Cop (6:mzmy) e 6, 3, 2. 32 65 my my myr my my
— — _5

D3y, (6,2,my) e 6, 3, m, 32 6§ 2, My 20 my 2

Dgh (@mﬂy) e 62 32 my 33 Ez My 2y/ Mgt 2y Mg

Cubic groups

Isomorphism class 432 ~ O

O (432)

T 4T
T, (d32) T 1,T

Note: Trigonal subgroups of cubic groups are defined as follows:

2y
e
My
2y

Subscripts p, ¢, r and s correspond to rotations about threefold axes with directions [111], [111],

[111] and [111], respectively.

The group Ds, with main axis along [111] therefore has elements:
e, 3p7 3?), 215, 2yg and 225.

Groups Ds,, D3, and D3, are, respectively, obtained by conjugations via 2, 2, and 2,, respectively,

so that:
D3q = 2zD3p2z7 Dgr = 2:ED3p2x and Dgs = 2yD3p2y‘
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Appendix D

Standard polynomials:

§=Gtiy) | n=g@—iy)
£ = (J5)"[Bn(z,y) + il (z,y)] 0" = (35)" [Ru(,y) — il (2, y)]
NG NG
= Ry(z,y) Li(z,y) =y
22 —y? = Ry(z,y) L(z,y) = 2xy
3 — 3xy? = Rs(x,y) Is(z,y) = 3%y — y°
at — 627y + y* = Ry(x,y) Ii(z,y) = doy(a® — y?)
25 — 1023y? + Say* = Rs(x,y) Is(z,y) = ba'y — 10223 +¢°
2% — 152%y* + 152%y* — yb = Rg(z,y) Is(z,y) = 2xy(a® — 3y*)(32* — y?)

Qx,y,2) = 2?(2* —y") + 92 (a* — 2*) + 22 (y* — 2*)

Some useful relations:
Ry(y,z) = —Rs(z,y) I(y,x) = Iy (z,y)

Rﬁ(yax> = _Rﬁ(xay) 16(y7x) = _16(x7y>
Re(z, —y) = Re(—x,y) = Ru(z,y) Io(x,—y) = Is(—2,y) = —Is(x,y)

Qx,y,2) = Q(y,2,2) = Q(z,,y) =
_Q(xa 2 y) = _Q(Za xZ, y) = _Q(ya 2 .CI?)
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Appendix E: Labelling of Covariants and Conversion Equations

The tables in this part are given only for the following groups of proper rotations:

tetragonal trigonal hexagonal cubic

4, — Cyp. 3, — Cy 6. — Cs 23 — T
42,2,y — Dy. 3.2, — Dsy 3.2, — D3, 6.2,2, — Dg 432 — O

and for tensors u, A, s and q, all of which are of even parity with respect to space
inversion 1.

To each group there are assigned two tables on facing pages. The first table, called La-
belling of Covariants, assigns numerical labels to linearly independent D™ (G)-covariants
in cases where more than one covariant of a given tensor to this irep exist. We shall illus-
trate it for the case of the tensor A. One-dimensional covariants, including invariants, are
denoted by the sans-serif letter A with two indices, the first of which is the numerical label
of an irep and the second of which is the number of the covariant. If only one covariant
of the type exists, we drop the second index. Thus A; means an invariant, A; means a
X3(G)-covariant but Ay ;, Ajo, A3 mean the first, second and third invariant and Az,
A3 mean the first and second y3(G)-covariant. The two-dimensional D®(G)-covariants
are expressed as A(12) = (Agz1, Aoya), A§2) = (Ag2, Aoy ), A;(f) = (Ags3, Agy 3), and so on
if more than three linearly independent D®(G)-covariants exist, while A = (A,,, Ay,)
signals that there is no other D(z)(G)—covariant. In cubic groups we use only the compo-
nents of covariants.

The table on each facing page bears the title Conversion Equations and contains Carte-
sian tensor components expressed in terms of the covariant components. If all nonin-
variant components are set to zero, we get the tensor form, invariant under the group
G. By comparison with the main tables we can see which covariant components onset
at each transition from the parent group GG. Thus these components can be described as
the tensor parameters of the transition. Conversion equations are a convenient platform
from which to launch the detailed investigation of domain pairs and domain walls. The
results of such an investigation in a form which an experimentalist can use directly are in
preparation as a continuation of this work.

Conversion equations are not necessary for parent groups up to mgm,m, — D, because
Cartesian components are themselves relative invariants (this is, however, due to the
choice of group orientations). Labelling of covariants and solution of conversion equations
for other tensors and for other groups can be performed by rewriting the results of Table E
with the use of Opechowski’s magic relations, which will be considered in detail elsewhere
because they enable us to extend the current results to magnetic groups and properties.
The relations between covariants of tensors which differ only by parities with respect to
various groups of the same Laue class have already been discussed by Kopsky (19790).
These relations can also be seen from tables of covariants (Kopsky, 19794, 20015).
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Group 4./m, - (Cyp.)

Labelling of Covariants

Uil = U + U9

Ui2 = U3

A=Ay — Ay
Aip = Az + Az
Az = A5+ Ay
Ay = Ass

A = (A, Ay) = (Anr, Ase)
Agl) = (Alx,Q: Aly,Q) = (A12, A21)

S1,1 = S11 1 S22
S1,2 = S13 1 S23

S1,3 = S44 1 S35

S1,4 = S16 — S26

S1,5 = S12

S1,6 = 533

S1,7 = Se6

Sgl) = (512,14 Sly,l) = (514, —525)
Sgl) = (5122, Sly,2) = (524, —515)

di1,1 = ¢13 + ¢o3
d1,2 = 416 — 426
91,3 = Q445

qgl) = (C]u,l, (11y,1) = (Q14, —Q25)

q(21) = (QIx,Qu Q1y,2) = (CI24, —Q15)

E-2

Ug1 = Up — U2
Uz 2 = Ug

uY = (urg, ury) = (ug, —us)

Asi = A+ Ags

A3,2 = ASl - A32
A3,3 = A15 - A24
A3,4 = A36

AL = (A s, Arys) = (Arg, Ass)
Az(ll) = (Alx,47 Aly,4) = (A26, A16)
Aél) = (Alx,E): Aly,5) = (A35, A34)

$3,1 = S11 — S22
53,2 = S13 — S23

$3,3 = S44 — S35

S3.4 = S16 + S26
53,5 = 536
53,6 = S45

53) = (slx,S: Sly,:s) = (834, —535)

54) = (Slx,47 S1y,4) = (3567 —546)

93,1 = 413 — 423

ds,2 = q16 1+ q26

ds,3 = q12

d3,4 = 436

Q:(),l) = (Q1x,3, C]ly,S) = (g34, —@35)

(1)

a1 = (Q1x,47 Q1y,4) = (%67 —Q46)



Conversion Equations

Uy = %(Ul,l + U3,1) Uz = %(Ul,l - U3,1) U3 = U2
Uy = Uiy Us = —Uly Ug = U3 2
Ay = Aigp Agy = Ay Ag = Az Ay = Ay
Az = Az Az = A3 Ags = Az Ag = Ay
Ass = Arps Asa = Aiys Asz = A4 Asg = Agy
Ay = %(Am +As1) Ags = 5(—Ai+As1)
Az = %(Am +As2) Ay = 5(A12 — Asp)
A5 = %(AI,S + As3) Agy = %(Al,:s —As3)
S$11 = %(51,1 +5S31) Soo = %(51,1 —S31) S13= %(51,2 +5S32) So3 = %(51,2 —S39)
S44 = %(51,3 +5S33)  Sp5 = %(51,3 —S33) Si6 = %(51,4 +5S34) Sop = %(—51,4 +34)
S12 =S15 833 =S16 Se6 — S1,7 S36 — S3,5 S45 = S36
S14 = Siz,1 S25 = —Siy,1 S24 = S1z,2 S15 = —S1y,2
S$34 = S1¢,3 8§35 = —S1y,3 S56 = Siz,4 S46 = —S1y4

i3 = %(Ch,l +ds31) Qo3 =

q45
q14 = Q1z,1 Q25 =
434 = Q12,3 g3s =

%((h,l - Q3,1) qi6 =

=4d1,3

—qiy,1

—q1y,3

d12 = 433
24 = Q12,2
56 = Q1z,4

E-3

%(ql,Q +d32) 6 =

%(—%,2 +ds,2)

36 = 93,4
qi5 = —q1y,2
a6 = —q1y4



Group 4,2,2,, - (Da.)

