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18. REFINEMENT
where wi is the weight of observation yi and fi x is the calculated
value of observation i given the parameters x. In essence, leastsquares reﬁnement poses the problem as ‘Given these data, what are
the parameters of the model that give the minimum variance of the
observations?’. The L2 norm is strongly affected by the largest
deviations, which is not a desirable property in the early stages of
reﬁnement where the model may be seriously incomplete. In the
early stages, it may be better to reﬁne against the L1 norm,
P
L1  wi jyi fi xj,
i

the sum of the absolute value of the residuals. At present, this
technique is not used in macromolecular crystallography.
The observable quantity in crystallography is the diffracted
intensity of radiation. Fourier inversion of the model gives us a
complex structure factor. The phase information is normally lost in
the formulation of fi x. This is a root cause of some of the problems
of least-squares reﬁnement from poor starting models. Many of the
problems of least-squares reﬁnement can be addressed by changing
the measure of agreement from least squares to maximum
likelihood, which evaluates to the likelihood of the observations
given the model. In this formulation, the problem is posed as ‘Given
this model, what is the probability that the given set of data would
be observed?’. The model is adjusted to maximize the probability of
the given observations. This procedure is subtly different from least
squares in that it is reasonably straightforward to account for
incomplete models and errors in the model in computing the
probability of the observations. Maximum-likelihood reﬁnement is
particularly useful for incomplete models because it produces
residuals that are less biased by the current model than those
produced by least squares. Maximum likelihood also provides a
rigorous formulation for all forms of error in both the model and the
observations, and allows incorporation of additional forms of prior
knowledge (like additional phase information) into the probability
distributions.
The likelihood of a model given a set of observations is the
product of the probabilities of all of the observations given the
model. If Pa Fi ; Fi; c  is the conditional probability distribution of
the structure factor Fi given the model structure factor Fi; c , then the
likelihood of the model is
Q
L  Pa Fi ; Fi; c :
i

This is usually transformed into a more tractable form by taking the
logarithm,
P
log L  log Pa Fi ; Fi; c :
i

Since the logarithm increases monotonically with its argument, the
two versions of the equation have maxima at the same values of the
parameters of the model. This formulation is described in more
detail in Chapter 18.2, in IT C Section 8.2.1 and by Bricogne (1997),
Pannu & Read (1996), and Murshudov et al. (1997).

18.1.5. Optimization
Once the choice of criteria for agreement has been made, the next
step is to adjust the parameters of the model to minimize the
disagreement (or maximize the agreement) between the model and
the data. The literature on optimization in numerical analysis and
operations research, discussed in IT C Chapters 8.1–8.5, is very rich.
The methods can be characterized by their use of gradient
information (no gradients, ﬁrst derivatives, or second derivatives),
by their search strategy (none, downhill, random, annealed, or a
combination of these), and by various performance measures on

different classes of problems. These will be discussed more fully in
Section 18.1.8.
18.1.6. Data
Resolution, accuracy, completeness and weighting of data all have
an impact on the reﬁnement process. Small-molecule crystals
usually, but not always, diffract to well beyond atomic resolution.
Macromolecular crystals do not generally diffract to atomic
resolution. Macromolecular structures are by deﬁnition large,
which in turn means that the unit cells are large and the number
of diffracting unit cells per crystal is small when compared to smallmolecule crystals of similar size. Fortunately, the situation can be
partially offset with the use of the much more intense radiation
generated by synchrotrons (Part 8) and by improved data-collection
methods (Parts 7–11). Synchrotron-radiation sources designed to
produce intense beams of X-rays for the study of materials are
becoming much more readily available. As a consequence, both
higher resolution and statistically better data can be obtained.
Improvements in area-detector technology, protein puriﬁcation,
cryocrystallography and data-integration software beneﬁcially
inﬂuence the reﬁnement process.
Reﬁnement of crystal structures is a statistical process. There is
no substitute for adequate amounts of accurate, correctly weighted
data. Lower accuracy can be accommodated by increased amounts
of data and correct weighting. Unfortunately, determining the
correct weighting for macromolecular diffraction data is difﬁcult.
Maximum-likelihood methods are more robust than least-squares
methods against improperly weighted data.
It has been clearly demonstrated that the best procedure for
reﬁning small molecules is to include all of the observations as
integrated intensities, properly weighted, without preliminary
symmetry averaging. Inclusion of weak data and reﬁnement on
diffracted intensity does not change the results very much, but has a
strong effect on the precision of the parameter estimates derived
from the reﬁnement.
The long-standing debate as to whether reﬁnement should be
against structure-factor amplitudes or diffracted intensity has been
resolved for small-molecule crystallography. Reﬁnement against
intensity is preferred because it is closer to the experimentally
observed quantity, and the statistical weighting of the data is
superior to that obtained for structure-factor amplitudes. If the
model is correct and the data are reasonably good, the primary
distinction between the two approaches is in the standard
uncertainties of the derived parameters, which are usually somewhat better if the reﬁnement is against diffracted intensity.
18.1.7. Models
Atomic resolution models are generally straightforward. A reasonably well phased diffraction pattern at atomic resolution shows the
location of each atom. The primary problem (which can be
substantial) is deciding how to model any disorder that may be
present. Structural chemistry is derived from the model. Macromolecular models generally have most of the structural chemistry
built in as part of the model. This approach is required as a direct
consequence of having too little data at too limited a resolution to
determine the positions of all of the atoms without using this
additional information.
There are two procedures for building structural chemistry into a
model. The ﬁrst is to use known molecular geometry to reduce the
number of variables. For example, if the distance between two
atoms is held constant, the locus of possible positions for the second
atom is the surface of a sphere centred on the ﬁrst atom. This means
that the position of the second atom can be speciﬁed given the

370
Copyright © 2006 International Union of Crystallography

references