Labelling of Covariants

U1 = Up + g Us = U1 — U2 Ug = Ug

U2 = U3 ul) = (ulxau1y> = (U4, —U5)

Al = Ay —Ass Agy = Asi +Aso Agp = Ay + Aos Ayy = Az — Asy
Asg = Ais +Asy Aszy = Ase Aso = Ais — An
Asz = Asz

AW = (A, Anyy) = (A, Ap) A = (A, Ayys) = (As, Ags)
Agl) = (Alzv,% Aly,2) = (Am, A21) Az(ll) = (A1x,4, A1y,4) = (A267 A16)
A = (A, Arys) = (Ass, Asy)

S1,1 = 811 + 822 S2,1 = S16 — S26 S3.1 = S11 — S22 S41 = S16 1+ S26

S1,2 = S13 + So3 S3,2 = S13 — S23 S4,2 = S36

S1,3 = S44 1+ S55 53,3 = S44 — Ss5 54,3 = S45

S1,4 = S12

S1,5 = S33 5(11) (Sm 15 S1y, 1) («5‘14, —825)

S1,6 = Se66 Sgl) (Slx 2, Sly,2) (524, —515)
Sz(),l) = (Slx 35 S1y,3 ) (534, —535)
SS) (Sm 4, S1y, 4) (5567 —546)

di,1 = q13 + ¢23  d2,1 = G16 — 926 43,1 = q13 — (23 d4,1 = q16 1+ 926
22 = 45 ds2 = q12 d4,2 = Q436

(QLE 1, Q1y,1 1) = (Q14, —q25)
= (QIx 25 q1y, 2) = (q24, —q15)
(Q1x 35 Q1y, 3) = (Q34, —q35)
(QLE 45 Q1y, 1) = (Q567 —Qu5)
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uy = %(Ul,l +ug) up = %(Ul,l —ug) Uz =Up;
Uy = Uy Us = —Uly Ue = Ug
A=Ay Ay = Ay A = Ao
Az = Apz Az = Ay Agg = Atz
Aszs = Arps Ass = Aiys Asz = Ag3
Ay = %(A1 +Az1) Ay = %(—A1 + Asz1)
Az = %(A2,1 + A1) Az = %(A2,1 — A1)
A5 = %(AZQ + A1) Ay = %(AZQ —Ay2)
S11 = %(51,1 +531) So2 = %(51,1 —S31) S13= %(51,2 +532) So3 =
Saq4 = %(51,3 +533) S55 = %(51,3 —S33) S16 = %(52,1 +541)  So6 =
812 =S1,4 833 =S15 Se6 — S1,6 S36 — S4,2 S45 =
S14 = Siz,1 S25 = —Siy,1 S24 = S1z,2 S15
$34 = S1z,3 8§35 = —S1y,3 S56 = Slx,4 S46
i3 = %(Ch,l +ds31) Qo3 = %((h,l —ds1) Qs = %(%,1 +da1) Qo6 =
qa5 = (2,2 q12 = 3,2 d36
q14 = Q1z,1 425 = —(qiy,1 424 = Q12,2
434 = Q12,3 G35 = —q1y,3 56 = Q1z,4 q46

Conversion

Equations

E-5

qi5 =

%(51,2 —S39)
%(—52,1 +54,1)
54,3

= —S1y,2

= —S1y4

%(—%,1 +qa,1)
= 4,2
_q1y,2

—qiy4



Up1 = U1 + Ug

Up2 = U3

A = Ay — Ags
A1 = Az + Az

A1,5 = All - A12 - 2A26
A1,6 = A22 - A21 - 21416

S1.1 = S11 + S22 + 2512
S12 = S11 + S22 + 2566
S1,3 = S13 + S23

S1,4 = S44 + 855

51,5 = 533

S1,6 = S14 — S24 + 2856

S1,7 = S15 — S25 — 2846

di,1 = q13 + Q23

di,2 = qi6 — 426

qi1,3 = Q445

A1,4 = Q14 — Qo4 — 2q56
di,5 = q15 — G5 + 2qu6

Group 3, -

(Cs)

Labelling of Covariants

11(11) = (le,lauly,l) =
11(21) = (le,2,uly,2) =
A = (A, Ayya) =
Agl) = (Alx,2, Aly,2)
A = (A1ps, Arys)
ALY = (A, Arya) =
A = (Ans, Arys)
( 6)
Sgl) (Slxlasly, ) =
5(21) = (Slx 2, S1y, 2)
S:(gl) = (51:1:37 S1y, 3)
Sz(ll) = (51x4: S1y, 1) =
Sfr,l) (Slx 5, S1y, 5)
sé” (Slxﬁy S1y, 6)
Sgl) = (S1a, 7, S1y,7 7) =
qgl) (Q1x1 Q1y,1 1) =
qgl) (Q1x 25 q1y, 2) =
Qz(al) (Q1x 35 Gy, 3) =
qz(l) (Q1x4,Q1y 4)
qé ) = (Q1x 55 41y, 5) =

E-6

(uy — ug, —2ug)

(s, —us)

(514 + S24, =515 — S25)

(314 — 856, S46 — 825)

( —535)

[s11 — S22, —2(516 + S26)]

[s11 4 820 — 2512 — 4566, 4(516 — S26)]
513 — 593, —2836)

(
(544 — 555, 2545)

534,

(q34, —q35)

(qua + @24, —q15 — G25)
(q14 + G56, — Qa6 — G25)
(q12, Q16 + Go6)

(

q13 — ¢23, 26]36)



1 1
Uy = §(Uo,1 + Up1) U = §(Uo,1 —Upp1) Us = Upa
1
Ug = Upg,2 Us = —U1y,2 U = —5U1y,1
A LA LA | A LA LA 1A
11 1A 1Al T5A1z2 22 = 1AL6 T7Ay1 t3Aly
1 3 1 1 3 1
Ap = —3A15 +7411 —5A412 Ag —7A16  T1A 341
1 1 1 1 1 1
Agg = —3A15 —7A1  +5A12 A= —7A16 A1 T3Ay
_ 1 1 1
Ay = 5(A11 + Aiag) Az = 5(A12 4+ Ayys) Ais = 3(A1z + Auy)
1 1 1
Ags = 5(—Ai1 + Aizg) Azy = 5(A1p — Arys) Agg = 5(Arz — Arye)
_ _ 1 _ _
Az = Aty Az = 5415 Az = Az Aoz = Az Azs = Aizy Asi = Ay
1 1 1 1
S11 = 3511 T3S12 +35S5124 +gSizs
1 1 1 1
S92 = 3511 T3S12 —3Si1z4  tTgSizs
_ 3 1 1
S12 = 8S1,1  —z51,2 8512,5
1 1 1
S66 = —gS1,1 T3S1,2 —3551z,5
1 1 1 1 3 1
S14 = 1516  T7S1z1  T3512,2 S15 = 151,7  —3S1y1  t3S1y2
_ 1 3 1 _ 1 1 1
S24 = —7S16 T3Szl —3551z2 So5 = —S1,7 T 7S1y1 T5S1y2
1 1 1 1 1
S56 = 7516 T7Siz1 5512,2 S46 = —yS1,7 Syl  T551y2
_ 1 _ 1
S13 = 5(s1,3 + S12.6) S93 = 5(51,3 = S1z6)
_ 1 _ 1
S44 = 5(51,4 + S12.7) S55 = 5(51,4 — S12.7)
1 1 1 1
816 = —7S1y4a T §S1y5 S26 = —7Sly4 — 3Sly5
_ _ _ 1 1
533 = 51,5 534 = S1z,3 S35 = —S1y3 S36 — —3551y,6 S45 = 551y,7
_ 1 _ 1
13 = §(Q1,1 + G1a5) qi6 = 5(%,2 + Giya)
1 1
q23 = §(Q1,1 - C]1x,5) q26 = —§(Q1,2 - Q1y,4)
_ 1 1 1 _ 1 3 1
14 = 7914 t7Qz2 T5%23 q15 = 1915 —1Qy2 T5%y3
_ 1 3 1 _ 1 1 1
Goa = —73914 TiQz2 —35%123 Q25 = —7915 —7%1y2 —541y,3
1 1 1 1 1 1
56 = —7914 —7%z2 1350123 Qag = 7915 TiQy2 —5%1y3
_ _ _ _ 1
5 =01,3 434 = Q1z,1 435 = — Qg1 912 = (1, 36 = 5q1y,5
q4 q q3a = ¢ q q q Q1z,a 4 54

Conversion Equations
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Up1 = U1 + Ug

Up2 = U3

A= Ay — Ags

A1,2 = All - A12 - 2A26

Asi = Az + Az
Asg = Ais + Ay
Az g = Asg

A2,4 = A22 - A21 - 21416

S1.1 = S11 + S22 + 2512
S12 = S11 + S22 + 2566
S1,3 = S13 1+ Sa23

S1,4 = S44 + 855

533
S16 = S14 — So4 + 2856

S15

Sy = S15 — So5 — 2546

di,1 = ¢13 + Q23
di,2 = G4 — G24 — 2¢56

d2,1 = q16 — 426
2,2 = 445
d2,3 = 15 — G25 + 2Qu6

Group 3.2, - (Ds;)

Labelling of Covariants

u(ll) = (ulx,luuly,l) = (uy, —U5)

11(21) = (U1z,2, Uty 2) = (U1 — U2, —2ug)

stV = ($12,1, S1y,1) = ($14 + 524, —S15 — 525)

s:(gl) = (8133737 81y73) = (5347 _835)
sgll) — (81$,47 Sly,4) —= [811 — 3227 _2(816 + 826)]
sél) = (12,5, S1y,5) = [S11 + S22 — 2512 — 4566, 4(S16 — S26)]
sél) = (S12,6, S1y6) = (513 — S23, —2536)
) ( )

(
(

St = (S1a,7, S1y,7 S44 — Sp5, 2545)

q; = (QI:U,DQIy,l) = (Q347 —Q35)
qgl) = (Q1z.2, Q1y.2) = (Q1a + @24, —Q15 — ¢25)

Q:(al) = (q12,3, Q1y,3) = (14 + @56, —Qa6 — @25)

qz(ll) = (a4 Qiya) = (Q12, Q16 + G26)

qél) = (Q1z.5: Q1y.5) = (Q13 — G23, 2G36)
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Conversion Equations

1 1 _
Uy = §(Uo,1 + Up2) Uy = §(Uo,1 —Upp2) U = Uya
1
Ug = Upg,1 Us = —Uly,1 U = —5U1y,2
A LA LA | Agy = LA LA 1A
11 7A12 1Al T5A1z2 22 = 7R24 T7A11 T340
1 3 1 1 3 1
Ay = —3A12 +5A1 —5A12 Ay = —3A0s +5A1 —5AL
1 1 1 1 1 1
Agg = —3A12 —7A1 +5A12 Ag= —7Roa —5A1 3410
_ 1 1 1
Ay = 5(A11 + Aiag) Az = 5(Agq + Ay ) Ais = 3(Azp + Auy)
1 1 1
Ags = 5(—A11 + Arg) Azp = 5(Ag1 — Ay ) Ags = 3(Agz — Asye)
2 2 2
_ _ 1 _ _ _ _
Azz = Aoz Az = 5A1es Az = Az Aoz = Az Azs = Aizg Asi = Aiya
1 1 1 1
S11 = 3511 T3S12 +35S5124 +gSizs
1 1 1 1
S92 = 3511 T3S12 —3Si1z4  tTgSizs
_ 3 1 1
S12 = 8S1,1  —z51,2 —3g51z,5
1 1 1
S66 = —gS1,1 T3S1,2 —3551z,5
1 1 1 1 3 1
S14 = 7516 T3S1z1  T35512,2 S15 = 152 —1S1y1  t3S1y2
_ 1 3 1 _ 1 1 1
S24 = —7S16 T3Szl —3551z2 S5 =  —7S2 —7S1y1  T3S1y,2
1 1 1 1 1 1
S56 = 7516 T7S1z1  —5S5122 S46 = —yS2 —7Sly1l  T35S1y2
_ 1 _ 1
S13 = 5(s1,3 + S12.6) S93 = 5(51,3 = S1z6)
_ 1 _ 1
S44 = 5(51,4 + S12.7) S55 = 5(51,4 — S12.7)
1 1 1 1
816 = —7S1y4a T §S1y5 S26 = —7Sly4 — 3Sly5
_ _ _ 1 1
533 = 51,5 534 = S1z,3 S35 = —S1y3 S36 — —3551y,6 S45 = 551y,7
_ 1 _ 1
3= 5911+ G1z5) G16 = 5(d2,1 + quya)
1 1
q23 = §(Q1,1 - C]1x,5) q26 = —§(Q2,1 - Q1y,4)
_ 1 1 1 _ 1 3 1
14 = 7912 t7Qz2 T5%23 q15 = 7923 —1y2 T5%y3
_ 1 3 1 _ 1 1 1
Goa = —73912 TiQz2 —3501z3 Q25 = —7923 —7d1y,2 —541y,3
1 1 1 1 1 1
56 = —7912 —7%z2 1350123 Qag = 7923 Tiy2  —5%1y3
_ _ _ _ 1
5 =022 Q34 = Quz,1 935 = —Qiy,1 Q12 = (1, 36 = 5q1y,5
q4 q q3a = ¢ q q q Q1z,a 4 54
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Up1 = U1 + Ug

Up2 = U3

A= Ay — Ags
Aig = Agy — Ay — 2456

Asi = Az + Az

Asg = Ais + Ay

Ag3 = Ass

Agy = Ay — Ajg — 245

S1.1 = S11 + S22 + 2512
S12 = S11 + S22 + 2566
S1,3 = S13 + S23

S1,4 = S44 + 855

51,5 = 533

S1,6 = S15 — S25 — 2846
Sy = S14 — So4 + 2556

di,1 = ¢13 + Q23
di,2 = q15 — G25 + 2Qu6

d2,1 = q16 — 426
2,2 = 445
d2,3 = G1a — G24 — 2¢56

Group 3.2, - (Ds,)

Labelling of Covariants

uf?
uf?

(s, —us)

(2U6, Uy — UQ)

= (ulx,lu Uly,l) =

= (le,% Uly,2) =

Aél) = (Aiz5, A1ys) = (Aza — Asz1,2A43)
= (A — A5, Ay + Ags)

Sgl) = (S12,15 S1y,1) = (S14 + 524, —515 — S25)
Sg) = (S1z,2s Sly,2) = (514 — 556, 546 — S25)
S:(sl) = (Slx,37 Sly,3) = (534, —S35)
5511) (812,45 S1y,a) = [2(516 + S26), 511 — S22]
Sél) (812,5: S1y,5) = [4(S26 — S16), 811 + S22 — 2512 — 456
Sél) (812,65 S1y,6 6) = (2536, 513 — S23)
5(71) (812,75 S1y,7) = (2845, S55 — S44)
1)

(Q347 —Q35)
(q1a + Goa, —q15 — Go5)
(qra + G56, —Qu6 — Go5)

q " = (Chx,h(hy,l) =

qQ " = (QI:E,%qu,Q) =

Q:(al) = (Q1x,3, Q1y,3) =

qz(ll) = (Q1x,4, Q1y,4) =
1
qé ) = (Q1x,5, qu,5) =

(q16 + G26, —Q12)
(2q36, 023 — q13)
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Conversion Equations

1 _1 _
Uy = §(Uo,1 +Uuyy0) Uy = 5(U0,1 —Ury2) U3 = Uo
1
Ug = Upg,1 Us = —U1y,1 U = FU1z,2
1 1 1 _ 1 1 1
A A24 +7A11 t5A2 Agy = AL +3AL1 A
1 3 1 1 3 1
Ap = —3Acs +5A1 —5A1.2 App = —3A12 +5A1 —5A
1 1 1 1 1 1
Agg = —3P2a —7Aw1 +5A12 Aig= —7A12 —5A1 3410
1 1 1
Ay = 5(A11 + Arye) Az = 5(Ag1 — Arps) Ais = 5(Ag0 — Arg)
1 1 1
Ags = 5(—A1,1 + Aiy6) Asy = §(A2,1 + Aiy5) Aoy = §(A2,2 + Aiz6)
_ _ 1 _ _ _ _
Azz = Aoz Az = 5A1ys Az = Az Aw = Az Ass=Aa Az = Ay
1 1 1 1
S11 = §S1,1 t3S12  T5S1y4a  tgSiys
1 1 1
S99 = §S1,1 t7S12 5S4 tgSiys
_ 3 1
S12 = 851,10 —z51,2 851y,5
1 1 1
S66 = —gS1,1 T3S1,2 —3551y,5
S14 = 15y +is +1s S15 = is -8 +1s
14 = 152 1512,1 5512,2 15 = 1516 151y,1 551y,2
_ 1 3 _ 1 1 1
S24 = —7S2 T3Sz 551x,2 So5 = —7S1,6 T 7S1y,1  T3S1y.2
1 1 1 1 1
S56 = 152 T7S1z1 551z,2 S46 = —7S1,6 —ySlyl T5S1y2
s13 = =(s13+ S1,6) Sp3 = +(S1.3 — S1y6)
13= 35(S1.3 19,6 23 = 5(S1.3 19,6
Sy = 3(S14— S1y7) S55 = 2(s14+ S1y7)
44 5(S1,4 1y,7 55 5(S1,4 1y,7
1 1 1 1
S16 =  3S1z4 — gS1z,5 S26 = 4Siza T 351z,5
_ _ _ 1 1
5§33 = 51,5 S34 = S1z,3 S35 = —S1y,3 536 — 3S51z,6 S45 = 551a,7
_ 1 _ 1
013 = §(q171 - QIy,S) qi6 = §(QQ,1 + Q1x,4)
1 1
Go3 = §(Q1,1 + Q1y,5) Go = —5(%,1 - C]1x,4)
_ 1 1 1 _ 1 3 1
14 = 7923 T7Qz2 T5%23 q15 = 7912 —1Qy2 T5Qy3
_ 1 3 1 _ 1 1 1
G2a = —7923 TiQz2 —3501z3 Q25 = —7912 —7%1y2 —541y,3
1 1 1 1 1 1
56 = —7923 1%z2 50123 Qag = 7912 TiQy2  —5%1y3
_ _ _ _ 1
45 = 92,2 434 = Qiz,1 435 = —qiy1 12 = —Qiy4 436 = 5491z,5
2
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Group 6, - (Cp)

Labelling of Covariants

Up1 = U1 + Usp uY = (upg, uy) = (ug, —us)

Upo = Us u? = (Uog, Ugy) = (U1 — u2, 2ug)

A= Ay — Ay Aﬁ” = (Aig1, A1y1) = (Ain + A1, Asy + Aoy)
A1 = Az + Az Agl) (A1z2, Ary2) = (A1 + Az, Ao + Asg)
Ars = Ars + A A = (Ais, Arys) = (Ars, Ags)

Ava = Ass AL = (A, Arya) = (Ass, Asa)

Az = A — A — 2As A?) = (Aog1, Aoy1) = (2A36, Ase — A1)
Aso = Agy — Ay — 2416 A = (Agan, Aoya) = (Ars+ Ass, Agy — Ass)

S1.1 = S11 + S22 + 2512 Sgl) = (12,1, S1y,1) = (514 + S24, —515 — S25)
S1,2 = 811 + S22 + 2566 Sgl) = (slx,Q: Sly,2) = (514 — 556, S46 — 825)
_ 1 _ _ i
S1,3 = S13 + S23 s3” = (S12,3, S1y,3) = (S34, —S35)
S1,4 = S44 + 855
S1,5 = S33 5(12) (52:1: 15 S2y, 1) = [811 — S22, (816 + 326)]
5(22) (8222, S2y.2) = [S11 + S22 — 2512 — 466, 4(S26 — S16)]
S3,1 = S14 — So4 + 2856 S:(),Q) (5290 35 S2y,3) = (513 — 523, 2536)
— S5 — Sor — 2 (2) — (S44 — Ser, —2
S32 = S15 — S25 S46 S4 (52:1: 4, S2y, 4) (344 S55, 845)
di,1 = ¢13 + Q23 qgn = (12,1, Q1y1) = (g34, —G35)
d1,2 = q16 — 926 qgn = (Q1z.2, Q1y.2) = (q1a + @21, —Q15 — ¢25)
d1,3 = Q45 Qz(al) = (q12,3, Q1y,3) = (14 + @56, —Qa6 — @25)
a3,1 = qia — Q24 — 2Gs56 qu) = (Q2x,1, QQy,l) = (Q12, —q16 — q26)
d32 = 15 — Qo5 + 2que qu) = (Q2x,2, C]Qy,Q) = (CI13 — {23, —2(136)
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Conversion Equations

Uy = %(uo,l + Ugy) U = %(uo,l — Ugy) U = Upo

Uy = Uy Us = —Uly U = 75Uy
A = 1A 1A 14 Agy = 1A 1A 1A
11 = TA31 T7AI1 T5A1r2 22 = TR32  T7A1 t3A2
A = —iA?,,l +%A1x,1 _%Alx,Q Ao = _iA3v2 +%A1y,1 _%A1y72
A26 - _iA?),l _iAlaf:,l +%A1$,2 A16 - _iA372 _iAlyvl +%A1y72
Ay = §(A11 + Aze2) Az = 3(A1p — Agy 1) Aty = 3(A13 — Azy )
Ags = %(_Au + Aoy o) Agzy = %(Alﬂ + A2y71) Ag = %(AL?’ + AQ%Q)

_ _ 1 _ _ _ _
Ass =A1g Az = §A2x,1 Az =A1pz Ay =Ays Ass =Aipa Asg = Aiya

1 1 1 1
S11 = 3511 t3S12  T5S2:1 TS
1 1 1 1
S92 = 3511 T3S12 —3S221  tgS2m2
_ 3 1 1
S12 = 8S1,1  —z51,2 —g52z,2
_ 1 1 1
S66 = —gS1,1 T3S1,2 —g5522,2
1 1 1 1 3 1
S14 = 1831  T7S1z1  T3512.2 S15 = 1532  —1S1y1  t3S1y2
_ 1 3 1 _ 1 1 1
S24 = —7S31 TSzl —3551z2 So5 = —7S3,2 T 7S1yl  T3S51y2
_ 1 1 1 _ 1 1 1
S56 = 1831 TyS1z1  —55122 S46 = —7S32 —ySiy1  T5S51y2
_ 1 _ 1
S$13 = 5(51,3 + S953) So3 = 5(51,3 — 594.3)
1 _ 1
S44 = 5(51,4 + S2z4) S55 = 5(51,4 — S22.4)
_ 1 1 1 1
816 =  7S2y,1 — 352y,2 S26 =  3S2y,1 T g52y,2
_ _ _ 1 _ 1
533 = 51,5 534 = S1z,3 S35 = —S1y3  S36 — 352y,3 S45 = T552y4
_ 1 _ 1
Q13 = 35(d11 + Ge2) qi6 = 5(d12 — q2y1)
_ 1 _ 1
@3 = 5(911 — Qor2) @26 = —5(qu2 + q24.1)
_ 1 1 1 _ 1 3 1
14 = 7931 t7Qz2 T5%23 q15 = 7932 —1y2 T5Gy3
_ 1 3 1 _ 1 1 1
Goa = —7931 T5Qz2 —3501z3 Qo5 = —7932 —39%1y2 359193
_ 1 1 1 _ 1 1 1
56 = —7931 —7%z2 1350123 Qag = 7932 TiGy2  —5%1y3
_ _ _ _ _ 1
a5 = 91,3 434 = Qiz,1 435 = —qiy1  q12 = 22,1 436 = —5(2y2
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Group 6,2,2, - (Dg)

Labelling of Covariants

Up1 = U1 + Uz ul) = (U1, u1y) = (g, —us5)

Upo = Us U@ = (ug,, ugy) = (u1 — ug, 2ug)

Ap = Ay — Ags Agl) = (A3, A1y1) = (A1 + Agg, Aos + Ay)
Aél) = (A1z2, A1y2) = (A11 + Agg, Aoo + As)

Ay1 = Az + Az A:(gl) = (A1z3, Arys) = (Aiz, Ags)

Ago = A5 + Aoy Ail) = (A1pa, Ayy 1) = (Ass, Asq)

A2,3 = A33

As = Ay — Ap — 249 A(12) = (Aog 1, Aoy1) = (2A36, Aso — A1)
Ay = Agy — Aoy — 2444 AP = (Appo, Agys) = (A + Ags, Ay — Ags)

(1)

S1,1 = S11 + S22 + 2519 51" = (S1x,1, S1y,1) = (814 + So4, —S15 — «5‘25)
_ (1) _ _

S1,2 = 811 1+ S22 + 2566 Sy = (Slx,Q: Sly,z) = (814 — 556, S46 — 825)
_ (1) _ _

S1,3 = 813 1+ So23 83 = (Slx,S: Sly,:s) = (834, —535)

S1,4 = S44 1 S55
(2 _

S1,5 = S33 S1 (52x 15 S2y,1 ) = [511 — S22, (516 + 526)]
S§2) (52:1: 2, S2y, 2) = [811 + S99 — 2512 — 4566, 4(326 - 516)]
S3 = S14 — So4 + 2556 S:(f) (S22,3, S2y.3) = (813 — Sa3, 2536)
S4 = S15 — So5 — 2546 Sf) (8204, S2y4) = (844 — S5, —2545)
qi1 = q13 + G23 qgl) = (12,15 Q1y1) = (@34, —q35)
qgl) = (12,2 Q1y,2) = (q14 + G24, —q15 — @25)
qz2,1 = q16 — 426 qgl) = (Q1x,3, Q1y,3) = (Q14 + @56, —Ga6 — Q25)
d2,2 = Q45
a3 = qua — Q24 — 256 q§2) = (Q2x,1, C]Qy,l) = (qu2, —q16 — G26)
d4 = 15 — 925 + 2qu6 q(22) = (q20,2, P29.2) = (Q13 — G23, —236)
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Conversion Equations

Uy = %(uo,l + Ugy) U = %(uo,l — Ugy) U = Upo

Uy = Uy Us = —Uly U = 75Uy
_ 1 1 1 _ 1 1 1
A = Az +3A1 F5A Ago = AL +5A F5Ae
1 3 1 1 3 1
A= —7As +3A1 3412 Ay = —3AL +3A1 —5Ae
1 1 1 1 1 1
Agg = —3As —7A1 3412 Aig= —7A1 —3A1 342

A= %(Al + Asy0) Az = %(AQ,I — Agy1) Ajs = 5(Ags — Ay o)
%(_Al + Agy ) Asy = %(AQJ + Ay 1) Agy = 5(Aga + Agy o)

_ _ 1 _ _ _ _
Asz = Agz Az = §A2x,1 Az =A1pz Ay =Ays Ass =Aipa Asg = Aiya

N = N[

1 1 1 1
S11 = 3511 t3S12  T5S2:1 TS
1 1 1 1
S92 = 3511 T3S12 —3S221  tgS2m2
_ 3 1 1
S12 = 8S1,1  —z51,2 —g52z,2
_ 1 1 1
S66 = —gS1,1 T3S1,2 —g5522,2
1 1 1 1 3 1
S14 = 153 t1S1z1  t3S122 S15 = 784 —3S1y1  t3S1y2
_ 1 3 1 _ 1 1 1
S24 = —7S3 T7S1z1  —3551z2 So5 =  —7S4 —7S1y1  —351y2
_ 1 1 1 _ 1 1 1
S56 = 153 T7S1z1  —3551z2 S46 = —73S4  —7S1y1  T35S1y2
_ 1 _ 1
S$13 = 5(51,3 + S953) So3 = 5(51,3 — 594.3)
_ 1 _ 1
S44 = 5(51,4 + 52174) 855 = 5(51,4 - 52x,4>
_ 1 1 _ 1 1
816 =  7S2y,1 — 352y,2 S26 =  3S2y,1 T g52y,2
_ _ _ _ 1 _ 1
533 = 51,5 534 = S1z,3 S35 = —S1y3  S36 — 352y,3 S45 = T552y4
= (g1 + qouo) = 2921 — q2y1)
q13 = 2(Q1 q2z,2 qi6 = 2(Q2,1 q2y,1
_ 1 _ 1
q3 = 5(A1 — G222) @26 = —35(d2,1 4 q2y.1)
_ 1 1 1 _ 1 3 1
q1a = 793 TiGiz2  +5%a3 qi15 = 794 —7Gy2  T5Gy3
_ 1 3 1 _ 1 1 1
Goa = —793 +TiGz2 —5%a3 25 = —794 —3d1y2 —541y3
_ 1 1 1 _ 1 1 1
56 = —793 —71G1z2 T5%a3 Qa6 = 794 T1Gy2  —5Gy3
_ _ _ _ _ 1
a5 = 92,2 434 = qiz,1 435 = —qiy1  q12 = (22,1 436 = —5(2y2
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Group 23 - (T)

Labelling of Covariants

S

Up=us +us +us u® = (usy, usy) = [uz — %(m + ug),

ull) = (Uizs Ury, Urz) = (ua, Us, Ug)

5> (ur — us)]

Ap = Ay + Ags + Ase AB) = (A, Azy) = [?(AM — Ags), %(AM + Ags) — Asg]
A(ll Ala) 1, Aly 1, Alz,l - A137 A217 A32

S1,1 = S11 + S22 + S33 81 = (S30,1, S3y,1) = [S33 — %(511 + 529), @(311 — S99)]
S1,2 = S23 + S13 + S12 Sgg) = (8302, S3y.2) = [S12 — %(823 + s13), ?(823 — S13)]
$1,3 = S44 T+ S55 1+ S66 Sg(:,g) = (53,3, 53y,3) = [S66 — %(544 + 855), ?(844 — 535)]
s§1) = (Slx,la S1y,1, Slz,l) = (534, S15, 526)
5(21) = (51:1:,27 S1y,25 812,2) = («5‘24, 535, 816)
1) _ _
83" = (slx,S: S1y,35 81z,3) = (514, 525, 536)
SS) = (51:1:,47 S1y,4, 812,4) = (5567 546, 845)
di1 = @23 + q31 + Q12 q® = (@32, q3y) = [?(%3 — q31), %(QQ:S + q31) — Q2]
qgl) = (qlx,17QIy,17QIz,1) = (Q347QI57Q26)
1
q(g) = (q1x,27 q1y,2; Q1z,2) = (CI24, q3s5, Q16)
1
Q:(s) = (C]1x,3, q1y,3, Q1z,3) = (Q14, 425, (136)
1
qgl) = (QIac,élu q1y,4, Q1z,4) = (%67 qe4, Q45)
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Conversion Equations:

3 V3 3
Az = Ao
A35 - Alac,Q
A = A3
Ajg = Atza
A26 — Alac,S
S11 = ésl,l - %831,1 + %83%1

1 1 1
S23 = 3S1,2 — 353z,2 T 73530.2

1 1 1
S44 = 3513 — 35323 T 7353y,3

834 = Siz,1
524 = S1z,2
S14 = S12,3
856 = Siz,4

Q23 = %Ch + %%x + %%y

434 = q1z,1

q24 = 12,2
q14 = Q12,3
56 = Q1z,4

1 1 1
= 3Uo = 3U3z — 5U3y

3
Agp = Ay
A = Ay
Agy = Ay 3
Agz = Aya
Azq = Avys
S22 = %51,1 - %5390,1 - %83%1

1 1 1

S$13 = 3512 = 353z,2 — V35392
_1 1 1

S55 = 351,3 — 353z,3 — [553y.3

S15 = S1y,1
535 = S1y,2
S25 = S1y,3
S46 = S1y,4

g31 = éfh - %C]Sx + %Q3y

q15 = qiy1
435 = q1y,2
q25 = (q1y,3
o4 = qiy,4

E-17

_ 1 2
Uz = §Uo + §U3x

3 3
Ay = Az
Agy = Arzo
Asz = Ay, 3
Aszp = Ayza
Ay = A5
S33 = %51,1 + %831,1

1 2
S12 = 3S1,2 + 55322

1 2
866 = 3S1,3 T 35323

526 = S1z,1
516 = S12,2
536 = S12,3
S45 = S1z,4

_ 1 2
q12 = 391 — 393y

G426 = q1z,1
a6 = 12,2
436 = 12,3
445 = Q12,4



Group 432 - (O)

Labelling of Covariants

S

Up =1 +uz +uz u® = (ug,, Uzy) = us — %(m + ug), 5> (w1 — ug)]

u® = (U2zs Uzy, Usz) = (us, Us, Ug)

Ay = Ayy + Ags + Ass AB) = (A, Azy) = [?(AM — Ags), %(AM + Ags) — Asg]

A(11) = (Arz, Aryr, Arzn) = (Ais + Arg, Aoy + Ags, Asg + Asp)
A?) = (Aiz2, A1y, Ar22) = (Ass + Ass, Ars + Asa, Aoy + Ass)
Agg) = (Alx,37 Aly,S: Alz,3) = (All’ A22’ A33)

A = (Ago, Az, Azt) = (Ais — Arz, Aot — Ags, Az — Ag1)
A§2) = (Age2, Agy 2, Aoz 2) = (Azg — Ass, A1 — Asza, Ags — Ais)

S1,1 = S11 1 S22 + S33 Sgg) = (8341, S3y,1) = [S33 — %(511 + 592), ?(811 — S29)]

S1,2 = S23 + S13 + S12 Sgg) = (8342, S3y,2) = [S12 — %(523 + s13), @(823 — $13)]

1,3 = S44 + S55 1 Se6 S:(gg) = (83,3, 53y,3) = [S66 — %(844 + 855), @(844 — 555)]
5(11) = (Sm,h S1y,15 812,1) = (334 — 524,515 — 535, 526 — 516)

si?) = (S12,2, S19.2, 812,2) = (834 + S24, S15 + 835, 526 + S16)
sf) = (512,3, S19.,3, $12,3) = (514, 525, S36)
2
S:(g) = (812,45 S1y,4, $12,4) = (556, S46 S45)

d2 = @23 + 31 + Q12 a® = (gzs, q3y) = [@(%3 — q31), %(%3 + q31) — q12]

(1 _ _ _ _ _
q " = (C]u,l, q1y,15 Q1z,1) = (C]34 424, 915 — 435, G26 q26)
1
q(2) = (QIx,Qu q1y,2; Q1z,2) = (%67 d64, Q45)

qu) = (q22,15 Q25,15 @22,1) = (q34 + 24, @15 + ¢35, 926 + 16)
2
q(g) = (q2x,27 G2y,2; Q2z,2) = (CI14, 425, Q36)
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Uy = Uy

Ay = %AQ + %Alh + %A3y
Az = %(A1x,1 + Agzn)

Ap = %(Amg — Ag)

Ass = %(Alx,Q + Aoy o)

Ags = 5(Aip2 — Ase2)

All = Alac,?)

S11 = ésl,l - %831,1 + %83%1
823 = %51,2 - §S3x,2 + %333;,2
S4q4 = §$1,3 - %831,3 + %833{,3
S34 = %(Sm,l + 594.1)

S24 = %(_Slx,l + 524,1)

S14 = S2z,2

S56 = 52z,3

Q23 = %CIQ + %%x + %%y

434 = %(fhx,l + G22,1)

Q24 = %(_QIx,l + G22,1)

q14 = Q12,2

56 = q22,2

Conversion Equations:

Uz = gUp — FUse — 5Usy

Uy = Uy

Ags = %A2 - %ASI + %ASy
Ay = %(Aly,l + A2y,1)

Agsg = %(Aly,l — Agy1)

A = %(Aly,Q + Aoy o

A34 = %(Aly,Q - A2y,2)

Agp = Ay 3

S22 = %51,1 - %5390,1 - %83%1
S13 = %‘51,2 - %ng - %333;,2
S55 = %51,3 - %5390,3 - %833{,3
S15 = %(sly,l + S2y,1)

S35 = %(_Sly,l + Soy1)

S25 = S2y,2

S46 = S2y,3

g31 = §Q2 - %C]&z + %Q3y

Q15 = %(Chy,l + qoy1)

435 = %(_qu,l + Goy1)

G25 = (q1y,2

Gea = 2y 2
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uz = U, + Uz,

U = U2y

Asg = %AQ — %ASy
Asy = %(Alz,l + A1)
Az = %(Alz,l —As.n)
Agy = %(AIZ,Q + As, )
Ay = %(Alz,Q — Az )
Asg = Ay, 3

S33 = ésl,l + %831,1
S12 = %Sm + §S3x,2
866 = §$1,3 + %831,3
Sop = %(81,3,1 + 59.1)
816 = %(—812,1 + 5221)
536 = S2z,2

S45 = 5223

12 = %CIQ - §q3y

G26 = %(fhz,l + q221)
Ga6 = %(_QIz,l + q22,1)
436 = 12,2

45 = 4222



Appendix F: List of symmetry descents

Parent Ferroic Type of | Exomorphic
symmetry symmetry descent type
Triclinic parent group
T(C)I 1(Cy) A0 1. Co Il Oy
Monoclinic parent group
2. (Coz) I 1 (CY) A0 1. Cy | C
m. (Csz) 4 1 (Ch) A0 1. Cy | Ch
2./m; (Conz) b 1 (Ci) A0 1. Co | Ch
2. (Css.) A0 1. Cy Il Oy
my (Csz) AO 1. CQ \U Cl
1(CY) A2 5. Dyl Ch
Orthorhombic parent group
2:2,2. (Do) I 2. (Ca.) A0 1. Cy | O
2, (Cay) A0 1. Cy G
2, (Cay) A0 LG )Gy
1 (Cy) A2 5. Dyl Ch
mamy2; (Covz) 4 2. (Caz) A0 1. Cy I Cy
1(Cy) A2 5. Dy | C4
MMMy Mz (DQh) 4 2 /mz (CQhZ) A0 1. G | Cy
m/an (Cghw) A0 1. CQ U« Cl
2y/my (Cghy) A0 1. CQ U« Cl
22,2 (Ds) A0 1. Cy | Oy
mrmy (CQUZ) A0 1. CQ \U Cl
2zmymy (Cayg) AOQ 1. C | Cy
mwamz (Cgvy) A0 1. CQ U« Cl
1(Cy) A2 5. Dyl Ch
2. (Cs2) A2 5. Dy | Cy
2, (Cha) A2 5. Dy | Cy
2, (Cay) A2 5. Dy |} Oy
m. (Cs.) A2 5. Dy | Cy
1(Cy) A2 11. Doy | C4




Parent Ferroic Type of | Exomorphic
symmetry symmetry descent type
Tetragonal parent group
4. (Ca) I 2. (Ca2z) A0 1. Cy | &4
1 (Cy) Alb 3.0, 0y
4. (Sez) b 22 (Ca2) A0 1. Co | Cy
1 (Cy) Alb 3.0, 1 Cy
d./m; (Canz) b 2./m; (Canz) A0 1. Co | Oy
4, (C4z) A0 1. Co I Gy
4. (Siz) A0 1. Cy J ¢4
2. (Cs2) A2 5. Dy | Cy
T(Cy) Alb 3.0 L ¢
m, (Cyz) Alb 3.0 1 ¢
1(Cy) A2 12. Cu I C4
42,24y (Dyz) 4 4. (Cyz) A0 1. Co 4 Gy
2,2,2. (D2) A0 1.Cy ) O
2,522y2= (D2z) A0 1. Cy |l Oy
2. (C2z) A2 5. Dy |} Cy
22,2y (Caz, Cay) Blb Tb. Dy} Cy;
2245 223 (Cogy, Cogy) B1lb Tb. Dy} Cyy
1(Cy) Alb | Ta. Dy Cy
4. memyy (Cavz) 4 42 (Caz) A0 1. Cs | Cy
mymy2, (Caysz) AOQ 1. Oy | Cy
MagMay2: (Coys) A0 LG IOy
2. (Cs2) A2 5. Dy | Cy
Mg, My (Coz, Csy) B1lb 7b. Dy || Co;
May, May (Csay, Coay) B1lb 7b. Dy || Co;
1(Cy) Alb | Ta. Dy Cy
4.2,may (Da2az) 4 4. (Saz) A0 1. Co 4
2,2,2. (Ds) AO 1. Co ) O
MagMay2: (Coys) A0 LG IOy
2. (Cs2) A2 5. Dy | Cy
22,2y (Caa, Cay) Blb | 7b. D4 | Oy
May, My (Cszy, Csay) Blb Tb. D4} Cy;
1(Cy) Alb | Ta. Dy Cy
T.me20y (D2az) b 4: (Saz) A0 1. Cy | Cy
Mmymy2; (Coyps) AO 1. Co J Cy
2.52242= (D2z) A0 1. Cy |l Oy
2. (Cs2) A2 5. Dy || Oy
Mg, My (Csz, Coy) Blb Tb. D4} Cy;
229227 (Cony, Caag) Blb | 7b. Dy | C;
1(Cy) Alb | Ta. Dy | Cy




Parent Ferroic Type of | Exomorphic
symmetry symmetry descent type
Tetragonal parent group
4, /m.mamay (Danz) |

4./m; (Canz) A0 1. Cy I
mymym; (Dap) A0 1. Cy | Cy
Mgy Mgy M, (ﬁgh,z) A0 1. Cy | Cy
4,2,24, (Daz) A0 1. Co Il Oy
4:maMyy (Caoz) A0 1. Cy I
Zz2xmzy (Dde) A0 1. CQ U« Cl
2.my24y (Dads) A0 1. Co Il Oy
2./m. (Canz) A2 5. Dy || Ch
4, (Cy.) A2 5. Dy |l O
2,242 (Da) A2 5. Dy || Cy
2,722,2- (Ds2) A2 5. Dy |l Ch
1, (S42) A2 5. Dy | Cy
Mamy2; (Couz) A2 5. Dy |l C4
MagMay2: (Caus) A2 5. Dy Il Cy
2z (CQZ) A2 11. Dgh »U Cl
25/ Mg, 2y /My (Copg, Cony) B1lb b. Dyl Co;
224/ My, 225/ Moy (Conzy, Conay) B1lb b. Dyl Co;
QImymz, mm2ymz (Cgvz, Cgvy) Blb 7. D4 U« CQZ'
Moy 20y, 205MayMz (Covzy, Covay) Blb 7b. Dy || Co;
m. (Csz) Alb 7a. Dy || C4
22,2y (Cag, Cay) B2 14b. Dy | Cy;
20y, 227 (ngy, CQ@) B2 14b. Dy, | Cy;
My, My (Csz, Csy) B2 14b. D4h U« CQZ'
May, Mgy (Csays Coay) B2 14b. Dy | Oy
1(Ch) A2 14a. Dy, || C4




Parent Ferroic Type of | Exomorphic
symmetry symmetry descent type
Trigonal parent group

3z (C?,) U« 1 (Cl) Ala 2. C3 U« Cl
3. (Cs) | 3. (Cs) AO 1. Co L &4
T (Cz Ala 2. C3 U« Cl
1(¢y) Alb 4. Cs | C1
3z21 (DJm) U’ 3z (C?,) A0 1. C2 U« Cl
21, 290’7 290” (Cgm, Cgml, CQ:E”) Bla 6b D3 U« ng
1 (Cl) Alb 6a. D3 l} Cl
3.My (CS’U.’E) I 3. (CS) A0 1. Cy | C4
Mgy Mgty Mgt (Cwm Csar, Csx”) Bla 6b. D3 | Czj
1 (Cl) Alb 6a. D3 »U Cl
gzmx (Dde) ll gz (C?n) A0 1. CQ ll Cl
3.2, (Dsz) A0 1. Cy | O
3zmm (Cgvz) A0 1. C2 U« Cl
3, (Cs) A2 5. Dy |} C4
Qm/mx7 2x’/mm’; Qm”/mx” (CQh,am Congr, Cth”) Bla 6b. D3 || CQj
22,247,247 (Cog, Cogry Cogrr) B1b 8b. Dg || Cy;
Mgy Mgty Mg (Csmvcsm’vcsm”) Blb 8b. DG U’ C2j
1 (Cy) Alb 8a. Dg |} C4
3:2y (D3y) 4 3. (Cs) i\ 1. Co | Cy
2,2y, 2y (Cay, Coyr, Cayrr) Bla | 6b. D3|l Cy;
1 (Cl) Alb 6a. D3 »U Cl
3zmy (CS'Uy) ll 3 (CS) A0 1. Cy ll &
My y Meyyr y Mgyt (Csy, Csy/, Csy//) Bla 6b. D3 U« ng
1 (Cl) Alb 6a. D3 »U Cl
gzmm (D?)dm) (3 gz (C?)Z) A0 1. Cy | C4
3z2y (DJy) A0 1. C2 U« Cl
3.my (C3uy) A0 1. Co 4 ¢4
3, (Cs) A2 5. Dy |} C4
2y/my, 2y//my/, 2y///my// (Cghy, Cghy/, Cghyw) Bla 6b. D3 U« ng
2,2y, 2y (Cay, Coyr, Cayrr) Bib | 8b. Dg | Cy;
my, my/, my// (C(sy7 C’S,y/7 Csy//) Blb Sb D6 »U/ CQ]
1 (Cl) Alb 8a. DG »U Cl




Parent Ferroic Type of | Exomorphic
symmetry symmetry descent type
Hexagonal parent group
6. (Cs) I 3. (Ca) A0 1. Gy ¢4
22 (CQZ) Ala 2. 03 »U Cl
1 () Alb 4. Cg |} C1
6. (Can) I 3. (C3) i\ 1. Cy | Cy
m (Csz) Ala 2. C3 | Oy
1(¢y) Alb 4. Cg |} C1
6./m. (Cen) I 3. (C3) A0 1. C | Cy
6. (Cs) A0 1. Co | Cy
6. (C3n) A0 1. C | Cy
3. (Cs) A2 5. Dy | Cy
2./m. (Canz) Ala 2. C5 || C4
1(Cy) Alb 4. Cg |} C1
2. (Caz) Alb 4. Cs | C4
m; (Csz) Alb 4. Cs | C4
1(¢y) A2 13. Cen | C1
6.2:2, (Ds) 4 6. (Co) A0 1. Co | Oy
3:24 (D3y) A0 1. Cy | ¢4
3.2y (Ds3y) A0 1. Co | Cy
3. (Cs) A2 5. Dy |} Cy
2m2y2za 2m/2y/2z7 2m//2y”2z (DQ, DQ!, DQ//) Bla 6b. D3 »U ng
2. (C22) Alb 6a. D3 |l Cy
24,241,250 (Cogy Cagry Coprr) B1b 8b. Dg || Cy;
2y, Zy/, 2y// (ng, ng/, ng//) Blb Sb Dﬁ l} ng
1 (Cl) Alb 8a. DG »U C1
62mxmy (CG'U) U 6, (CG) A0 1. CQ U C1
3:mg (C3vz) A0 1. Cy J ¢y
3:my (Cauy) A0 1. Co L &y
3. (C3) A2 5. Dy | O}
MMy, MMy 25, MgrMyn 2, (Coyzy Copyry Coyarr) Bla 6b. D3 || Cy;
22 (CQZ) Alb 6a. D3 »U C1
Mgy Mgy Mgt (Csz, Csz/, sz”) Blb 8b DG »U ng
My, My, Myn (Csy, Csyr, Csyrr) Blb 8b. D¢ || Cy;
1(¢y) Alb 8a. Dg | C1
6.2,my (D3p) 4 6. (Csp) A0 1. Co | Cy
3.2, (Ds,) A0 1. Cy | Oy
32my (ngy) A0 1. CQ U C1
3. (Cs) A2 5. Dy |} Cy
25y Mz, 20Myy M, 200y (Coyg, Copgry, Copgrr) Bla 6b. D3 || Cy;
m (Csz) Alb 6a. D3 | C1
29;, 21;/, 21// (CQCE; C2:E’7 CQI//) Blb 8b DG ‘U’ CQ]
Mgy TMy? 5 Mgyt (Csy, Csy/, Csy//) Blb 8b. DG »U ng
1(¢y) Alb 8a. Dg | C1




Parent Ferroic Type of | Exomorphic
symmetry symmetry descent type
Hexagonal parent group
6.mg2y (Dsp) I 6. (Csn) A0 1. Co 4 Cy
3zmx (ngm) A0 1. CQ l} C1
3.2y (D3y) A0 1. Co I Cy
3. (Cs) A2 5. Dy | C4
Mg 2y My, Mg 2 My, Mg 20, (Coyyy Cavyr s Coyrr) Bla 6b. D3 || Cy;
m; (Csz) Alb 6a. D3 |} C;
Mgy Mgy Mgt (Csm, Csm/; Csz//) Blb 8b. DG U« ng
2y, 2y, 2y (Cay, Coyr, Coyrr) B1b 8b. Dg || Cy;
1(Cy) Alb 8a. Dg || Cy
6./m.mzmy (Den) |
6Z/m2 (Cﬁh) A0 1. CQ l} C1
3.my (D3gz) A0 1. C | Cy
3.2, (D3say) A0 1. C | Cy
62,2, (Dg) A0 1. C | Cy
6.mgamy (Cey) A0 1. Cy ) Ch
GZQImy (Dgh) A0 1. CQ U« Cl
6.m.2, (Dan) A0 1L Gy I O
3. (C3;) A2 5. Dy | C4
6. (Cs) A2 5. Dy | C4
3.2, (Da.) A2 5. Dy | Cy
3.2y (D3y) A2 5. Dy | C4
6. (Czp) A2 5. Dy | C4
3.my (Capz) A2 5. Dy || C4
3.my (Ciuy) A2 5. Dy | C4
3. (Cs) A2 11. Doy | C
MMy My y Mgyt Mgy M, MgrrMuyyrr My (Do, Dopry Dopor) Bla 6b. D3 || Cy;
2./m; (Capyz) Alb 6a. D3 | C;
20 /My 200 /g, 200 /Mg (Cong, Conars Congr) B1b 8b. Dg || Cy;
2y/my, 2y//my/, Qy///my// (Cghy, Cghy/, Cghy//) Blb 8b. DG U« ng
1(Cy) Alb 8a. Dg || Cy
205242.,2022,,2,12y02, (Do, Do, Do) B1b 8b. Dg || Cy;
mmmyQZ, mx/my/2z, mzumyNQZ (Cgvz, CQ»UZ/, Cgvz//) Blb 8b. DG U« ng
2 (Ca2z) Alb 8a. Dg || Cy
25MyM, 20 My Mz, 2 My (Covg, Covar, Cavgrr) Blb 8b. Dg || Cy;
Mg 2y Mz, Megr 20 My, Mg 2y (Cayyy Covyr s Coyrr) Blb 8b. Dg || Cy;
m, (Csz) Alb 8a. Dg | C1
21, 211, 290” (Cgm, ng/, CQIN) B2 15b. Dﬁh U« ng
Qy, 2y/, 2y// (ng, ng/, ng//) B2 15b. Dﬁh U« ng
Mgy, Mty Mgrr (Csgy Csgry Csprr) B2 15b. Dgp, | Cy;
Mgy, Myr, Myt (Clsyyy Csyry Csyrr) B2 15b. Dgp, | Cy;
1 (Cl) A2 ].58,. DGh U« Cl




Parent Ferroic Type of | Exomorphic
symmetry symmetry descent type
Cubic parent group
23 (1) 4
24242, (D2) Ala 2. C3 | O
2,,22,2y (Caz, Cog, Cay) B1lb 9c. T |} Coy
35534, 35,35 (Cp, Csq, Csp, Cas) Bla 9b. T' || Cs;
1(Ch) Alb 9a. T || C4
m3 (T)
23 (T) A0 1. Co | Oy
mgmym (Dap,) Ala 2. O3 4 Oy
2,2,2. (D2) Alb 4. Cs Il Oy
2:/mz, 25 /My, 2y /my (Canz, Cona, Cony) Blb 9c. T | Cyy
gp, gq, gr, 35 (Cgip, Cgiq, C3ir, C&zs) Bla 9b. T ll ng
1(Cy) Alb 9a. T || Cy
MyMy25, 2:MyM, My2y My (Copzy Covg, Covy) B1lb 16c. Ty | Cay;
2,,22,2y (Caz, Cog, Cay) B2 16d. Ty, | Cy;
Mz, Mg, My (Csz, Coz, Csy) Blb 16e. Ty, | Cy;
3p, 34531, 3s (Csp, Csq, Csp, Cs) Blb 16b. Tj, | Cs;
1(Cy) Alb 16a. Ty | C4
432 (0) |
23 (T) A0 1. Co | Oy
4.2:250,42242.,442.2, (D42,D4I,D4y) Bla 6b. D3 | Cy;
2,242, (D2) Alb 6a. D3 || C4
4,,45,4y (Cuz, Cug, Cuy) B1lb 10b. O | Cy;
2,520y 22> 2529222, 2:52222y (Daz, Doy, Do) B1b 10c. O |} Doy
2.,24,2 (Coy, Cay,y ng) B2 10f. O | Cy;
{ 20y 2y2: 220 (Coays Coyzy O Bic | 108 04 Ca
2.7, 2yz, 2.7 (Cogy, Coyz, C2x)
30227, 34227 3r22y, 3s2ay (Dgp,ng,DgT,Dgs) Bla 10d. O | Ds;
3p, 34531, 3s (Csp, Csq, Csp, Cs) Blb 10e. O || Cs;
1(Ch) Alc 10a. O | C;
43m (Ty) |
23 (T) A0 1. Cy ) Cy
4.2, Mgy, 452ymy 2, 4y2.m 0 (Dagzy Dodg, Dady) Bla 6b. D3 |} Cy;
2,242, (Do) Alb 6a. D3 || C
4,,45,4y (Saz, Saz, Say) Blb 10b. O |} Cy
MagMiay2z, MyzMy 220, Moz M 222y (6’21,2, @m, @Uy) B1lb 10c. O | 1327;
2,,22,2y (Caz, Cog, Cay) B2 10f. O |} Cy;
Moy, Myz, Mz (Csay, Csyzy Csza) Bic 10g. O I Ca;
Mag, Myz, Mez (Coayy Csyz, Csaz)
3pMags 3gMay, 3rMay, 3sMay (Cauvps C3ug, Caur, Caus) Bla 10d. O |} D3;
35534, 3,35 (Cp, Csq, Csp, Cas) B1lb 10e. O | C3;
1(Ch) Alc 10a. O | C




Parent Ferroic Type of | Exomorphic
symmetry symmetry descent type
Cubic parent group
m3m (Op) I}
m3 (Ty) A0 1. Cy | Oy
432 (0) A0 1. G O
13m (Ty) A0 1. Gy 4 Cy
23 (T) A2 5. Dy |l Oy
4, /mameMay, 4o/ MaMyMy., 4y /mym.m.,
(Danz, Diana, Dany) Bla 6b. D3 | Cy;
mymym; (Dap) Alb 6a. D3 | C;
4,/m, 45/ mg, 4y /my (Canz, Cang, Cany) Blb 10b. O | Cy;
Mg My Mz, My My Mg, MMMy (ﬁghz, ﬁghm, ﬁghy) Blb 10c. O | ﬁgi
2:/mz, 25 /My, 2y /my (Canz, Conz, Cony) B2 10f. O | Cy;
{ 209/ May, 2y2/Myz, 220 /Mze (Conay, Conyzs Conza) Blc 108. O | Cyy
205/ Mz, 2yz/ Mz, 2.3 /M (Congyy Conyzs Consz)
3 Mgy 3qMags 3rMay, 3sMay (D3dp, Dsdgs D3drs D3ds) Bla 10d. O |} D3;
3,34, 33 (Caips Caig, Cirs Cis) Blb 10e. O |} Cs;
1(Cy) Alc 10a. O || ¢4
14.2,20y 40242y, 4,2-2.0 (Daz, Dig, Day) Blb 8b. Dg | Cy;
4.2, Mgy, 42y myz, 4y 2.m20 (Dagzy Dadg, Daay) Blb 8b. Dg || Ca;
2,2,2. (D>) Alb 8a. Dg I} Cy
4, MgMay, daMyMyz, 4ym Mg (Cayz, Choz, Cavy) Blb 17b. Op |} Cyyi
2my 20y, 3amy 2y, Bym=2.0 (Daaz, Dade, Daay) B1b 17b. Op | Caui
4,,45,4y (Cuz, Cug, Cuy) B2 17e. Op || Cy;
20520022 2452y 20, 252222y (Daz, Doy, Day) B2 17f. Op, I} Coys
ZZ,ZI,Zy (S4z, Saz, Say) B2 17e. Op |} Cy
MMy 2z, Myz My z 22, Moz Moz 2y (Cavz, Cove 621)y) B2 176 Op | Coi
MypMy2, 2:My M, Mg2yMs (Coyzy Coug, Covy) B2 17g. Op | Cou;
22,24,2y (Caz, Coy, Coy) B2 17k. Op || Co;
Mz, Mg, My (Csz, Csz, Csy) Blc 175. Op | Cy;
Mg 2ayMz, Myz 2y Me, Moz2My (q21)xy;q21Jy27§202x) Blc 17h. O | GQW
205 My Mz, 22Ny M, 2.5M2aMy  (Covays Covyz, Covzz)
22y, 2y2, 220 (Coay, Coyz, Cozz) B1b 171 On U Caiy
27,247, 2.7 (Cogy, Coyz, Cazz)
My, Myz, Mz (Cszy, Csyzy Csza) B1b 171 Op b Caiy
Moy, Myz, Mz (Csxg, CsyE; Cszz)
302475, 34227, 3r2ay, 3524y (Dgp,ng,Dgr,Dgs) Blb 17c. On | D3;
3pMags 3¢Maz, 3rMay, 3sMay (Cavps C3uq, Caur, Caus) Blb 17c. Oy | Ds;
3p:34:3r,3s (Cp, C3q,Csp, C35) B2 17d. Oy | Cs;
1(¢y) Alc 17a. Oy | Cy




Appendix G: Nonstandard lattice letters

Orthorhombic to Monoclinic:

P, = Pl(a—b)/2,(a+b)/2,c| I, =I[(a—b)/2,(a+b)/2,c]
Py = Pla,(b—c)/2,(b+c)/2] I, =I[a,(b—c)/2,(b+c)/2]
P, = P[(c+a)/2,b,(c—a)/2] » = I[(c+a)/2,b,(c—a)/2]

Tetragonal to Orthorhombic:

C=Cla—b,a+b,c] F=Fla—b,a+b,c

Tetragonal to Monoclinic:

C =Cla—b,a+b,c|

Al(la—b+c)/2,a+Db,c]
=Bla—b,(a+b+c)/2,c]

Rhombohedral to Monoclinic:

I, = I(a,—c,,c)
I, = I(b,—a,,c)
I3y=I(—a—Db,—b,,c)

Hexagonal to Orthorhombic and Monoclinic:

Cy=C(a,2b+a,c)
Cy =C(b,—2a —Db,c)
C3 =C(—a—b,a—b,c)

Cubic to Tetragonal Groups:
P.=P(a,b,c) F,=P(b,c,a) P,= P(c,a,b)
I.=1I(a,b,c) I,=1(b,c,a) I,=1I(c,a,b).

I.=1I[(a—b)/2,(a+b)/2,c]
I,=1I[(b—c)/2,(b+c)/2,a]
» = I[(c —a)/2,(c+a)/2,Db].
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Cubic to Orthorhombic and Monoclinic Groups:

Ce
Ca

)

o)

)

a

)

o

Cla—b,a+b,c|

Cb—c,b+c,a]
Clc —a,c+a,bl.

a—b)/2,(a+b)/2,c|

[(b—1c)/2,(b+c)/2,a]
=I[(c—a)/2,(c+a)/2,b].

Fla—b,a+b,c]|

F[b—c,b+c,a]
Flc —a,c+a,b].

A.=Alla=b+c)/2,a+b,c]
B.=Bla—b,(a+b+c)/2,c]
A, =A[(b—-c+a)/2,b+c,a]
B, = Blb—c,(b+c+a)/2,a]
Ay =Al(c—a+b)/2,c+a,b]
B, = Blc—a,(c+a+b)/2,b]
Cubic to Trigonal Groups:
P—= Rp,=T(a,b,c)
Rp,=T(—a,—b,c)
Rp, =T(a,—b,—c)
Rps=T(—a,b,—c)

I = Rva:T[(a%—b—c)/Q (b+c—a)/2,(c+a—Db)/2|
Ri,=T[(—a—b—-c)/2,(-b+c+a)/2,(c—a+b)/2]
R;,=T[(a—b+c)/2,(-b—c—a)/2,(—c+a+b)/2]
Ris=T[(—a+b+c)/2,(b—c+a)/2,(—c—a—b)/2]

F= RF,p:T[(a—i-b)/Q (b—i—c)/2 (c+a)/2]
Rpg=T[(-a—-b)/2, ( +¢)/2,(c—a)/2|
Rp, =T|(a b)/2( —C)/Qa(—CJra)/?]
Rps=T[(-a+b)/2,(b—c)/2,(-c—a)/2]
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